IV. Limits of sequences

Theory.

Definition (Limit of a sequence). Let {a,}>2; be a sequence of real numbers and A € R. We say that
A is a limit of {a,}52; (and then we write A = lim,,_,o0 ay,) if

Ve > 03ng € NVn > ng,n € N:|a, — 4| <e.
The sequence {a, }2°; has a limit 400 [or —o0], if
VK € R3ng e NVn >ng,n € N:a, > Klor < K].

Remark. We say that a sequence {a, 52, C R is convergent if it has a limit A € R (it converges to A).
It is divergent if it has a limit A € {—o0, 400} (it diverges to either —oo or +00).

Claim (Uniqueness of a limit). There exists at most one limit to a given sequence of real numbers.

Claim (Limit of a subsequence). Let {a,}72; be a sequence of real numbers with a limit A € R*. If
{br}72; is a subsequence of {a,}52, then limy_, by = A.

Claim (Arithmetics of limits). Let us consider sequences {a,}52 1, {b,}52; C R such that lim, . a, =

A € R* lim, 00 b, = B € R*. Then (if the RHS is well-defined)

lim (a, +b,)=A+B, lima,-b,=A-B, lim —=—.

n—oo n—o00 n—o0o bn B
Claim (Two policemen / Sandwich). Suppose that sequences {an, 52, {bn}52 4, {cn}22, C R satisty

(i) I eNVReN, n>ng:a, <c, <b, and (i) hman—hmb =AeR".

n—oo n— o0
Then lim,, o ¢, = A.

Claim (Vanishing and bounded sequences). Let us consider sequences {a,}32 1, {b,}22; C R such that

(i) lim a, =0 and (i) {b,}or, is bounded.

n—oo
Then lim,,_, oo (ay, - by) = 0.
Claim (Root law). Let {a,}32, be a sequence of real numbers with a limit A € R* and m € N. Then
(i) limp—oo /@y = ¥liM, o0 an = VA if m is odd and
(ii) lim, oo 3/a, = VIim, oo a, = /A if m is even and Jng > 0 such that a,, > 0 for all n > no.

Claim (Scale: log®" n < n*™ <« sth™ < n! < n™). There holds the following:

n

() limpyoo 2557 = 0, if @, §> 0. (i) Timy, o0 95

—0,ifa > 0.

(ii) limy oo % =0, if @ > 1 and 8 > 0. (iv) lim, oo 2 = 0.

Remark. We will work in R* (extended real line). The following operations are not defined here:

(+00) + (=00), (=00) + (+00), (+00) = (+00), (—00) — (—00),
(£00)-0, 0-(doc), ——=, =2 I2 =%
+oo —00 —00 400

a

— R*.
- fora €
Remark. Finally, we will use the following well-known formulas.

a® = b= (a—b)(a+b),
a® — b3 = (a — b)(a® + ab + b?),

ek ke n\ n!
(a+bd)" Z() b", where <k‘)k!(n—k‘)!'



Exercise 1 (Elementary). Sketch the graph, find the limit:

(a) limy,— o0 2 (e) lim, ”T” (1) limy,— 0o (%)n (m) lim,,_, o, arctan(—n).
(b) lim, e n (f) lim,, o n5. (§) limp—e00 /1. (n) limy, oo n™.

(c) limy, o0 L (2) limy, o0 5. (k) limy o0 7. (0) limy,_yo0 7.

(d) lim, e (h) lim, o e ™. (D) limy, o0 logn. (p) limy 00 sin l

Exercise 2 (Rational functions & roots). Find limits:

(a) lim, 4o, —n" + 13n* — 123n + 12. (i)
. n®42n—
(b) lim, Jﬁ_z 5

4 3
. —2
(c) limy, o0 Boiisr

n2—n

. 142434
(€) limp_so0 (W _

n

5 )
. n+4)100 _ (543)100

(f> limy, 00 ((nJ)rz)%mo)o

(n242)10 _p20

(n+3)19—nl1o -

Vn2+1 + o n3+1

n—2 n—1

(g) lim,, 00
(h) lim,
Exercise 3 (Scale). Find limits:

17427 437 AT 45T

(a) lim, e (5,0001)"

4" 4n"41
n84+n!

(c) limy 00

log3 n+6n2 +n+logn
1+log? n+n? .

(d) lim, o0

limy, 00
lim,, s o0
lim,, 0
lim,, o0

limy, 00

lim,, s o0

(e) limy, o logZ n2+logn+17
. log® n4e?" 1 fnt
(f) limy, o0 (e"+n2+27)2
. 3"+n5+(n+1)!
(g) limy, 00 n(nS+n!)
nn+1+2n+n19

(h) limy, 0o ‘nl+4(n+1)n™ -

Exercise 4 (Oscillations). Find limits (if they exist):

(a) lim,—00(—1)™.

(b) limy oo &2°.

(¢) limp oo (—1)"n.
Exercise 5 (Mix). Find limits:

(a) limy,_,e0 cos(mn) - ni.
(b) limy,, o 123 Ftn,

) Vnl(2*" —3")
(C) hmn—>oo \/(n+1)!+2"7m'

(n43)39—(n—3)3°
(n+2)30—(n—1)30

(d) lim, 00

(e) lim,, ;o0 V4" +nt — /47 127

(=3)" —nt45"
75" 4nZ—3 -

(=nH" + (—1)2"+1

(f) limy,—00

(g) lim, oo

(d) lim,,— s cos(m + 27n).
() limnooe ()"

(f) limy_yo0(—2)".

log n(4/log n—log n*)

lim, 0o v + 11 4 /1.
lim, 00 v+ 11 — /1.

R

VA3 /)

V1t 2)
vn+1—1

Vn34n2—/n3+41"

Y F - Yn?—6n
VE—1—VnZHl

VAT + al — /T — .

V26— ¥ 4

Vn2+4
Vn24+5— In2+1°

. . n n 2
(i) limy, o0 —x/n+3:n Vandn®

(n43)F (nt1)!

VI IR/ 3
VIt —Var—n

n!

n% (V=27 —/nl+n")’

(J) lim,, o0

(k) limp 00

(D) limp—eo

(g) limy,— oo sin(mn).
(h) limy, o sin ¢

sinn

(i) limy,—eo

(h) lim, o YEZELVZITIEL
(i) limy, 00 % L Mnitn—yni-1
n vVn+1l—yn+2
. . (n+1)1041—+/(n+4)1041
(J) hmn—)oo \/ n4+2,,}<,3 .
(k) T P2
(1) limy oo (—1)"/A(v + 1 — /).
. /n2n !
. 2
(Il) hmn%oo {“>/n3n+n2nr-t¢-2—i__;;;l_ \3/n3n_n4'



Results - IV. Limits of sequences

Exercise 1 (Elementary).

(a) 2 (e) 1 (i) 0 (m) -3

(b) oc. (£) oo. (j) oo (n) oo.

(c) 0. () 0. (k) 0. (o) oo.

(d) oc. (h) 0. (1) oco. (p) 0.
Exercise 2 (Rational functions & roots)

(a) —o0 (e) —3 (i) oo. (m) 2.

(b) oo () 3 i) o. (n) —oo.

() 5 & & (k) 0. (0) 3

(d) 0 (h) 1. M i ) 3-
Exercise 3 (Scale)

(a) 0. (d) 6. (g) 1. (J) 1

(b) 3. (e) -1 (h) 3 (k) oo

(c) 0. (f) e. (i) 0. (1) —2
Exercise 4 (Oscillations).

(a) The limit does not exist. (d) —1. () 0.

(b) 0. (e) 0. (h) The limit does not exist.

(c) The limit does not exist. (f) The limit does not exist. (i) 0.
Exercise 5 (Mix).

(a) The limit does not exist. (h) \/§i 7 = V3 —2.

(b) §. () 2

(c) oo (i) -

(d) 2. (k) %

(e) —1. (1) The limit does not exist.

(f) 7. (m) 1.

(2) The limit does not exist. (n) 3.



