V. Derivace funkci

Shrnuti teorie.

Definice. (Derivace funkce) Bud f redlnd funkce a a € R. Jestlize existuje

hIIl 4]0((1 + h) — f(a) 9
h—0

pak tuto limitu nazyvame derivaci funkce f v bodé a a zna¢ime ji f'(a). Pomoci pfislusné jednostranné
limity zavadime jednostranné derivace v bodé a a znacime je f! (a) a f’ (a).

Tvrzeni. (Aritmetika derivaci) Necht redlné funkce f a g maji vlastni derivaci v bodé a € R. Plati:
(i) (f +9)(a) = f'(a) + ¢'(a).
(ii) (f-9)'(a) = f'(a) - g(a) + f(a) - g'(a).

A
(iii) (%) (a) = f(a)9(a) (f)(a) g'(a) , jestlize g(a) # 0.

g a

Tvrzeni. (Derivace slozené funkce) Necht realnd funkce f, resp. g ma vlastni derivaci v bodé yo € R,
resp. o € R a yo = g(zo). Potom plati

(fog) (o) = f'(yo) - ¢’ (x0)-

Tvrzeni. (Véta o limité derivaci) Nechf redlnd funkce f je spojitd zprava v bodé a € R a existuje
limg_q, f'(x). Potom existuje f! (a) a plati rovnost (analogicky i levostranna varianta)

f_ﬂ_(a): lim f'(z).

T—a4

Pi¥iklad 1. (Aritmetika derivaci) Najdéte derivaci funkce f, uréete defini¢nf obory f, f’:

(a) f(z)=32"-172°+V32-8. () f(z) =axlogz — Llogy . . K x € (—00,0)

e a iz W) fl=) = log(1+x), =€ (0,00)
(b) f(x) = (a® = 2z + B)e”. () f2) = ()" —2*(3)"
c) f(z) =2cosx + z?sin . r) =i T+ V. 1-a=, T €(=00,1)
I ' @ T = 2T ) e = ne-0), ce2)
(d) f(z) = (x 4+ sinx)arctan z. (h) f(z) = 3% % —(2— 1), € (2,00)

Priklad 2. (SloZené funkce) Najdéte derivaci funkce f, uréete defini¢ni obory f, f':

(a) f(@) = (@ + 5l + 1197, (i) f(z) = log(log(og’2)).  (b) f(x) = (sinz)®,
(b) fx)=2*(@+2%@x -1 (§) f(z) = ri"(ll;;r”_ (a) f(z) = log(arccos z).

(¢) f(z)=log(z? + x + 2). (k) f(z) = . (r) f(z)= 1 arcsin, /%5
id; ;Ex; - cos2(x3 -t _(‘_ 29' D flz)= —\}%. (s) f(z) =arctan Va2 — 1.

e) f(z) =sin’x —sin(z — p(arcsin(z3)2.

1 (m) f(z)=2log%, ;} (t) flz) ==(a (z?))
() f(z)=e"=2 (u) f(z) = (arctan z)aesine,
n) f(z)=e*""1 1o 22
(¢) f(x)=log(arctan x). () flz) log /@ (v) f(x) = arcsin(cos z).
(h) f(x) = sin(sin(sinx)). (o) f(z) = (%)% (w) f(z) = (x + 1)arccos mf%

Piiklad 3. (Zkouskové piiklady) Najdéte derivaci funkce f, uréete definiéni obory f, f”:

2
arctan® x — T

os(max{z, z?}). (f 5

x) = arctan(z — 1) -

) flz) =c ) fz) =

) f(2) = (z —1)%ign (2? + = — 2). (g) f(x) = arccos(min{2x?,z + 1}).

c) flz) = V3l=*-1 —3. (h) f(z) = sign (ac — 4x) - sin(z3 — 22?).
) f(z) ) fz) =
) f(x) ) flx) =

— (cos x)min{2,$3+w2,2m+2}. & g

;arctanxJ. (.] (Cosgj— 1) ||Qj| —2|

xT

T



Vysledky - V. Derivace funkci

Priklad 1. (Aritmetika derivaci)

(a) f'(z) =152* = 5122 + /3, z € R.

(®) f(z) = (22 +1)e”, x € R.

(c) f'(x) = —2sinx + 2xsinz + z?cosz, v € R.

(d) f(z)=arctanz + 755 + coszarctanz + ;f;g, x €R.

(e) f'(z) =logz+1— W m%loggl‘,ll‘>0.

() F(z) = (2)"log$ — 322 ()" — % (3)"log L,z € R
1

o) VT T T
(g) f'(x) {ﬂo, 4 e—0,

x>0

( ) f/( ) (w —3) cosxz—2zsinx + (w +x +1) 51(4w +2w #i\[

(z2-3)2 (z+22+1)2
1 <0
. 7 . ) =
Q) /@) {+ "
-1, r<l1
(.]) f’(l’) = 2x — 37 T € <]-72>
1, x> 2

Piiklad 2. (Slozené funkce)

(a) f'(z) = 87(2z + 51)(2% 4 51z 4 119)%0, 2 € R.

(b) f(z) = (2222 — 49z — 42)2?(x +2)"(z — 7)1% 2 € R.
(c) fla) = Fg. e e R

(d) f(z)=9(1 —322)(z® — 2 + 2)%sin(23 — 2+ 2)°,z € R.
(e) f'(z) = 2sinzcosz — 2z cos(z?),z € R.

(1) f'(x) = Ze =,z € R\ {0}

(&) f'(#) = stz 17 @ > 0.

() f'(z) = cos[sin(sin z)] - cos(sinz) - cosz,z € R

(1) £'(2) = sroreramem sy & € (1be) U (e, +00).

() /() = ZCEEEEI00E 4 e R (1),

(0) f(2)= —2 .z e(-33).

(9—=22)2

1) f/(z) = Dloaztls® ooy

3
z(xz2—-1)2

w?ilv T e (—OO,—l)U(l,—FOO)
(m) f'@) =4 —c0, z=-1_
400, =14

() f'(w) = 20e” ! — g w € R
(0) f'w) = —H(1+log 1) (1)* x> 0.

(p) f'(x) = (—sinx - log(sinz) + cos® L) (sinx)°**, & € Jpep (2km, (2k + 1)),

1 1
(a) f'(x) = { Vi TE H’”.
—00, r=—-15



Priklad 3. (Z

(a) f'(z)

(b) f'(=)

(d) f'(=)

() f'(x)

1 .
arcsin %H + W\/irl)’ x> 0.
1
e el >t
+o00, r=14.
—00, r=1_
3 i (3
(arcsin(a?))? + SEresinGet) e (1,1
Tr = —1+
r=1_
i 1 t arcsi 1
(arctan x)aresine ( ngjlrc_:;m) + ERE H_xz) , xz€(0,1)

1, x € {2km_

arccos wg—f_l + 2sign (2% —
ﬂ-?
2,
2

kouskové priklady)
—sinx, xz e (0,1)
—2z sin(z?),
0, z=0
—sin1, r=1_
—2sin1, r=14

2(x — 1)sign (22 + 2 — 2),
2,
—6,

log 3.3l2% 1] 2x-sgn (z%—1)
3(3le2-11_3)%

)

zeR\{km, keZ}
, r e {2kny, 2k+)n_}, k€ Z.

L2k + 1)) ke

DAL, 2z eR\ {£1}
r=-1
r=14
r=1_

x € (—00,0) U (1, +00)

zeR\{-2,1}
r=1

T =—24
T=—-2_

r € R\ {0,£1,+v2}

—00, r€{—v2,0,}

+00, e {V2,0_}

—?log& xe{l_,—1.}

?log?), re{ly,—1_}

e9(@)log(cosz) . (o/ () . log(sinx) — g(x) - tanz), =€ Urez (=5 + 2km, 5 + 2km) \ {0,1}
0, =0

—2cos?1-tanl, r=14

—cos?1-(2tan1 — 3log(cos 1)), r=1_

—4z, x € (—o0,—1)

—2z, z € (-1,0)

0, z € (0,1)

2z, x€(1,00)

0, z=0

+oo, ze{-1_,1_}

0, xe{-14,14}

% + arctan(x — 1) - sgn (arctan® z — 7{—;) : %7 z e R\ {1}
0, r=1

—7 arctan 2, x=-14

7 arctan 2, r=—-1_



7/1:(;7“)2, ze(-2,-3)
\/%» T e (_%v g)
— = _9
(8) f'(x) =4 v i
—00, x = (%),
I = (3
_%7 T = (_71)*
(322 — 4x) - sgn (23 — 4x) - cos(z® — 222), z € R\ {0,42}
0, z=0
(h) f'(z) = -4, r=2_
4, xr = 2+
00, r=-2

@V’ e (—y/2,0)U(0,12)

1—(z2—1)4’

-2, z=0_
(i) f'(z)=q2, z =04

00, T =—/2+

—o0, z=/2—

% csignz - (cosz — 1) — /[[z] — 2[sinz, z € R\ {0,+2}
G) f(@)=1" r=0

—00, r =242

400, T ==+2_



