V1. Derivace funkci

Shrnuti teorie.
Definice. (Derivace funkce) Bud f redind funkce a a € R. JestliZe existuje

i J@ 1) = f(a)

h—0 h

9

pak tuto limitu nazgvdme derivaci funkce f v bodé a a znacime ji f'(a). Pomoci prislusné
jednostranné limity zavddime jednostranné derivace v bodé a a znacime je f', (a) resp. f’ (a).

Priklad. Vezméme f(x) = z, pak méme, v libovolném a € R,
iy flath)—fl@) . a+th—a . h
fia) = limy h Thh0 h hs0 h
Piiklad. Vezméme f(x) = logz, pak mame, v libovolném a > 0 (jinde neni f definovéna),

fla+h)— f(a) log(a +h) —loga . log(1+1%) log(1+2)

= lim = lim = lim ———%~ =

f'(a) = lim
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Tvrzeni. (Aritmetika derivaci) Necht rediné funkce f a g maji viastni derivaci v bodé a € R.
Potom plati

(a) (f+9)(a) = f'(a) + d'(a).
(b) (f-9)(a) = f'(a) - g(a) + f(a) - ¢'(a).

A ’ ’
(c) (g) (a) =1 (“)'9(“)_(f)(a)'g (@) jestlize g(a) # 0.

9%(a

Tvrzeni. (Derivace sloZené funkce) Necht redlné funkce f, resp. g maji viastni derivaci v bodé
Yo € R, resp. o € R a yo = g(xo). Potom plati

(f 0 9)' (o) = f'(y0) - 9’ (w0).
Priklad. Vezméme f(z) = sinz a g(z) = 2% + €3*, tyto funkce maji vlastni derivaci na celém

svém defini¢nim oboru, jimz je celd redlna osa. Bud tedy x € R libovolny a y := 22 + €3*. Dle
tvrzeni plati vztah

(sin(a? + ) = (F(g(0))) = /(o) o'(w0) = (20 +36%) cos(a? + 7).
:0’8_1; =2z+3e3”

Tvrzeni. (Derivace inverzni funkce) Necht redlnd funkce f je na intervalu (a,b) spojitd a ryze
monoténni. Predpoklddejme, Ze v bodé xo € (a,b) existuje jeji vlastni a nenulovd derivace.
Potom md funkce f~1 derivaci v bodé yo = f(xq) a plati

1y _ 1 _ 1
U w0) = 5y = P )

Ptiklad. Uvazujme funkce f(z) = sinz, g(x) = tanz na intervalu (=3, 5
spojité a rostouci. Bud x € (—%, %) libovolny, pak f'(z) = cosz # 0 a
Oznacme y := sin z, resp. y := tanz, dle tvrzeni dostavame
1 1 1 1
. ! __ —1y7 — — = =
(arcsm y) - (f ) (y) f/(l') COS T COS(aI’CSiI’l y) 11— y2 )
a_ _ L
1+y?

Tvrzeni. (Vipocet jednostranné derivace) Necht redind funkce f je spojitd zprava v bodé a € R
a existuje lim,_,,, f'(x). Potom existuje f' (a) a plati rovnost

fi(a) = Jim f'(a).

), zde jsou tedy f,g
g(@) = ooy # 0.

(arctany) = (¢~ (y) = 70 = cos® 2 = (cos(arctany))

Levostrannd varianta je analogickd.

Piiklad. Vezméme funkci f(x) = /z, jeji defini¢ni obor je (0,+00), je spojitd na (0,00) a

spojita zprava v 0. Na (otevieném) intervalu (0, c0) je jeji derivace ddna vztahem f’(x) 2\1/5.

Dle tvrzeni miZeme spocitat, ze f} (0) = lim,_,o, ﬁ = +o0.




Piiklad 1. [Pochopeni pojmu] Z definice uréete derivace zadané funkce f, urcete defini¢ni obory f, f':

(a) f(z)=8. (&) fla)=e".
(b) fx) = a2 (1) fla)=2".
(¢) f(z) =a"neN. (8) f(z) = V5T 8.
(d) f(z) =sina. () f() = lal.

Priklad 2. [Elementarni piiklady] Najdéte derivaci funkce f, uréete definiéni obory f, f’:

(a) f(z) = 32> —172° + /32 — 8. NEZ z € (—00,0)

(b) f(x) = (2? — 22 + 3)e® (&) f(@) = log(1+z), =€ (0,00)

() fla) =z +2VT+ {3

(d) f(x):a:%—%. 1—=z x € (—00,1)
(e) f(zx) ==xlogx + xlogsx. (h) f(z) = {(1x)(2m), re(l,2) .
() fle)=(3)". —(2—-ua), x € (2,00)

Piiklad 3. [Slozené funkce] Najdéte derivaci funkce f, uréete definiéni obory f, f':

(a) f(x) = (2% + 51z + 119)%. (o) f(z) = (sinz)cos*.

(b) f(z) =23(z +2)%(x — 7). (p) f(z) = arcsin(cosx).

(c) f(z)=log(a® +x + 2) (q) f(x)=log(arccosx).

(d) f(z) = cos(x® —z +2) (r) f(z) =log(arctanz).

(e) f(z)=alz[+1. (s) f(z) = Jsarccot L2,

(f) flz) = 2log L. t

f(x) = warcsin , / %5 + arctan /z.

(8) f(x) = sin®z — sin(?), (,) o o

(h) f(.T) =1lo (log (log J))) (t) f(m) = (il? + 1) + arccos 241"

(i) f(z) = sin(sin(sinz)) () f(z) =e*" "1 —log effj_l.

() flw) = ;/2957;3 (v) f(z) =arctanvaz? —1— \}%.
(k) f(z) = 11 z (w) f(z) = (arctan z)aresine,

(1) flz) =e"32 (x) f(z) = x(arcsin(x?))2.
(m) f(.%‘):l‘x (y) f(x):elg\z\

() flz)=(3)" (z) f(z) = |log|z]]

Piiklad 4. [Zkouskové piiklady] VySetiete spojitost a spoctéte derivaci zadané funkce:

(a) f(x) = cos(max{x,x?}).
(b) f(x) =sign (z® — 4z) - sin(x® — 22¢)
(©) f(z) = VFFT=3,
(d) f(z) = (cosz)min{2a+a®=2042} —. (og4)9(@),
(e) f(z) ==?-|2arctanz].
) =max{r1—2%, =1
() f(x) = arctan(z — 1) | %
(h) f(z) = (z® — 22 + z) - | £ arctan xJ
(i) f(z)= (arccot  — F) ¢/sin? (%) — 1.
(j) f(z) = arccos(min{2x?, z + 1}).
09 f(&) = /I~ (2~ 1)1
) f(@) = VIl = 2] - (cosz ~1).
(m) f(z) = sign (2 + 22 — 2z)(e” 2747 — 1),



Vysledky - VI. Derivace funkci

Priklad 1. [Pochopeni pojmul]

(a) f'(z)=0,z€eR
(b) f'(z) =2z,z€R
(¢) f'(z) =nz"tneNzeR
(d) f'(z) =cosz,z eR
(e) f'(z) =¢€%z€R.
(f) f'(x) =2"1og2,2 € R
8
(@f@—{yzeiﬁ@.

(0) fr(z) = 4 T — o 2 € RAO)
Neexistuje, x =0
Priklad 2. [Elementarni piiklady]
(a) f'(x) = 152* — 5122 + /3,2 € R.
(b) f'(z) = (2?4 1)e”,z € R.

1 1
@ﬂm=$+ﬁ+wﬁ

+00 r=0,

x>0

(d) f/(x)sz \/—,w>0

() f'(z) =1 +logz)(1+ m),x > 0.

’ 1, z<0
(g)f(x)_{ﬁzv oo
-1, r<l1
(h) f'(z) =22 -3, z€(L,2).
1a T > 2

Priklad 3. [Slozené funkce]

= 87(2x + 51) (2% + 51z + 119)%6 x € R.
= (2222 — 492 — 42)2% (2 + 2)"(z — 7)10, 2z € R.

(1 —322)(23 — 2 +2)8sin(2® — 2+ 2)%, 2 € R.

B 2 € (—o00,—1)U(1,+c0)

(f) fl(z)={ —00, z=-1_
+OO, Tr = 1+

(g) f'(x) = 2sinzcosx — 2z cos(x?),x € R.

(h) f/(JU) W x € (176) U (6, +OO)
(i) f'(x) = cos[sm(sm x)] - cos(sinz) - cosz, xz € R.
() f'(z) = g€ (—3,3).
<ym>:*%mgﬁgmﬂﬁxeRugu



1) f'(z) = Ze 3,2 e R\ {0}.

(m) f'(x)=(1+logz)x®x > 0.

() f'(z) = L1 +logl) ()7 ,z>0.

(o) f'(z) = (—sinz - log(sinx) + C;ff;)(sin x)%%, € Upey (2km, (2k + 1)7).
—sgn (sinz), x € R\ {km, ke€Z}

(p) f'(x) =14 —1, x € {2kny, 2k +)n_}, ke Z.
1, e {2kn_,2k+ i}, keZ

(@) f'(z) = {_ v sE(LD)
—00, r=—-15

(I‘) f/(JU) = arctlanac ’ 1-‘4-%’ x> 0.
(5) F'(2) = gk, v € R\ {O}.
NG

. T x 1 1

() fe) =S T T 720
~+o00, z =04
arccos x?il + 2sign (2% — 1);2-:11’ xz e R\ {x1}
™ r=-1

t) fllx)=<_"

©) £ =1, A
-2, r=1_

(u) f/(x) = 2xe$ -1 EZar,l 171‘ S R

arcsinz [ log(arctan arcsin x
(W) fl(l') — {(arctanx) ( gl 1,tw2 ) + arcctanm ’ 1-:272) y X € (07 1)
—00, r=1_
(arcsin(x?))? + %\/%ﬂ, z € (-1,1)
(x) f'(z) = +oo, z=—1,
+00, r=1_

() f'(2) = —skme™ ™, @ € R\ {0, £1}.
(2) f'(x) = sy, = € R\ {0}.

Priklad 4. [Zkouskové priklady]

—sinz, z € (0,1)
—2zsin(2?), = € (—00,0) U (1,+00)
() f'(z) = {0, r=0
—sinl, r=1_
—2sinl, T=14
(322 — 4z) - sgn (23 — 4z) - cos(z® — 22%), z € R\ {0,+2}
0, z=0
(b) f'(x) =< —4, x=2_
4, T =24
00, T =2
10g3-3|m2_1‘-2:1:-sgn2(m271), 2 € R\ {0, 41, 43}
3(3le?-11-3)3
—00, r e {-v2,0,}
(©) () = { o0, ze{vV2,0_}
}% log 3, ze{l_,—14}
5= log 3, rxe{ly,—-1_}



c4(x) log(cos z) |

0,

—2cos?1-tan1,
—cos?1-(2tan1 — 3log(cos 1)),

—A4z,

—2x,

—2z,
2(x — 1),
2 —2/5,

—1+v5
2 )

14+ /5,
)
0,

x
T

1 T
x

, T
T

2
| arctan? z— = |
1+(1-2)2
0,

_I

4
s
7 arctan 2,

arctan 2,

z=0
Tr = 1+

(¢'(z) - log(sinz) — g(z) - tanx),

r=1_

. 2arctanx

wetans g e R\ {£1}

rz=1

+ arctan(z — 1) - sgn (arctan® x — ’IT—Z)

x:—1+

r=—-1_

(
— (322 — 4z + 1), x € (—1,0)
0, z € (0,1
3z — 4z + 1, x € (1,00)
0, T =
-1, z=0_
0, z =04
—00, r=-1_
-8, =14
{/sin? ZE— 3 (arccot z—%)  F sin ZZ.cos I i
T T e zi_n zeR\{2k+1;k € Z}
0, C r=1
00, x =2k + 1 pro k > 0 liché nebo k < 0 sudé
—00, x =2k + 1 pro k < 0 liché nebo k£ > 0 sudé
VG €27
e ee (1Y)
—00, T=—-24
—00, T = (%),
%’ T = (771)-5-
~ 75 z=(F)-



@ e (24/2,0) U (0,v2)

Vi-@? -1t
-2, z=0_
2, =04
400, T =—V2+
oo, v =2
% signa - (cosx — 1) — /||z| — 2|sinz, x € R\{0,£2}
0, z=0
—0Q, T =32,
+00, r=42_

sign (23 + 22 — 22)e” 20 (322 — 4z + 1), z e R\ {-2,0,1}

0, r=1

—00, T =-2
-1, =04
1, z=0_



