XII. Primitivni funkce

Shrnuti teorie.

Z prednasky vime, ze ke spojité funkci f, definované na neprazdném otevieném intervalu I,
existuje tzv. primitivni funkce F, tj. funkce spliiujici F'(z) = f(x) na celém I (F je ”antideri-
vace” k f). Déle vime, ze je-li F' primitivni funkce k f, tak potom i F' + ¢ je primitivni funkce
pro kazdé ¢ € R. Mnozinu viech primitivnich funkei k f zna¢ime symbolem [ f(z)dx = F(z).

Operace integrovdni, tj. hledani primitivni funkce, je linedrni viéi s¢itani funkei a ndsobeni
¢islem, tj. pro f, g spojité na tomto intervalu a a,b € R plati

/(af(a:)—l—bg(m))dx:a/f(ac)da:+b/g(x)dx,a:EI.

Tvrzeni. (Integrace per partes) Bud F, G primitivni funkce ke spojitym funkcim f, g na
neprazdném otevieném intervalu I. Potom plati

/F(x)g(x) dz = F(2)G(z) — /f(a:)G(x) dz na I.

Tvrzeni. (1. véta o substituci) Bud F primitivn{ funkce k funkci f na intervalu (a,b) a at je
¢ diferencovatelna funkce na (a, 3). Je-li H, C (a,b), tak plati

/ (0 () dt £ F(o(t)) pro t € (v, B).

Tvrzeni. (2. véta o substituci) Bud ¢ ryze monoténni funkce zobrazujici (a, 8) na (a,b) a ¢’
je spojita na (a, 3). Bud dale f definovand na (a,b) spliiujici pro t € (o, 8) vztah

/ ) (t) dt £ G(1).

Potom pro = € (a,b) plati, ze
[ f@de £ Gl a)

Pozn. (O raciondlnich funkcich) Je-li f raciondlni funkce (tj. podil polynomi), tak ji dovedeme
rozlozit na konecny soucet jednodussich raciondlnich funkci (tzv. rozklad na parcidlni zlomky).
Tyto jednotlivé zlomky dovedeme vzdy integrovat a dohromady ziskat primitivng funkci k f.

Pozn. (Kuchatkové substituce) Bud R(u,v) raciondini funkce v proménnych u,v.

(i) Je-li f(z) = R(z, {/“EL) pro ad # be, n > 1 prirozené, pak lze v [ f(x)dx pousit

cx+d
TR _ n/ax+b _ t"d—b _.
substituci ve tvaru t = /7. Dostaneme x = =5 =: (t).

(i) Je-li f(x) = R(e**) pro a # 0, pak lze v [ f(x)dx pouZit substituci t = e**.
(iii) Je-li f(z) = LR(logx), pak lze v [ f(z)dz pouZit substituci t =logx.

(i) Je-li f(x) = R(sinz, cosz), pak lze v [ f(x)dx pouzit substituci ve tvaru t = tan .
Zde se muzou vyskytnout jesté specidlni podpripady:
o Je-li R(u,—v) = —R(u,v), pak lze uzit t = sinz.
o Je-li R(—u,v) = —R(u,v), pak lze uZit t = cosz.
e Je-li R(—u,—v) = R(u,v), pak lze uZit t = tanx.

Tvrzeni. (O existenci primitivni{ funkce) Je-li f spojitd na neprdzdném intervalu (a,b), pak
m4 primitivn{ funkci na celém (a,b).

Tvrzeni. (O ur¢itém integralu) Necht je funkce f spojitd na intervalu (a,b). Bud F primitivni
funkece k f na (a,b), pak plati

/f(:lc) dz = [F(x)}z = lim F(x)— lim F(z).
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Piiklad 1. [Elementarni] Spoctéte ndsledujici integrély a urcete maximélni mnozinu existence.

(a) [sin®z + cos?a. () fx+1)?+coss+ 1. (k) [1%
(b) [5a7 + % (&) [2—2)'— - (1) [sin?a.
© [vEs e () [, (m) J ¥
(d) [2sin3z+e * +4. (i) fm (n) [sin2z - cos3z.
(e) [a5 — 2. G) [ . (o) [tanb5z.

Priklad 2. [Integrace per partes] Spoctéte nasledujici integraly a urtete maximélni mnozinu existence.

(a) [2ze™". (e) [zarctanz. (i) [sin(log2x).

(b) [xsinz. (f) [z?logu. 0) | =55

(c) [(3a3 + 2% + 1)ede. (g) [ valog®z. (k) [a?sin’a

(d) [e*cosa. (h) [log®z + log?. 1) f(i‘j;;" - ﬁ%)

(a) [(3z —2)°. (j) [ o=z, (s) [sin®x-costx
(b) [sin(2z +1) (k) [cos*z-sinz. (t) 25_”;2;”»8
(¢) [VAx—1. ) [ 35 (uw) [tan®z.
1
@) [z (m) [ (1+x2)arctan3 (v) [V1—2a2
v i (W) wﬁ
)

1
® [CESYEES (o) [ 1+\}ﬁ' (x
T 1 1+x
(g f(mzil)” (p) [cos®x W) J = %
1
(h f_\/8—39:2' (q sz4 (Z) rﬁ—!—lr\s/ﬁ
2 z—1

Priklad 4. [MiSmas] Spoctéte ndsledujici integraly.

. log x
(@) J Frsin . () J o cosa. &) | e
3 (k "
(b) [ 3log2x. (k) f5+2x2 (t) f%??ﬁ
(c) [(1-%) Voo W 2= (u) [arcsin?z.
(d) fx5e’””2. (m) [x?arccosz. (v) [ 5,/%
1 14-€2®
©) [ amys ) J A W) [3y/55
e3% _e” 71 — A
() ] st © [¥1-2=. O e
(g) [arcsinz. (p) f\/m ) | 55
2 arcsin 22
(h) [tan®z. (a) fﬁ (z) IW
(i) [’ (r) [log(z + V1 +22). (7) [alog iz,
Priklad 5. [Parcidlni zlomky] Spoctéte nésledujici integrély.
T i a?
(a) [ (x+?)(§;+3) (e) fx4+2m2 3 (i) fa:27m+2'
0 f b O | e 0
a! e’ 42-2
(C) g) f (x2+2m+2) (k) f (22+1) (22 +2+1)2"
2
(d) fw4+5w2+4 (h) fz3+1 (1) f (m4iz§—1«—1)2'



Priklad 6. [Kuchatkové substituce - trigonometrické] Spoctéte nasledujici integraly.

@) [ s ) [ cosmsmms k) [ ot
(b) [ swrtess (&) J s () [oneceer

(©) fiﬁv M) f oot (m) Jﬁﬁm

(@) [ 5oz (0) J et M) [ ssmreosats
() [ tremrs () [ 2spateos s, (0) [ Lttante,

Priklad 7. [Kuchaikové substituce - ostatni] Spoctéte nasledujici integraly.

(a’) ijigl:gm' (e) f 53“" 1 ' (1) fa:(log%ajfl)'
(b) fm f) fxlog:clog(loga:) (J) f /%

(c) [ (4f+w\f' (&) [3\/55 (k) [1va? -2
(@ gii;z (b) fll BZE M) fw(1+2x/15+\3/5)'

Priklad 8. [Lepeni] Urcete primitivni funkei na vSech intervalech, kde existuje.

(@) [zl (@) felel. ©) [ smeresrs:
(b) [ —al+[1+a] (e) []sinal 1) [ scrarsmozet-
(c) [max{1,z%}. (f) Im (i) f 1

6 cos2 z+4 sin x cos x+sin2 z *

Priklad 9. [Urcité integraly] Spoctéte nasledujici urcité integraly.

7
(a) [lya% =20 +1. (f) fo xarctan . (k) fo m
3 E.d .
(b) f() |1 - {E| (g) 02 e’ sinx. (1) 0 (24-cos x)(3+cos x)”
(C) f027r 2 Sin2 €. (h) 010g4 xe " (m) 51n4 :Hl—cos4 z”
(d) Ji[logz| (i) Ji°" VI —cos2a. () 1], griine
™ 1 dw | g3 2o g
(e) fo a? cos® x @ Jo V1 + 3a8. (0) f 1 (62Tif)(262‘”+3e“°2+1)'

Priklad 10. [Zkouskové] Spoctéte zadané integraly, neni-li feCeno jinak, tak na maximalnim intervalu.
(a) tan x () log® z+2log
6411 cos £+6 cos?2 x+cos3 x * 1 zlogd3z—x °

f 2647 _ 53T 1 ge2 o
(2= —2e* —3)(e2® —e*+2) "

f 2+slin x’

) —

f 3., 1 1 .
T T—x x2+xd+4
C) f%\/ ‘Lii ( 4)(1 )

V) | sreosiGreos

) [ €3 cos? x. 1

’ log3 z+2logx "

B

]|

(e) f .sinz—cosm na (—7‘[‘,71‘).

—~~
=
~

1+sin2 x—2sint x*

e
!
sin z+2 cos z+5 47 1
M) [ oo Eress)
[ EHET 10g . 0
* 1
Vat2 Yz
f (1+tan x ( ) g‘(\f+1)(\f+1)
1+51n2z
[ ot
0

) |t



Vysledky - XII. Primitivni funkce

Neni-li fec¢eno jinak, tak jsou vysledky uvedeny ”az na konstantu”.

Pfiklad 1. [Elementérni]

(a) z,z€R

(b) 2284323, z € R.

(c) 3Vad +1e* x> 0.

(d) —2cos3z —e *+4zx €R.

(e) %xg + w%, x € (—00,0), (0, +00).

(f) 3a® + 2%+ x+2sin — ﬁ, x € (—00,0), (0, +00).
(g) $a° —2z* + 82% — 162% + 16z — 32 + arccotan, x € R.
(h) 1a% + 222 423, 2> 0.

(i) arcsinz, ¢ € (—1,1).

() $log|E2], & € (~o0, 1), (=1, 1), (1, +0).

(k) —1log|l —z?|, z € (=00, —1),(—1,1), (1, 400).

(1) 2o — +sin2z, z € R.
(m) log(1+ %), € R.

(n) 3cosz — 15 cosbz, € R.

(o) —%log|cosbal, x € (-5 + kI, 5% +kZ) ke Z

Priklad 2. [Integrace per partes]

(a) —2(x+1)e *, z €R.

(b) sinx —zcosz, z € R.

(©) (2~ Ja+ d+ B) ¥ e R

(d) %(sinx +cosz)e”, Tz € R.

(e) %(1 + 2?) arctan x — %x, z € R.

(f) 32%logz — §23, = > 0.

(g) 222 log?z — Sx%loga + 822, 2 > 0.
(h) zlog?®z, z > 0.

(i) %x sin(log 2z) — 4z cos(log 2z), = > 0.
() ixtanllx + T1610g|cos4x\, T € (% + k7, 3% + k%) k€L
(k) 12% — lzcos2s 4+ 1222 sin 2z, x € R.
(1) 22, 2 € (0,1), (1, +00).

Priklad 3. [Substituce]

(a) (32 —2)5 z€R.

(b) —3cos(2z+1), z € R.

(c) %\/m, x> 1.

(d) log2z +1|, z € (—o0,—3), (3, 400).
(e) =21 =Tz, z < 1.

(f) arctan(xz + 1), z € R.

(g) —m, z eR.

(h) —% arcsin %x, —2\/2 <x< 2\/2.

(i) —3e ", z R,



—
—

log |sinx|, € (km, 7+ kn), k € Z.

1
5

log(3 +¢%), z € R.

~ araanzss © € (—00,0), (0, +00).
—log(2+ cosx), x € R.

2z —1—-2log(vo —1—-1), 2 > 1.

—
=

~ o~ o~
[9)] R
—_ — — O O LD O D LD Do

cos®z, x € R.

/‘\AA
o v B =

(p) Zsinz + 5 sin3z + g sinbz, z € R.
1
(q 3./5 arctan f,:zzeR
r 622“ arctane” — 3e*, x € R.
—gcos’x + 2cos” x — fcos’x, x € R.
t) —3log(2 — cosz) — 2cosx — & cos’ x, x € R.
1 1
u m—m—log‘cosﬂ,xe(—§+k7r,§+/€7r),k€Z

—_— o~

<

12v1 — 422 + Jarcsin(22), z € (-3, 3).
—%1ogﬁm7 <0,z >0.
log(xz + V1 +22), z € R.

—2,/(42)° 2 € (—o00,—1), (0, +00).

x

=

—~
»

10 5 10 5
log iy + s ~ v T i e 0 0

2(z—4)(z+1)3, z € (—o0,~1), (~1,+00).

N

Piiklad 4. [Misma]

1

Q
o
@

1 1
5 5"
(b) z*log2z — Lat.
(c %x% + 4275,
(d) (—3z*—2?—1)e” 2*,

2 arctan \/z.
3€%7 —e® +x —log(e” + 1).
rarcsinz + V1 — 2.

resin? ¢ + 2v/1 — z2 arcsinz — 2z.
(z+2)¢/(B3z + 1)2.

Q

)
)
)
)
)
)
)
) —x + tanz.
(i) log|sinz| — 1 sin®z.
(j) 23sinz — 322 cosz — 6z sinz + 6 cos .
(k) \/%foarctan \/%x
(1) 2vsinz.
(m) ﬁarccosx +iVi—22-1(1- 22)3 .
(n) V1+e* + ilog %ﬁ
(o) =31 —2m)3.
(p) %arcsin \/gac
(q) %arcsin®z.
(r) xlog(z + V1 +22) — 1+ 22
(s) %(lJrlogx)z —2y/1+Iogux.
(t) 9(2? —3)% — 1822 — 3+ 36log(¥/a2 — 3+2).
) x
) 3



(w) 2log(vz+1— vz —1)— 2arctan ,/ZHL.

)

) 2y/x — 6z + 12z — 6log(l + Yx).
y) log(1l+sinx).
)
) 3

X

o~ o~

N

36\[(55 +1)3 (425 — 5).

z?log £ + x — § log 172,

—~
N«

Priklad 5. [Parcidlni zlomky]
(a)

4 1
— = 2log|2 3 —1 1.
[ 55— 71— 2lole 3 - loglo+1]

(b)

x—l—l’ 1 1

1 1 1 2
/_5+x+1+(x+1)2+(x+1)3 x z+1  (z+1)?

9 14 uo
E _ k+1
- =21 -1 .

/1+1 1 16 1 Jr1 ¢ 8 " x
.- = ._~ =g+ -arctanx — — arctan = .
3 2241 3 2244 3 3 2

[l e,
8 z—1 8 z+1 4 2243 TTg

r—1 _3\@
z+1

/ L L ! arctan(z — 2)
— = — — ar n — .
(x—2)2 a22—4x+5 x—2 *

/ 1 20+ 2 tan(z + 1) + 1
— = arctan(z —_.
2 4+2x+2 (224 2x+2)? 22+ 2x 42

1 x+1 1 1 1 V3 2x
_ _ :_71 1 71 2 _ 1 t
3/x2—x+1 Tl 3og|x+ |+60g($ x+)+—3 arctan 7

2-3 1 45 1 3 1 2
/x2+:1771+27x:fx3+fx2—xfilog(x27x+2)+—arctan z
x

V7 V7

n + 2x+1+ + 2z — 1
- = O, arctan —, —— arctan .
Yo+l 22—z+1 4 P —z+1 2V/3 V3 V3

1/ z+1 x—1 _11 24+z+1
2] x2

/ 4 1 +11 2z 41 1 Tx+5
9 2z+1 9 x2+x+1 3 (22+x+1)2
1 -3 2v/3 2 1
:7—10g|2x+1|+ log(x +ax+1)+=- x + \[arctan vt .

3 224+2x+1 9

&

1/ r+1 —x+1 r+1 —z+1
4 ) 2242x+1 22—z+1 (224+2+1)2 (22—2+41)2
11 ?+r+1 1 222 +1 z—1

z+1 2
- . + tan ——— -+ arct .
3 oggc2 211l 6 P21 3 (arc an 73 arctan \/§)




Priklad 6. [Kuchatkové substituce - trigonometrické]

log |tan §| pro x € (km, (k+ 1)7),k € Z.

2v/2(arctan(v/2tanz — 1) — arctan(v/2tanz + 1)).
1sin’z + 2sinz + 3log(2 — sinx).
% arctan(v/3 tan £).
% arctan(y/2 tan x).

log |tanz| — 55— pro z € (k3, (k+1)%),k € Z.

2 T
m+mprox€(—§,§).

Cos T — g arctan(; Lcosa).

jgarctan(\/gtanx) —zproxe (-3, %)
1

3 log|tanz — 1] — g log(tan®z + 1) + 3z

+log|sin® —sinz + 1| — § log(1 + sinz) + —= arctan (

\}(ZSinx— 1))

S

(m) =z — % arctan(y/2 tan ).

)

)

)

)

)

)

)

h) log(3 + tan? £) — log(1 + tan? )—i—% rctan(\lftan ).
)

)

)

)

)

) %arctan (%(3‘53&1% +1)>.
) log |2 + tan x|.

Priklad 7. [Kuchafkové substituce - ostatni]
(a)

(b) —iz+ Llogle® — 1| + £ log(e® + 2).

(c) 2y/x — 4z + 4log(1 + Vx).

(d) e+ 2logle® — 1| — $log(e** + e” +1).

(e) —x —4v/2x + 3 —9log|v2x + 3 — 3| + log(v2x + 3 + 1).

—logz — log|logz — 1].

(f) log|log(logx)|.

(g) log (14’\/@) —log‘\/@—l‘ —2\/§arctan (\/E\/%)

) SYEr )+ 8@t 1P -3¢t i +2¢/ @+ 1P -3y/@+ D2 +6¢/z+ 1~
6log(vVx +1+1).

(i) $log|logz — 1| — 10g|10g z+logx + 1| — arctan(%(loggng%)).

) 310 (1+/558) + w1 - 1|+ 3 o -4 g

2 2 1 1
(k) log’\/;—l‘—log( 1—5+1)—1+ %1_2-1-1_\/@.
(1) 6log {/x — %10g(€/§+ 1) — log(Q\f— Jr+1)— 2\[ arctan (4%_1)

Piiklad 8. [Lepeni] Zde pro prehlednost uvddime i konstanty c.

(a)
—322+c, <0
F(z)=<c, x=0
%x2+c, x> 0.
(b)
—22 +c, z < —1
—1+g¢, r=-1
Flz)=(2rx+1+4+¢, —-l<z<l
3+ ¢, r=1

22 +2+¢, x>1.



1,3_2 _
3T $t+e <1

—1+e¢ r=-1
F(z)=(qz+c, -l<z<1
1+c, r=1

1,3, 2
sz +5+¢ x>1L

(d)
e’ +c, <0
F(z) =q1+c¢, z=0
—e " +2+¢, x>0
(e)
1+c¢, r = 2kw
Fla) = —cosx +2+c¢, x€ (2km,m+2km)
) 3+¢, r =7+ 2km
cosx +4+c, x € (m+ 2km, 2w + 2km).
(f)
L arctan tanx +c+k”, re (- +knm,Z +knm
F(z) = q V2 (V2 tan) (,rQ ’ )
C+(1+2k)2\/§, r =73 +kn.
(8)
V2arctan 222 4 o 4k /2, x € (—m + 2km, m + 2km)
F(z) = vz
c—i—kﬂf—l—"\f r=m+ 2km.
(h)

3

1 tan x+1 T _ T jus
F(x):{\farctan L et kT, ve (% +km % +kn)
W T TR v

L arctan tanet2 4 o4 1 xe( 2+ km, 7+k7r)
F(l’){\/i k\/§ 2 o Qk
5 Tetkys T =3tk

Priklad 9. [Urcité integraly]

(a) 550.

(b) 3.

(c) 2m.
(d)2-2
(e) &(3+272)
() 37— 4.
(8) 5+ 3¢%.
(h) % B lo§2
(i) 20v/2.
() 52
k) 7%



1) 24v3-3v2).
(m) 2v/27.
(n) 0.
(0) 1+ Llog(2+e) — Llog(1 + 2e).

Piiklad 10. [Zkouskové]

(a) —%log|cosz|+3 log(cos z+1)—1 log(cos z+2)+ & log(cos z43) pro (—5 + 2km, T + 2km),
(g + 2km, ™+ 2k77) a (7T + 2k, 37” + Qkﬂ'), ke Z.
(b) F(z) = %arctan (%(Qtan% + 1)) + 2%’ z € (2k—-1m 2k +1)m), k € Z a

F((2k+1)m) = Z= + 2?

(c) %1 g‘ ,/z—iifl’fllog< ii}l+1)+log( ii}l+1)*10g’1/%ﬁ71‘11&(700,*4),(71,0)
a (
(d) ge* %(2sm2x—|—?>cos2x) e3® pro x € R.
tan? £41 / .
(e) %logm £+ farctan <2f(3tanf —l—l)) a (—m, ). Diky zadani

netfeba lepit.

(f) 3log’z — log’z — 2logz — 2 pro z > 0.

(g) tanz — 4log |l + tanz| — 1+§;nm + (1+t:nm)2 — 3(1+t4anm)3 na (=5 +km, 5 + k) a

(=5 +kn,—% +km), ke€Z.
(h) —log |y/Z — 2| + & log(v/Z + 2) + Larctan % na (0,4) a (4, +00).

(i) log z+log|logz—1|—1log | log? x+10gm+1|+ﬁ arctan (W(logx + %)) proz > 0.

(j) log(e®” + 1) + log|e®” — 3| — = arctan \[;1 na (—oo,log3) a (log 3, +00).

(k) §log|Vz—1|+2log(va+ Vz+1)+1 log(va+ ¢o+4)+ 3v3 arctan (\%({‘/E-&- %)) -
4\éﬁ arctan ( (f + )) pro z > 0.

1 tan

(1) F(z) = ﬁ arctan ﬁz — 5 arctan —== 7k (% -4 ), xz € ((2k—1)m, (2k+1)m),
1

keZaP(k+1)m =mh(L- &) +3(L-%

S

Sl

N—

(m) %log (% + 3102g22)'

s 1 2
W 5 (5H+%)
(o) =% + 27 +1log2.
(r) 2.



