ON SETS OF NON-DIFFERENTIABILITY OF LIPSCHITZ AND CONVEX FUNCTIONS

LUDĚK ZAJÍČEK, Praha

Abstract. We observe that each set from the system ~A (or even ~C) is Γ-null; consequently the version of Rademacher’s theorem (on Gâteaux differentiability of Lipschitz functions on separable Banach spaces) proved by D. Preiss and the author is stronger than that proved by D. Preiss and J. Lindenstrauss. Further we show that the set of non-differentiability points of a convex function on R^n is σ-strongly lower porous. A discussion concerning sets of Fréchet non-differentiability points of continuous convex functions on a separable Hilbert space is also presented.

Keywords: Lipschitz function, convex function, Gâteaux differentiability, Fréchet differentiability, Γ-null sets, ball small sets, δ-convex surfaces, strong porosity

MSC 2000: 46G05, 26B05

1. Introduction

There exist several infinite-dimensional versions of Rademacher’s theorem (on Gâteaux differentiability of Lipschitz functions on separable Banach spaces). They assert that a Lipschitz mapping f of a separable Banach space to a Banach space with the Radon-Nikodým property is Gâteaux differentiable “almost everywhere”. The version due to Aronszajn [1] (and Phelps [11]) says that the set NG(f) of Gâteaux non-differentiability points of f is null in Aronszajn’s (or, equivalently, in Gaussian) sense; see [3]. Further versions of Rademacher’s theorem were proved in [16] (NG(f) belongs to the class ~A) and in [8] (NG(f) is Γ-null). Since ~A is a proper subsystems of the system A of Aronszajn’s (Gaussian) null sets, the version of [16] is stronger than that of [1]. As shown in [8], the version of [8] is uncomparable with that of [1]. In Section 2 we observe (Theorem 2.4) that the the lemma ([8, Lemma 2.2]) which was used in [8] for proving that NG(f) is Γ-null easily implies that each set from ~A (or from the possibly larger class ~C) is Γ-null. Since it is well-known that there exists a Γ-null set which is not in A (see Remark 2.5), the version of Rademacher’s theorem from [16] is stronger than that of [8].

It is also observed (Corollary 2.6) that Theorem 1 together with a deep result of [8] immediately imply that a set belonging to A, constructed in each infinite-dimensional separable superreflexive space X in [9], is not in ~A (or ~C). In fact, a set from A \ ~A was constructed in any separable X in [16, Proposition 13], using another more direct methods. However, it is interesting that in superreflexive spaces such a set was already constructed in [9].

If f is a continuous convex function on a separable Banach space X, then the set NG(f) of Gâteaux non-differentiability points of f can be covered by countably many of d.c. (that is delta-convex) hypersurfaces (see [19, Theorem 2] or [3, Theorem 4.20]); moreover, this result is the optimal one, if we are interested in the smallness of sets NG(f) (for a continuous convex f) only. Note that a full characterization of these sets is given in [10] for X = R^n, but even the case of a Hilbert space X is open. In Section 3 we present some consequences of the above mentioned result of [19] and P. Hartman’s theorem on superposition of deltaconvex mappings. In particular, we show that the set NG(f) is σ-strongly lower porous for 1

each convex function on R^n. The infinite-dimensional case is open; see Problem 1 below. If X^∗ is separable and f is a continuous convex function on X, then ([2]) the set NF (f) of all Fréchet non-differentiability points is a first category set. This result was strengtened in [14], [15] (NF (f) is σ-porous; even “angle small”). Moreover, in [8] it is proved that NF (f) is Γ-null. As written in [7], p. 32, it is difficult to conjecture a precise result on the nature of the sets NF (f). In Section 3, we briefly discuss this problem and formulate related natural Problem 2.

2. Each set from ~C is Γ-null

First we recall the definitions of the systems ~A, ~C from [16]. (The symbol B(x, r) denotes an open ball.)

Definition 2.1. Let X be a separable Banach space. Then we define the following systems:

(i) If 0 ≠ v ∈ X and ε > 0, then ~A(v, ε) is the system of all Borel sets B ⊂ X such that {t : φ(t) ∈ B} is Lebesgue null whenever φ : R → X is such that the function x → φ(x) − xv has Lipschitz constant at most ε.

(ii) ~C is the system of all Borel sets B which are of the form B =

�_∞ n=1 B_n, where B_n ∈ ~A(v_n, ε_n) for some v_n ≠ 0 and ε_n > 0.

(iii) ~A is the system of all Borel sets B ⊂ X such that, if v_i ≠ 0 are vectors from X with span(v_i)^∞_{i=1} = X, then B can be represented as a union

�_∞ i=1 �_∞

k=1 B(i, k), where B(i, k) ∈ ~A(v_i, 1/k) for all i and k.

Remark 2.2. (i) Clearly ~A ⊂ ~C and it is not known whether this inclusion is proper.

If A denotes the system of all Aronszajn’s (equivalently, Gaussian) null sets, then trivially ~A ⊂ A and it is not difficult to show that ~C ⊂ A (see the beginning of the proof of [16, Proposition 13]).

(ii) The property of φ from Definition 2.1 (i) is clearly satisfied (see [16, Remark 5]) if φ is Lipschitz and ‖φ^′(x)−v‖ ≤ ε for almost all x ∈ R. Further, a simple extension argument shows that we obtain the same notion of ~A(v, ε) if we consider φ defined on an arbitrary closed interval (instead on the whole R); see [16], p. 16.

Now we describe the definition of Γ-null sets from [8], which is based on a sofisticated (but very usefull) combination of the notions of a first category set and of a Lebesgue null set. Let T := [0, 1]^N be endowed with the product topology and the product Lebesgue measure μ. Let X be a Banach space and let Γ(X) be the space of all continuous mappings γ : T → X having continuous partial derivatives D_j γ (with one-sided derivatives at points where the j-th coordinate is 0 or 1). The set Γ(X) is equipped by the topology generated by the seminorms ‖γ‖_0 = sup_{t∈T} ‖γ(t)‖ and ‖γ‖_k = sup_{t∈T} ‖D_kγ(t)‖. (This topology is metrizable by a complete separable metric.) A Borel set N ⊂ X is called Γ-null if μ{t ∈ T : γ(t) ∈ N} = 0 for residually many γ ∈ Γ(X) (i.e., for all γ except a first category set). A possibly non Borel subset of X is called Γ-null if it is contained in a Borel Γ-null set.

Our observation (Theorem 2.4) is an easy consequence of the following fact which is a special case of [8, Lemma 2.2].

Lemma 2.3. Let v ∈ X and ε > 0. Then, for residually many γ ∈ Γ(X), there exists k ∈ N and c > 0 such that sup_{t∈T} ‖cD_kγ(t) − v‖ < ε.

Theorem 2.4. If X is separable and N ∈ ~C, then N is Γ-null.

Proof. Let v ∈ X and ε > 0 be given. By the definition of ~C, it is sufficient to prove that each B ∈ ~A(v, ε) is Γ-null. By Lemma 2.3 there exists a residual set S ⊂ Γ(X) such that, for each γ ∈ S, there exists k ∈ N and c > 0 such that

(1) sup_{t∈T} ‖cD_kγ(t) − v‖ < ε.

Choose an arbitrary γ ∈ S and find k ∈ N and c > 0 such that (1) holds. For each s = (s_1, s_2, . . . ) ∈ T , set p_s(y) := γ(s_1, . . . , s_{k−1}, y, s_{k+1}, . . . ) for y ∈ [0, 1] and define φ_s(x) := p_s(cx) for x ∈ [0, 1/c]. By (1) we have ‖φ^′_s(x) − v‖ < ε for each x ∈ [0, 1/c]. Consequently, using Remark 2.2 (ii), for each B ∈ ~A(v, ε) we obtain that (φ_s)^{−1}(B) is Lebesgue null; consequently also (p_s)^{−1}(B) = c · (φ_s)^{−1}(B) is Lebesgue null. Since γ is continuous and B is Borel, we can use the Fubini theorem for μ and γ^{−1}(B) and obtain μ(γ^{−1}(B)) = 0, which completes the proof. □

Remark 2.5. As observed in [8], the decomposition result of [9] easily implies that, in the case of an infinite-dimensional superreflexive X, there exists a Γ-null set which is not in A and thus it is not in ~A (even is not in ~C). (Note that clearly ~A ⊂ A and also ~C ⊂ A; see Remark 2.2). Consequently the version of Rademacher’s theorem from [16] is stronger than that of [8].

Theorem 2.4 together with a theorem of [8] and the above-mentioned decomposition result of [9] immediately imply the following result.

Corollary 2.6. In each separable infinite-dimensional superreflexive space X, there exists a set in A (i.e., a Gaussian null set) which is not in ~A (even is not in ~C).

Proof. By [9], X can be decomposed as a union of a set A ∈ A and a set N for which there exists a continuous convex function f on X such that f is Fréchet differentiable at no point of N. We will observe that A /∈ ~C. Indeed, suppose that A ∈ ~C. Then A is Γ-null by Theorem 2.4. Since N is also Γ-null by [8, Corollary 3.11], we obtain a contradiction. □

(Recall that a set in A \ ~A is constructed in any separable X in [16]; see Introduction.)

3. Every convex function on R^n is differentiable outside a σ-strongly lower porous set

We start with recalling the notion of σ-porosity (for a resent survey about applications of σ-porosity in Banach spaces see [20]).

Definition 3.1. Let X be a Banach space and M ⊂ X, x ∈ X, R > 0 be given. Then we define γ(x, R, M) as the supremum of all r ≥ 0 for which there exists z ∈ X such that B(z, r) ⊂ B(x, R) \ M. Further define the upper and lower porosity of M at x as

p(M, x) := 2 lim sup_{R→0+} γ(x, R, M) R and p(M, x) := 2 lim inf_{R→0+} γ(x, R, M) R . We say that M is upper (lower, strongly upper, strongly lower) porous at x if p(M, x) > 0 (p(M, x) > 0, p(M, x) = 1, p(M, x) = 1).

We say that M is upper (lower, strongly upper, strongly lower) porous if M is upper (lower, strongly upper, strongly lower) porous at each point y ∈ M. We say that M is σ-upper (σ-lower, σ-strongly upper, σ-strongly lower) porous if it is a countable union of upper (lower, strongly upper, strongly) porous sets.

Clearly the σ-ideal of all σ-strongly lower porous sets is the smallest from the four just defined σ-ideals.

Another definition we need is the following notion (see [19], [20]) of d.c. (that is deltaconvex) surfaces of finite codimension.

Definition 3.2. Let X be a Banach space and n ∈ N, 1 ≤ n < dim X. We say that A ⊂ X is a d.c.-surface of codimension n if there exist an n-dimensional linear space F ⊂ X, its topological complement E and a d.c. (that is delta-convex) mapping φ : E → F such that A = {x + φ(x) : x ∈ E}. A d.c. surface of codimension 1 will be called a d.c. hypersurface.

By the smooth part A_s of the surface A we mean the set A_s = {x + φ(x) : x ∈ S}, where S is the set of Gâteaux differentiability points of φ.

For the purpose of this article, we define d.c. surfaces of codimension n (and their smooth parts) also in the singular case n = dim X < ∞ as singletons.

Remark 3.3. (i) Note that, since F is finite dimensional, clearly (cf. [18, Corollary 1.8]) φ is a d.c. (delta-convex) mapping if and only if y^∗ ∘ φ is a d.c. function (i.e. the difference of two continuous convex functions) for each y^∗ ∈ F^∗ (or equivalently: for each y^∗ ∈ F^∗ from a fixed basis of F^∗).

(ii) It is easy to show (since F is finite-dimensional and φ is locally Lipschitz) that x ∈ A_s if and only if the (Bouligand) tangent cone of A at x is a closed linear subspace of X of codimension k. Thus A_s does not depend on the choice of E, F and φ.

(iii) An easy standard argument shows that each (smooth part of a) d.c. surface of codimension k (k ≥ 2) is a subset of a (smooth part of a) d.c. surface of codimension k − 1.

(iv) If dim X < ∞ then, in the definition of A_s, we can replace Gâteaux differentiability by Fréchet differentiability. Indeed, each d.c. function is locally Lipschitz and a Lipschitz function on a finite-dimensional space is Fréchet differentiable if and only if it is Gâteaux differentiable. Therefore it is easy to see that each d.c. surface A of codimension 1 in R^n is strongly lower porous at each point of A_s (and thus A_s is a strongly lower porous set).

Lemma 3.4. Let X be a separable Banach space and A ⊂ X be a d.c. surface of codimension k (1 ≤ k < dim X). Then A \ A_s can be covered by countably many d.c. surfaces of codimension k + 1.

Proof. Let F , E, φ : E → F be as in Definition 3.2. By [19, Theorem 2] (or [3, Theorem 4.20]) there exist sets B_i ⊂ E (i ∈ N) such that each set B_i is a d.c. surface of codimension 1 in E and φ is Gâteaux differentiable at each point of E \ � B_i. Clearly A \ A_s ⊂ � i∈N T_i, where T_i := {e + φ(e) : e ∈ B_i}.

If k = dim X −1, then the assertion of the lemma holds, since all B_i and T_i are singletons. If k < dim X − 1, consider an arbitrary i ∈ N and choose a closed linear subspace E_1 of E of codimension 1, F_1 = span{f_1} with E = E_1 ⊕ F_1 and a d.c. mapping φ_1 : E_1 → F_1 such that B_i = {u + φ_1(u) : u ∈ E_1}. It is easy to see that φ_2(u) := u + φ_1(u)), u ∈ E_1, is a locally d.c. mapping from E_1 to E (cf. [18, Lemma 1.7]). Consequently φ_3(u) := φ(u + φ_1(u)), u ∈ E_1, is a locally d.c. mapping from E_1 to F by [18, Theorem 4.2]. Therefore φ_4(u) := u + φ_1(u) + φ(u + φ_1(u)), u ∈ E_1, is a locally d.c. mapping from E_1 to F_1 ⊕ F . Using separability of E_1, Remark 3.3 (i) and a standard extension procedure for continuous convex functions, it is easy to obtain the assertion of the lemma. □

We will apply the preceding lemma in the case of a finite dimensional X only; in this case we can use Hartman’s superposition theorem [5] for d.c. mappings instead of its generalization [18, Theorem 4.2.]. However, the lemma is perhaps of some interest also in the infinite dimensional case.

Proposition 3.5. Let X be a finite dimensional Banach space and A ⊂ X be a d.c. surface of codimension k (1 ≤ k < dim X). Then

(i) A \ A_s can be covered by countably many smooth parts of d.c. surfaces of codimension k + 1, (ii) A can be covered by countably many smooth parts of d.c. surfaces of codimension k and (iii) A is σ-strongly lower porous.

Proof. Clearly (i) implies (ii) and (ii) implies (iii) (by Remark 3.3 (iii), (iv)).

If k = dim X − 1 then Lemma 3.4 implies that A \ A_s is countable; so (i) trivially holds. Now suppose that the proposition holds for some 1 < k < dim X and A is a d.c. surface of codimension k − 1. Then, by Lemma 3.4, A \ A_s can be covered by countably many d.c. surfaces of codimension k and thus the induction hypothesis (the condition (ii)) gives that A\A_s can covered by countably many smooth parts of d.c. surfaces of codimension k. Thus we obtain that the proposition holds for k − 1.

By induction, the proposition follows. □ Proposition 3.5 and the result of [19] mentioned in Introduction immediately imply the main result of this section (in which, of course, we can write NF (f) instead of NG(f)).

Corollary 3.6. Let X be a finite dimensional Banach space and f be a continuous convex function on X. Then the set NG(f) of all Gâteaux non-differentiability points is σ-strongly lower porous.

It is not probable that the generalization of Corollary 3.6 holds in an infinite-dimensional space. On the other hand, using [19, Theorem 2] and the fact that every d.c. function is locally Lipschitz, it is easy to see that NG(f) is σ-lower porous whenever f is a continuous convex function on a separable Banach space. However, it seems to be probable that the following problem has a negative answer.

Problem 1 Let f be a continuous convex function on ℓ_2. Is it true that then NG(f) is σ-strongly upper porous?

4. On the set of points where a continuous convex function is not Fréchet differentiable

Suppose that X is an infinite-dimensional Banach space such that X^∗ is separable (i.e., X is a separable Asplund space) and f is a continuous convex function on X. Denote by NF (f) the set of points at which f is not Fréchet differentiable. Then NF (f) is not only of the first category, but it is also an angle small set ([15], see also [12]) and a Γ-null set [8].

Problem 1 of [15] asks whether NF (f) can be covered by countably many closed convex sets with empty interior and by countably many d.c. hypersurfaces.

This problem was answered in negative by S.V. Konyagin [6] in the case when X is Hilbert. E. Matoušková [9] observed that the negative answer follows from the main decomposition result of [9] in the case when X is superreflexive.

The main aim of the present section is to observe that now the most natural related problem is probably the following.

Problem 2 Let f be a continuous convex function on ℓ_2. Is it true that then NF (f) can be covered by a ball small set and by countably many d.c. hypersurfaces?

Recall the definition of ball small sets:

Definition 4.1. Let X be a Banach space and r > 0. We say that A ⊂ X is r-ball porous if for each x ∈ A and ε ∈ (0, r) there exists y ∈ X such that ‖x−y‖ = r and B(y, r−ε)∩A = ∅. We say that A ⊂ X is ball small if it can be written in the form A =

�_∞ n=1 A_n, where each A_n is r_n-ball porous for some r_n > 0.

Let us note that:

a) The Hahn-Banach theorem easily implies that, in a Hilbert space, each closed convex set with empty interior is ball small.

b) If X is Hilbert and M ⊂ X is ball small, then there exists (see [15, Theorem 2] a continuous convex function on X such that M ⊂ NF (f).

c) Both examples in [6] and [9] give a ball small set which cannot be covered by countably many closed convex sets with empty interior and by countably many d.c. hypersurfaces.

These facts suggest that Problem 2 is very natural. Moreover, we will show that, in this problem, it is not possible to avoid d.c. hypersurfaces. Indeed, in any Hilbert space X with dim X ≥ 2, there exists a continuous convex f such that NF (f) is not ball small. This fact, which is mentioned in [15] (without a proof) for X = R^n, follows immediately from Proposition 4.3 below, since for each d.c. hypersurface C ⊂ X there exists (by [19, Theorem 2]) a continuous convex function on X such that C ⊂ NG(f).

Before proving Proposition 4.3 we need to recall some (essentially well-known) facts.

Definition 4.2. Let X be a Banach space, M ⊂ X, a ∈ M and r > 0. We say that M is r-ball supported at a if there exists z ∈ X such that ‖z − a‖ ≥ r and B(z, ‖z − a‖) ∩ M = ∅. We say that M is ball supported at a if it is r-ball supported at a for some r > 0.

Recall that (see e.g. [4]) that f : (a, b) → R is called semiconcave (with a linear modulus) if it is locally of the form f(x) = c(x)+Kx^2, where c(x) is concave and K > 0. A function is called semiconvex, if −f is semiconcave. Each semiconvex function is a d.c. function (since it is locally d.c., see [5]), but a very special one. For example, the second distributional derivative D^2f of f is clearly a signed Radon measure whose negative part is absolutely continuous with respect to the Lebesgue measure.

We can clearly choose a d.c. function φ : R → R such that, for each interval open interval I, neither the positive nor the negative part of D^2(φ|_I ) is absolutely continuous with respect to the Lebesgue measure. Thus, for each open interval I, the function φ|_I is neither semiconvex nor semiconcave. Then we have that

(*) there exists a dense subset D of the graph G of φ such that G is ball supported at no point of D.

Indeed, suppose on the contrary that there exists an open interval I such that G is ball supported at each point of G ∩ (I × R). The Baire Category Theorem easily implies that there exists an open interval J ⊂ I, a dense subset S of G ∩ (J × R) and r > 0 such that either

(a) G is r-supported from above at each point a ∈ S or (b) G is r-supported from below at each point a ∈ S.

Here “r-supported from above” means that the point z from Definition 4.2 can be chosen to be above G.

If (a) holds, then an easy compactness argument shows that G is r-ball porous from above even at each point of G ∩ (J × R). But this implies (see e.g. [17]) that φ|_J is semiconcave, which is a contradiction. Similarly we obtain a contradiction, if (b) holds.

Proposition 4.3. In every Hilbert space X with dim X ≥ 2, there exists a d.c. hypersurface C which is not ball small.

Proof. Choose a d.c. function φ : R → R such that (*) holds.

Further fix unit orthogonal vectors v, w ∈ X, put Y := span{v, w}^⊥ and then define C := {tv + y + φ(t)w : t ∈ R, y ∈ Y }. It is clear that C is a d.c. hypersurface.

To prove that C is not ball small, suppose on the contrary that C =

�_∞ n=1 P_n, where P_n is r_n-ball porous. Since each d.c. hypersurface is clearly closed, by the Baire Category Theorem we can choose k ∈ N, c ∈ C and ε > 0 such that

(2) P_k is dense in C ∩ B(c, ε).

Let c = t_0v + y_0 + φ(t_0)w. Choose δ > 0 so small that c(t, y) := tv + y + φ(t)w ∈ B(c, ε/4) whenever t ∈ I := (t_0 − δ, t_0 + δ) and y ∈ B(y_0, δ).

Now consider an arbitrary open interval J ⊂ I. Using (2), we can choose t^∗ ∈ J and y^∗ ∈ B(y_0, δ) such that c(t^∗, y^∗) ∈ P_k ∩ B(c, ε/4). Set r := min(r_k, ε/4); clearly P_k is r-ball porous. Therefore, for each j ∈ N with 1/j < r, there exists a point z_j = t_j v + y_j + τ_j w such that ‖z_j − c(t^∗, y^∗)‖ = r and B(z_j , r − 1/j) ∩ P_k = ∅. Since clearly B(z_j , r − 1/j) ⊂ B(c, ε), (2) implies B(z_j , r − 1/j) ∩ C = ∅.

Since (z_j − c(t^∗, y_j )) ⊥ Y , we have ‖z_j − c(t^∗, y_j )‖ ≤ ‖(z_j − c(t^∗, y_j )) + (y_j − y^∗)‖ = ‖z_j − c(t^∗, y^∗)‖ = r.

Putting ~z_j := z_j −y_j , we have ‖~z_j −c(t^∗, 0)‖ = ‖z_j −c(t^∗, y_j )‖ ≤ r and B(~z_j , r−1/j)∩C = ∅, since C = C − y_j .

Identifying tv + τw with (t, w), we have the sequence ~z_j = (t_j , τ_j ) ∈ R^2 which satisfies ‖~z_j − (t^∗, φ(t^∗))‖ ≤ r and B(~z_j , r − 1/j) ∩ G = ∅. Using a standard compactness argument, we obtain that G is r-ball supported at (t^∗, φ(t^∗)). Since J ⊂ I was arbitrary, G is rball supported at each point of a dense subset of G ∩ (I × R). Thus, an another simple compactness argument implies that G is r-ball supported at each point of G ∩ (I × R) which contradicts the choice of φ. □

Acknowledgements. The research was supported by the institutional grant MSM 0021620839 and by the grant GAČR 201/03/0931. The author thanks the Erwin Schrödinger Institute for Mathematical Physics in Vienna for its support.

References

[1] N. Aronszajn: Differentiability of Lipschitzian mappings between Banach spaces. Studia Math.

57(1976), 147–190.

[2] E. Asplund: Fréchet differentiability of convex functions. Acta Math. 121(1968), 31–47. [3] Y. Benyamini, J. Lindenstauss: Geometric Nonlinear Functional Analysis Vol. I. Colloqium publications (American Mathematical Society) no. 48, Providence 2000.

[4] P. Cannarsa, C. Sinestrari: Semiconcave Functions, Hamilton-Jacobi Equations, and Optimal Control. Birkhäuser, Boston, Basel, Berlin 2004.

[5] P. Hartman: On functions representable as a difference of convex functions. Pacific J. Math.

9(1959), 707–713.

[6] S.V. Konyagin: On points of existence and nonuniqueness of elements of best approximation. in:

Theory of Functions and its Applications, P.L. Ul’yanov ed., Izdat. Moskov. Univ. 1986, 34–43 (in Russian).

[7] J. Lindenstrauss, D. Preiss: Fréchet differentiability of Lipschitz functions (a survey). in: Recent Progress in Functional Analysis, Elsevier, 2001.

[8] J. Lindenstrauss, D. Preiss: On Fréchet differentiability of Lipschitz maps between Banach spaces, Annals Math. 157(2003), 257–288.

[9] E. Matoušková: An almost nowhere Fréchet smooth norm on superreflexive spaces. Studia Math.

133(1999), 93–99.

[10] D. Pavlica: On the points of non-differentiability of convex functions. Comment. Math. Univ.

Carolin. 45(2004), 727–734.

[11] R. R. Phelps: Gaussian null sets and differentiability of Lipschitz maps on Banach spaces. Pacific J. Math. 18(1978), 523–531.

[12] R. R. Phelps: Convex Functions, Monotone Operators and Differentiability (Second edition).

Lecture Notes in Math. 1364, Springer-Verlag, Berlin 1993.

[13] D. Preiss: Differentiability of Lipschitz functions on Banach spaces. J. Funct. Anal. 91(1990), 312–345.

[14] D. Preiss, L. Zajíček: Fréchet differentiation of convex functions in a Banach space with a separable dual. Proc. Amer. Math. Soc. 91(1984), 202–204.

[15] D. Preiss, L. Zajíček: Stronger estimates of smallness of sets of Fréchet nondifferentiability of convex functions. Rend. Circ. Mat. Palermo (2), Suppl. no. 3(1984), 219–223.

[16] D. Preiss, L. Zajíček: Directional derivatives of Lipschitz functions. Israel J. Math. 125(2001), 1–27.

[17] Yu. G. Reshetnyak: On a generalization of convex surfaces (Russian). Mat. Sbornik 40 (82)(1956), 381–398.

[18] L. Veselý, L. Zajíček: Delta-convex mappings between Banach spaces and applications. Dissertationes Math. (Rozprawy Mat.) 289(1989), 52 pp.

[19] L. Zajíček: On the differentiation of convex functions in finite and infinite dimensional spaces.

Czechoslovak Math. J. 29(1979), 340–348.

[20] L. Zajíček: On σ-porous sets in abstract spaces. Abstr. Appl. Anal. 2005(2005), 509–534.

Authors adress: Luděk Zajíček, Charles University, Faculty of Mathematics and Physics, Sokolovská 83, 186 75 Praha 8, Czech Republic, e-mail: zajicek@karlin.mff.cuni.cz.