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Consider two assets, X and Y, that are usually normally distributed but are subject to occasional shocks. In particular, assume
that X and Y are independent and identically distributed with

_ _J 0 wp.0.991
X=¢+n WhereSNN(O,l)andn—{_lo w.p. 0.009 (1)
Consider a portfolio consisting of X and Y. Prove that
V@R)99(X+Y)=9.8>V@Rp99(X)+V@Rpg9(Y)=3.09+3.09=6.18 2)

Proof
Let’s prove that V@R g9(X) = 3.09

1 .p- 0.991
X~ N, 1) = {N](\/—(?b,)l) ivv.g. 8.(9)39
P(X <q)=0.01=
=P(X <qlu=0)-P(u=0)+PX <q|u=-10)-P(u=—-10) =
= ®(q)-0.991 +P(g+10)-0.009 = 0.01
assume that g = —5, then ®(q) ~ 0,P(g+ 10) ~ 1, then 0.009 too small, so it must be > —5
assume that ¢ = 0, then ®(q) = 0.5,P(g+ 10) ~ 1 then 0.5045 too large, so it must be < 0
so ¢ must be in a point between -5 and 0 where ®(g+ 10) ~ 1 and ®(g) is a specific value we need to find
®(q)-0.991+1-0.009 = 0.01

0.001
D(q) = ——
(@)= 5901

q = —3.087546

Let’s prove that V@Rpg9(X +Y) = 9.8
N(0,2) w.p. 0.991% = 0.982
X+Y ~N(u,2){ N(—10,2)  w.p. 2-0.991-0.009 = 0.017838
N(—20,2) w.p. 0.009% = 0.000081

(here on @ is inverse N(0,2))

P(X+Y <q)=0.01=

=P(X+Y <qlu=0)-P(u=0)+P(X+Y <glu=—10)-P(u=—10)+P(X +Y < glu = —20)-P(u = —20) = 0.01
= ®(q)-0.982 +®(g+ 10)-0.017838 + ®(g +20) - 0.000081 = 0.01

assume that g = —15, then ®(g) ~ 0,P(g+ 10) ~ 0,P(g+ 20) =~ 1 then 0.00081 too small, so it must be > —15

assume that g = —5, then ®(g) ~ 0,P(g+10) >~ 1,P(g+20) =~ 1 then 0.017838 too large, so it must be < —5

so ¢ must be in a point between -15 and -5 where ®(g+20) ~ 1,®(g) ~ 0 and ®(g+ 10) is a specific value we need to find
0-0.982+ d(g+10)-0.017838 + 1-0.000081 = 0.01

0.00919
P(g+10) = 517838
g+10=0.199

qg=-9.801



