Cviceni €. 2, od xx. xx. 2025:

Datovy soubor toenail.txt (hodnoty oddélené mezerami) pochézi z longitudindlni dermatologické
klinické studie, jejimz hlavnim cilem bylo porovnat i¢innost dvou oSetieni na potlaceni infekce nehtu
na nohou. Proménné maji néasledujici vyznam:

idnr identifika¢ni ¢islo pacienta;

infect indikétor sily infekce (0 = bez infekce nebo slabd infekce, 1 = stfedni nebo vazna infekce);
trt indikdtor oSetfeni (0 = osetfeni A, 1 = osetfeni B);

time cas ndvstévy (meésice);

visit ¢islo navstévy.

Jako Y; ; oznatme ndhodnou velicinu reprezentujici indikdtor sily infekce u itého pacienta pfi jté

navstéve (i =1,...,n, j =1,...,n;), kterd probéhla v ¢ase t; ; mésici. Hodnota x; € {0, 1} necht
odpovidé indikatoru oSetieni, které bylo pouzito u itého pacienta.

Uvazujte nasledujici (hierarchicky) model (,,¢isté* parametry ani regresory nejsou uvadény v podminkéch
pii specifikaci jednotlivych rozdéleni):

Biw./\/(ﬁo,To_l), i=1,...,n,

Yij

Bi~A<7r(Bi)>, i=1,...m, i=1,....m

(B . )
IOg{l—(w(%i)} =Bi+ B+ Patij+ B3xitiy, i=1,...,n, j=1,...,n;

V nebayesovské terminologii se jednd o model logistické regrese s ndhodnym absolutnim ¢lenem.
Jako primérni (,¢isté") parametry uvazujte:

T T
,llb = (IBTa TO) ) 16 = (B(]a 617 521 ﬁ3) .
Predpoklddejte nasledujici apriorni rozdéleni pro primarni parametry:

p(B; 70) = p(B) p(70),
B ~ Ni(0, diag(10%,...,10%)), 7o ~ Ga(1, 0.005).

Jako skrytéd data uvazujte hodnoty ndhodnych efektu B = (Bl, ceey Bn)T.

1. Odvod'te (staéi rukou na papir) plné podminéné hustoty (staci tvar hustoty zndmy aZ na
multiplikativni konstantu) pro implementaci Gibbsova algoritmu, ktery by v jednotlivych
krocich generoval (i) 3 (sdruzené), (ii) 7o, (iii) B (sdruzené).

Dale odpovézte na nasledujici otazky:

e Odpovida nékterd z odvozenych hustot nékterému z ,,pojmenovanych® rozdéleni? To
jest, lze snadno uréit normujici konstantu?



e Lisi se Gibbsuv algoritmus, ktery v ¢asti (iii) generuje po jednom hodnoty Bi,..., B,
od vySe uvedeného algoritmu, ktery generuje sdruzené hodnotu B?
2. Implementujte vyse uvedeny model v JAGSu a vygenerujte dva markovské Fetézce, jejichz
limitnim rozdélenim bude aposteriorni rozdéleni pro uvazovany model.
3. Nakreslete trajektorie (traceplots) pro primdrni parametry modelu a také pro deviancil
modelu (kreslete oba Fetézce do jednoho obréazku dvéma ruznymi barvami). Nakreslete odhady
autokorela¢nich funkei (pro alespon jeden z vygenerovanych retézcu).

Posud'te, zda lze predpoklddat konvergenci markovského fetézce k limitnimu rozdéleni a zda

fetézec vykazuje prijatelnou autokorelovanost.

4. Posud'te, zda s ohledem na variabilitu aposteriorniho rozdéleni pro 3 lze povazovat pouZité
apriorni rozdéleni pro 3 za slabé informativni.

5. Spoctéte zdkladni charakteristiky aposteriorniho rozdéleni pro nésledujici parametry:

(a) do =1, 1/2 (smérodatnd odchylka ndhodnych efekti).

(b) 1 = stiedni smérnice logitu pravdépodobnosti stfedni nebo silné infekce ve skupiné
s oSetfenim A. O jakou funkci primarnich parametru se jedna?

(¢) 2 = stfedni smérnice logitu pravdépodobnosti stfedni nebo silné infekce ve skupiné
s oSetfenim B. O jakou funkci primarnich parametra se jednd?

(d) 73 = parametr hodnotici odlisnost v ti¢innosti obou osgetieni. O jakou funkeci primérnich
parametru se jednd?

6. Pro vyse definované parametry do, 71, 72, 73 spoctéte 95% vérohodnostni intervaly (ET i HPD)
a nakreslete odhady aposteriornich hustot.

7. Pro parametr 3 spoctéte (pomoci vygenerovaného markovského tetézce) hodnotu p spliujici
p=inf{a: 0¢C(a)},

kde C(«) je (1 — @)100% ET vérohodnostni interval pro 3.

Uvédomte si, ze spoctené p lze interpretovat jako P-hodnotu testu nulové hypotézy ~3 = 0.

Reseni této tlohy bude vzorové ukdzano na cviceni, nevyzaduje se zadné odevzdané feseni.

!Mezi monitorované parametry je potfeba pfidat téz "deviance". Déle monitorujte tyto veli¢iny: "pd", "popt",
"dic", "ped". Jejich vyznam bude pozdgji vysvétlen.



Exercise #2, since xx/xx/2025:

The data file toenail.txt (values separated by spaces) comes from a longitudinal dermatological
clinical study, whose main objective was to compare the efficacy of two treatments of toenail
infection. It contains the following variables:

idnr identification number of a patient;

infect indicator of severity of infection (0 = no or weak infection, 1 = medium or severe infection);
trt treatment indicator (0 = treatment A, 1 = treatment B);

time time of a visit (months);

visit number of a visit.

Let Y; ; denote a random variable representing the indicator of the infection severity for ith patient
at the jth visit (i = 1,...,n, j = 1,...,n;) which was conducted at time ¢;; of months. Let
z;; € {0, 1} denote the treatment indicator of the ith patient.

Assume the following (hierarchical) model (,,genuine“ parameters and regressors are not indicated
in the conditions when specifying the distributions):

BiNN(ﬁo,Tal), i=1,...,n,

Yij | Bi ~ A(w(B). P=1 o m =1,
w(B; . '
log{l_(n(lj)%)} :Bi+51$i+52ti,j+ﬁ3$iti7j7 i=1,...,n,7=1,...,n;

In a non-bayesian terminology this would be the logistic regression with a random intercept. As
primary (,genuine“) parameters, consider the following:

y= (8", TO)T7 B = (Bo, B, Ba, ﬁ?’)T'

Assume the following prior distribution for the primary parameters:

p(B, 10) = p(B) p(70),
B ~ Ni(0, diag(10%,...,10%)), 7o ~ Ga(1, 0.005).
As latent data consider the random effects values B = (Bl, ey Bn)T.

1. Derive (just by hand on a paper) full conditional densities (just the core of the density known
up to a multiplicative constant) to implement a Gibbs algorithm that would generate in
individual steps (i) 8 (jointly), (ii) 7o, (iii) B (jointly).

Next, answer the following questions:
e Does any of the derived densities correspond to any of ,named“ distributions? That is,
is it easy to determine the normalizing constant?

e Does the Gibbs algorithm differ which in part (iii) generate values of By, ..., B, one by
one from the algorithm which generates jointly the complete vector B?



2. Implement the above model in JAGS and generate two Markov chains whose limit distribution
will be the posterior distribution for the model under consideration.

3. Draw the trajectories (traceplots) for the primary parameters of the model and also for the
model deviance? (draw both chains in one plot with two different colors). Draw the estimates
of the autocorrelation functions (for at least one of the generated chains).

Assess whether the convergence of the Markov chain to the limit distribution can be assumed

and whether the chain exhibits acceptable autocorrelation.

4. Assess whether, given the variability of the posterior distribution for 8, the prior distribution
used for B can be considered as weakly informative.

5. Calculate the basic characteristics of the posterior distribution for the following parameters:

(a) do =1, 1/2 (standard deviation of random effects).

(b) ~1 = mean slope of the logit of the probability of a medium or strong infection in a group
with treatment A. Which function of the primary parameters is it?

(¢) 72 = mean slope of the logit of the probability of a medium or strong infection in a group
with treatment B. Which function of the primary parameters is it?

(d) ~3 = parameter which quantifies a difference between the two treatments. Which function
of the primary parameters is it?

6. For above defined parameters dy, 71, V2, 73, calculate 95% credible intervals (ET as well as
HPD) and plot estimates of posterior densities.

7. For parameter 73 calculate (using the generated Markov chain) a value p which satisfies
p=inf{a: 0¢C(a)},

where C(«) is the (1 — a)100% ET credible interval for vs.

Remember that the calculated p can be interpreted as a P-value of a test of the null hypothesis
73 =0.

The solution to this problem will be shown at exercise classes, hence, no solution is expected.

2Tt is necessary to add "deviance" among the monitored parameters. Next, monitor the following variables: "pd",
"popt", "dic", "ped". Their meaning will be explained later.



