V. Limits of functions

Theory.
Definition (Limit of a function). We say that A € R* is a limit of a function f at ¢ € R* if

Ve > 035 >0Vz € P(c,d): f(z) € B(4,¢).

If this is the case, we write lim,_,. f(z) = A.

For ¢ € R, P(c,0) represents the set (¢ — d,¢ + 9) \ {c}, i.e. (§)-punctured neighbourhood of ¢ € R
and similarly, B(c,d) is the set (¢ — d,¢ + d), i.e. (§)-neighbourhood of ¢ € R. For ¢ = 400 we have
P(+00,8) = B(+00,0) = (},400). Analogously also for ¢ = —oo.

Definition (Continuity). We say that a function f is continuous at a point ¢ € R if

lim f(z) = ().

xr—rc
A function f is continuous on a non-degenerate interval [ if it is continous at every inner point I.

Remark. The limit is uniquely determined (if it exists). We also introduce the left and right (punctured)
neighbourhood, which is then used in the analogous definition of a limit from the left or right of f at c.
We also work with continuity at ¢ from the left and right. There holds that

lim f(z) = A < ( lim f(z)=AA lim f(z)= A) .

r—c r—Cc_ ZE—>C+

Remark. Just like in the chapter about sequences, we also have results talking about arithmetics of limits
and about limits and inequalities, which also gives two policemen theorem.

Claim. Constant functions, rational powers of =, exponential functions, logarithms, trigonometric and
inverse trigonometric functions are continuous on their domains.

Claim. The sum, product, and composition of continuous functions is continuous.

Claim (Limit of a composition). Let ¢, A, B € R* and functions f and g satisfy lim,_,.g(z) = A and
limy_, 4 f(y) = B. Assume that at least one of the following conditions is satisfied:

(I) In >0Vz € P(e,n) : g(x) # A.
(C) The function f is continuous at A.
Then lim, . f(g(z)) = B.
Remark. The analogous theorem holds also for the limit from the left and right.

Claim (Known limits). From the lecture we know (or will know) that

i r—1 1 log(1
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A simple corollary is
. tanz . arcsinzx . arctanz . 1—coszx 1
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We also have the scale in the following form
B log®
T og™ x
lim — =0 and lim —2 % _ 0, where o, > 0 and a > 1.
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Remark. We also know limits of elementary functions, in particular, the following is true

1
lim 2% =+oo, lim — =0 where a >0,

Tr—+00 x——+oco I
lim e =400, lim e* =0, lim logx =+4oc0, lim logax = —o0,
T—r+00 xr——00 r——+00 z—04
. . . ™ . m
lim tanxz =400, lim tanxz = —oo, lim arctanx = —, lim arctanz =——.
9’«'_)%(, x_ﬂ%rJr T—+00 2 z——00 2

Definition. General exponentiation is defined by a® = €®!°8¢ for a > 0 and b € R.



Exercise 1 (Elementary). Sketch the graph and decide about the limit:

(a) limg_ o0 25
(b) limg_ox.

(c) lim,_,3 22

(e) limg_o %

Exercise 2 (Continuity & AL). Find limits:

(a) lim,_q(z —2)%

(b) limy_,_oo(z + 2)2.

(¢) limg_olog(z — 3) — .
(d) limg—o SJF% + cos(mz).

(e) limy_y 400 €*® 4+ V2.

(f) limg—ytoo log%ﬂ.
(8) limys oo 745
(h) lim,, = tanz.
(i) lim,_, sarctanz.

(j) lim,_, 55 arcsin ZF1.

Exercise 3 (Rational functions). Find limits:

(a) hml_)_;'_oo %—i—? B

. ozt 22 1
(b) limg s 4oo %

. 3% _or 42
(c) limg oo 7,@6—2.;11 .

. e’ —Lye "

Exercise 4 (Roots). Find limits:

. z2—2x—1
(a) 11mm_)+oo 33327“1’3

vV x2+1+log? x

(b) hmm_>+oo )

(¢) limgyioo vV +2—+Vax— 1.
(d) limg 400 (Va2 + 1 —x).

(e) limy—yoo 3[(x42)% —x

. 8z 43x4+5—1
(e) im0 —5rpz—g"-

. 2 —z’ 4z
(f) hm‘z-_>2 2@4#1;1
(8) limg——7 75
(h) lim,_,, £tde=5

r—1

(£) lim, oo YE+L,

(g) limy1, \/% .

r+2

(0) time 2 e
Vz+id—/4
0 T .

(i) limg_,

() timpops VEESS,

Exercise 5 (Exp and log functions). Find limits:

x

(a) limg o lg;Tel-

(b) lim, o 28030

(C) hmz—)O %-

2
(d) limg_o %

2z
) e”"—1
(e) limg_o Toe (53] -

(f) limg—4oo zlog (1 — 2).

Exercise 6 (Trigonometric functions). Find limits:

(a) limg_,3 i‘fﬁ .

(b) lim, o 252

sin 3(z—4)2
(c) 1imﬁ4~(j§74)24>

. arcsin(z—2
(d) lim,_,p 2resine=2),
n o2

(e) lim,_o, NCTER

. 4
(£) lima—0 o572 -

: tanz—sinz
(g) hmx_,o sin3 x

sin 5z —sin 3z
sinx

(8) limy o, V3.
(h) lim,_o /7.
(i) limg_s, V7.

(j) limg .z tanw.
(k) lim,_,_, arcsinz.

(1) limg_3, cosz.

limg, , e *.
limg, 5 | — e~ F | +log(z+1).

. 1
limg 400 €37

: / 1
lim, 400 y/arctanz + z

litm, 4 o0 2VZ7FEE =2

2
: x“+4x—5
lim,_yq 7(:71)2 .

3
: x° —2x
limz 0 223422 -3z "

. (2% —2—2)2°
1My 52 (ms “12z+ 16)10 .

(142)(1422)(143z)—1
) .

lim,, =

limg s o 22(vV2% + 1+ 2).

lim ___z=3
=3+ 0% ooz tl”
V2r—141— /2014 g

z2—1 .

hmm—>1

Vi+r—+/1—x

Ntz— 31—z

li \3/ log %er, \3/ log %
M0y  {floge

limg ;0

. log(1+37)
limg s o g7 -

-1
e—e”

=

lim, 400 log(z + 1) — log x.

arcsin x

limz o sin(arctan z) *

arctan(xz—1)?
1—cos(z—1) *

v/1—cos z2

cosz—1 °

arcsin(y/z+8—3)

arctan(z—1)

limg 1
limm—>0

limzﬁl



Exercise 7 (Mix). Find limits:

(a)
(b)

(k)

Exercise 8 (Exponential trick). Find limits:

(a)

zsinzx

2 .
er”—1

limz 0

X
sinzx *

lim,_,qlog

sin

l1—e
T

lim, o

log cosx
72

1iInw~>0

li log(z? —arctan x)
MMz — +00 Tog(z2Farctan @) *

. log(1+4sin? x)
hmx_>0 X W .
log(xz2+4)—log(z?)
arctan %

1imm—)+oo

: 14+zsinz—1

4
hmm‘m arcsin(2z)4 "

2.
e—e® 3

limg o, =

14z

. (1-z)(1-/z)
lim, o (m) .

hInm—)—&-oo (1 + %)m

[\

lim, o0 (1 - 2)".

[

. L\ T
hmx~>1 (ﬁ) .

2
T
i 2
hmz—)-‘roo (2:2:5'_1> .

log x
: 1+logx
limg 4 o0 (ﬁ) .

lim,_o (1 + 22) @7

limg 0 (1 4 tanz?) Ererd

lim _Veroe?
r=1- Jog(1+v2—22)

2
. 1_61
limz o (sin z+arctan z)?

cos z—cos 3z

hmw—)O 2

0 Vifttanz—+/IF¥sinz
3 :

lim, _,
1. 12
Mz —0 A s Veoss”

1

=
Vx5

arcsin(vVz5+1—vz5-1) "

2
3 1 1
hmx—H—oo z 3 .
l—eV®

. (z+1)2 _ 4
e —e
lima—1, g7

limw—H-oo

. log(1—z+a?)
Lt o0 fog(eTre 1

] log(1+37)
Mz o0 fogTram)

log(1+47)

1imz—>+oo m .

1
. l+tanx sin
limg 0 ( 1+sinz ) :

1
z

lim:c—>—oo(1 + 5796)

N S
lim, 0, (1 4+ Varctanz) os+va

. oy —1
lim, o (cos 2a?) arcsin? .

V1-3sinz2—+/143sin 22
3

lim, 0 (log(2 — €%)) =

1

lim, o(1 + sin? \/z) cos a—ev? .
(1 +6713)\/x2+5m7\/m.

1imz—>+oo



Results - V. Limits of functions

Exercise 1 (Elementary).

(a) +oo. (d) —c0.
(b) 0. (e) Does not exist.
(c) 9. (f) +oc.

Exercise 2 (Continuity & AL).

(a) 4. (f) 0.
(b) +oo. (g) O.
(¢) Does not exist. (h) 1.
(d) 3. (i) =
(e) +oo. (3 7

Exercise 3 (Rational functions).

(g) 0. (j) Does not exist.
(h) 0. (k) —Z
(i) Does not exist 1 -1

(k) +oo.

(1) 5z +1log6

(m) 1.

() V3.

(o) 4.

(a) 0. (e) —8. (i) Does not exist
(b) oo (f) 8. () 3

(c) —1L. (g) Does not exist k) (3)"
(d) 1. (h) 6. 1) 6
Exercise 4 (Roots).

(a) L. (f) —1 (k) —1.
(b) 1. (8) +oo. (1) ¥
(c) 0. (h) —5- (m) —4
(d) 3 (i) i (n) 3

(e) - (i) 3 (0) O
Exercise 5 (Exp and log functions).

(a) 0. (d) —1. (g) 0

(b) 3. (c) 2 (h) —5
(©) =% (f) -3 (i) 0
Exercise 6 (Trigonometric functions).

(a) Neexistuje. (e) %2 (i) 1.

(b) 5 (f) & () 2.

(c) 3 BF (k) —v2
(d) 4 (h) 2 W

Exercise 7 (Mix). Find limits:
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Exercise 8 (Exponential trick).
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