11 Permutation groups and powers of elements

11.1. Let G = (G, -/, 1) be a group, a,b € G and k,l € Z. Prove that
(a) a** = a* - d,
(b) a* = (a")' = (a')",
(c) if G is Abelian, then (ab)* = a*b*.

11.2. Write the following permutations as the product of independent cycles and for each
permutation o determine o~! and o2%;

12345
(a)”_(zl 35 1 2)655’

(b) 7=(46512) € Sg,
(c) 0 =(156)(23847) € Sg,
(d) p=(435)0(512) € Ss.

Solutions: (a) m = (14)(235), m~! = (14)(253), 7292° = (235),
(b) T=(46512), 77! = (21564), 72020 =1id,

(c) o =(156)(23847), 01 = (651)(74832), 0220 = (156),
(d) p=(12435), p~1 =(53421), p?*?Y =id.

11.3. Show that if 7(a) = b and 0 = 77!, then 7(b) is right after the element 7(a),
i.e. o(7(a)) = 7(b), and determine 77w ~! and 777! for the permutations 7 and 7 from
example 11.2.

Solutions: nrn—! = (16243), 7mr— 1 = (143)(26)
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Recall that the operation 77 = 777" is called conjugation of the permutation ™ by

the permutation T and the permutation 7”7 is then conjugated with 7.

11.4. Prove that the conjugation relation is an equivalence.
11.5. Find all permutations of v on the set {1, 2, 3,4} for which ao(123)oa™! = (124).
Solutions: (34), (1243), (1432)
11.6. Determine the order of the following elements:
(a) 4 and 15 in Zrs,
(b) 7 and 9 in Z3,
(c) 4 and 15 in Z,
(d) (1234)(567)(89), (12)(5689) in Sg and Asgs.

Solutions: (a) ord(4) =n =75, ord(15) =m =5, (b) ord(7) =4 a Ze ord(9) = 2

(c) 0o, (d) ord((1234)(567)(89)) =12, ord((12)(5689)) Z
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