VI. Derivatives

Theory.

Definition (Derivative of a function). Let f be a function and a € R. If the limit

lim fla+h) - f(a)
h—0 h

exists, then it is called the derivative of the function f at a point a. We denote it by f'(a). We also
introduce f! (a) and f’ (a) as a corresponding limit from the right and left, respectively.

Claim (Arithmetics of derivatives). Let the functions f and g have finite derivatives at a € R. Then
(i) (a

(i) (f +9)'(a) = f'(a) + ¢'(a).

(iif) (f-9)'(a) = f'(a) - g(a) + f(a) - g'(a).

I
(iv) (i) (a) = [a)g(a)=J(a)9'(a) ' 1ovided that g(a) # 0.

g g%(a)

) (a) = af’(a), where a € R.

Claim (Derivative of a compound function). Suppose that the function f has a finite derivative at yo € R,
the function ¢ has a finite derivative at zg € R, and yo = g(z). Then

(fo9)(xo) = f'(y0) - ¢ (wo)-

Claim (Computation of one-sided derivative). Suppose that a function f is continuous from the right at
a € R and the limit lim, 4, f'(2) exists. Then the derivative f’, (a) exists and there holds

Fila) = lim f'(x).

T—a4
The left-side variant is analogous.

Claim (L’Hopital’s rule). Suppose that functions f and g have finite derivatives on some punctured

neighbourhood of a € R* and the limit lim,_,, I(2)

g:(_‘i) exists. Suppose further that one of the following

conditions hold:
(i) limy g f(2) = limgz—q g(x) = 0.

(ii) limg_q |g(x)] = +o00.

Then ,
B g = I
Claim (Derivatives of elementary functions)
(i) I’=0,z €eR. (vii) (sinz) =cosz, z € R.

(i) (z") =na" ', x € R, neN. (viii) (cosz)' = —sinz, z € R.

(i) (2 ") = —nz"1, z € R\ {0}, n € N. (ix) (tanz)' = e @ € Upes (=5 +km, 5 + k).
(iv) (a®) =a*loga, x € R, a > 0. (x) (arcsinz)’ = ﬁ’ z e (=11).

(v) (logz) = %7 x> 0. (xi) (arccosz) = —\/1%7, xz € (—1,1).

(vi) (2%) =az®"Y >0, a € R. (xii) (arctanz) = sz, x € R.



Exercise 1 (Definition). Find f’ using the definition, determine Dy and Dy/.

(a) f(z)=38. (d) f(z) = V2. (g) flz)=e" () f(z)=sinz.

(b) f(z) =2". (e) fz)=3Vx. (h) f(z) =2°. (k) f(z) = tanz.

(¢) f(z) =35 (f) f(z) =z (i) f(z)=logz. () f(z) = arctanz.
Exercise 2 (Arithmetics of derivatives). Find f’ and determine also Dy and Dy

(a) fz) =307 17343z —8.  (f) f(z) = ()" +em. (k) f(z) = 2.

(b) f(z) = (2® — 2z + 3)e". (g) f(z) =2*cosa. ) fl@) = 5

(c) flz)=2+2yx+ Y. (h) f(z) = sinz - arctan z. (m) f(z) ==

(d) f(z) =27 - 2. (i) f(z) = e® tana + e2. (n) f(z) = 5.

(e) f(x) =wlogz + 5 loga. (i) f(z) =logz + 2. (0) f(z) = 7
Exercise 3 (Compound functions). Find f’ and determine also D; and Dy

(a) f(z) = (2 +51z+119)".  (h) f(z) = 2log ZL72. (0) f(z) = sin(sin(sinz)).

(b) f(z) =2’ +2%x -7 (i) f(z) = arctan \/z. (p) f(z) = log®(log’ ).

(¢) f(x) =log(a? +z +2). () f(z) = cos®(a® —x +2)°. (@) f(z)=2a"

(d) f(z) =sin’(32) +log*22).  (¥) 1) = 55 () f(z)=(3)*

(€) f(z) = e 2= () fla) = 4=, (s) f(z) = (sinz)e>®.

(f) f(z) = sin® 2 — sin(z?). (m) f(x) = L arctan ¥, (8) f(@) = (z+1)-arccos .

(g) f(z)=log(arctan ). (n) f(z) = zarcsin/z. () fla)=e"""1— log 4/ ezej%
Exercise 4 (One-sided derivatives). Find f’ and determine also the domains of f and f’.

x, x € (—oo,O]' (d) f(z) ==|z|+ 1.

(a) f(z) = {log(l +xz), z€(0,00)

(e) f(x) = e~ sign (a® — 4)
o v e oo (0 () = tog]e]
(b) flz)=qA-2)2-2), zell,2
—(2—x), x € (2,00) (g) f(z) = arcsin(z? — 1).
(¢) f(z) = max{l — 22, (x — 1)} (h) f(z) = cos(max{z, 2%}).
Exercise 5 (L’Hopital’s rule). Find limits.
(a) limg, o tb:r‘liﬁ (h) limg_0 % (0) limg_, o 23e2®.
(b) linm, 400 0222 (i) lim, o L2208, (p) limyo bty
()l s () i 255 (@) o, o
. . l
(d) lim,_o L=cgs2, (k) limx—>4\/L;341~ (r) limg o0 zsin .
.
. 2432 lim,_,o Yitz—vi-a
(0) limy s yoo st (1) lim,_p S22 (8) im0 Yr—9r—s
. T . . . log(z> —arctan )
(£) Nimoos oo gom—grpmyy - (m) lim, o SoqE=sinie, (6) 1 o0 Top (o Fasctan )
(g) limy, o 2552, (n) lim, o Sose—gosds, (1) Timy oo 125G



Results - VI. Derivatives

Exercise 1 (Definition).
(a) f'(z) =0, z € R.
(b) f'(z) =322 z € R.
(¢) f'(z) =—%, o € (~00,0) U (0, +00).

x>0
400, x:0+.

1, z >0
Does not exist, = =0.
-1, z <0

(g) f'(z)=e",z€R

(h) f'(z) =2"log2, z € R

(i) fle)=1,2>0

(G) f'(z) =cosz, x € R

k) fl(x) ==, 2€(-%+km, 3 +kn), k€L
D) f'(z) = 3=,z €R

Exercise 2 (Elementary).
(a) f'(z) = 152" — 512> + V3, 2 €R.
(b) f'(z) = (z* +1)e”, z € R.
© @) =1+ + >0,
L2

@) f'@) = s + L, @ > 0.

23

(e) fl(x)=(1—%)logz+1+ 5, 2>0.
() f'(z)=(3)"log3 + e, x € R.

(g) f'(x) =2xcosz — a%sinz, v € R.

(h) f/(x) = cosz - arctan x + ff;g, z € R.

(i) f'(z) = e"tanz + v€(—Z+km % +kn), kel

0052 x’

() flla) = 1 4 Slomsz=s™

(k) f/(@) = 2= 2 €R,

) f(o) = 15252 o R.

(m) f'(z) = —ﬁ, z € (kn,m+ kr), k € Z.

(m) f'(z) = (z°+3x (4m)2cisgi 4(39:-1—3) blna:’ 2 € (—00, —4) U (—4,1) U (1, +-00).

(0) f'(w) = W=Mlog22 0™ o (oo 1)U (~1,1) U (1, +00).



Exercise 3 (Compositions).
(a) f'(z) =87(2x + 51)(2? 4+ 51z + 119)8¢ z € R.
(b) f'(z) = (2222 — 492 — 42)2*(x +2)"(z — 7)1, z € R.

(c) fl(z) = Igﬁ;ﬂb, x €R.

(d) f/(z) = 6sin(3z) cos(3z) + 20D 4 5 0,
(¢) f'(x) = Ze 3, x € (—00,0) U (0, +00).
(f) f'(z) = 2sinzcosx — 2z cos(2?), z € R.
(&) (@) = (rryoremms > 0.

(h) f'(z) = 7%, @ € (—00, —1) U (1, +00).

()f/( ):1+:1: 2f7x>0

G) f(z) = —27(32% — 1)(2® — 2 +2)8 cos?(2® — 2 + 2)%sin(z3 — 2 + 2)% cos® (23 — v+ 2)°, z € R.

(9 1) = i € (=3.3).

2 _ —x 2
(1) fl(fL') _ _2w(2z —i(—12erz)12)(1 ) x 7& _1
(m) f/(x) = ks, 2 £0.
(n) f/(x) = arcsin/z + 2\/\{%, z € (0,1).

(o) f'(x) = cosx - cos(sinx) - cos(sin(sinz)), = € R.

(0) /() = HHoe ) 2> 1,
(@) f'(x) = (logx+ 1)a®, z > 0.
(1) fl(a)=—(L)7 -3 40,

(s) f'(z) = (sinx)s® (m —sinz - log(sinx)), x € (2km, 7 + 2k7), k € Z.

sinx

/ o 1 2z(x+1)
(t) f'(z) = arccos 707 + @ iy x #0.

(n) f/(z) =2z "1 — = ¢ ER.

Exercise 4 (One-sided derivatives).

(@) () = {1’1 e

T¥z’ z >0

-1, r<l1
b) fl(z)=¢2x -3, z€]l,2].

1, x> 2
—2z, (0,1)
(¢) flz)=1q2(z—1), z € (—00,0) U (1, +00).
Does not exist, =z € {0,1}
2z, x>0
(d) fl)=150, x=0.
—2x, <0



(x72)e(””*2)2,2 z € (—00,—2) U (2,+00)
© @ = T re (R

Does not exist -2

i x € (—o00,—e) U (e, +0)
(f) flx)=< -1, z € (—e,0)U(0,e)

Does not exist, x = +e

arcsin(z? — 1), x € (—v/2,0) U (0,v/2)
(8) J'(x) = ]fj;‘jf neresst 0 =0 .

+00, =2

—sinz, x € (0,1)
) f(x) = (;2303111(962), xig—oo,O)U(l,—i—oo).

Does not exist, x =1

Exercise 5 (L’Hopital’s rule).

(a) 3 (h) -1 (0) 0.
(b) 0. () s (p) 1.
(c) —oo. (J) +oo (@) O
(d) 3 (k) 2 (r) 1.
(©) 5 O ) 5
(f) +oo. (m) 2. (t) 3.
(&) —3- (n) 4. (1) 153



