Cviceni €. 1, od 27.10.2025:

Pii méteni rychlosti n = 50 aut na Rohanském nabfezi naproti budové MFF jsme ziskali pramér
y = 59.6 km/h a vybérovou smérodatnou odchylku s = 11.1 km/h (méfeni probihala v dobé pfed
instalaci dvou novych svételnych kiizovatek na rozich kancelaiské budovy River Garden).

VysSetfete aposteriorni rozdéleni stfedni hodnoty rychlosti aut na Rohanském nébtezi za predpo-
kladu normélniho rozdéleni rychlosti N'(u,0?). Jako apriorni rozdéleni pro u a 7 = o2
(semi-konjugované) rozdéleni:

uvazujte

p(p, 7) = p(p) p(7),
kde p(p) o< 1 a 7 ~ Ga(g, h), p(t) x 79 L exp(— h 7). Za g, h uvazujte postupné nasledujici volby:

(i) ¢ =0.001, h = 0.001;
(ii) g =1, h = 0.005;

(iii) g =0, h =0 (nevlastni rozdéleni s p(7) oc 771).

1. Pro kontrolu spocitejte obyéejny (tj. nebayesovsky, frekventisticky) 95% konfidenéni interval
pro neznamou stfedni hodnotu p a taktéz pro smérodatnou odchylku ¢ a inverzni rozptyl 7.

2. Odvodte marginalni aposteriorni rozdéleni pro u a nakreslete jeho hustotu (do jednoho
obrazku) pro vyse uvedené volby g a h.

S jakou aposteriorni pravdépodobnosti je stfedni hodnota rychlosti vyssi nez 55 km/h (opét
pro tfi ruzné volby g a h)?

3. Odvodte marginalni aposteriorni rozdéleni pro 7 a nakreslete jeho hustotu (do jednoho
obrazku) pro vyse uvedené volby g a h. Do druhého obrézku nakreslete margindlni apo-

steriorni hustoty pro o = /1/7.

Uvédomte si, ze pro ucely kresleni obrazku neni potfeba explicitné odvozovat vzorec pro
aposteriorni hustotu o, mate-li k dispozici pocitacovou funkci pro vypocet funkénich hodnot
aposteriorni hustoty 7.

4. Nakreslete (do ti{ ruznych obrazku) image/contour graf sdruzené aposteriorni hustoty (u, 7)
pro tii vyse uvedené volby hyperparametru g, h.
Uvédomte si, ze pro vypocet funkénich hodnot sdruzené hustoty p(u, 7|y) a jeji kresleni lze
vyuzit vztahu p(p, 7|y) = p(p |7, y) p(7]y)-

5. Nakreslete (do tif ruznych obrazku) image/contour graf sdruzené aposteriorni hustoty (u, o)
pro tii vyse uvedené volby hyperparametru g, h.

Uvédomte si, ze pro vypocet funkénich hodnot sdruzené hustoty p(u, o |y) a jeji kresleni lze
vyuzit vztahu p(p, o |y) = p(p|o, y) p(o|y), kde navic p(u| o, y) =p(p |02, y).

6. Pro kazdou vyse uvedenou volbu hyperparametru g a h spoctéte 95% ET (equal-tail) véro-
hodnostni intervaly pro u, 71 o.

7. Pro kazdou vyse uvedenou volbu hyperparametru g a h spoctéte (numericky, pokud si myslite,
ze nelze jinak) 95% HPD (highest posterior density) vérohodnostni intervaly pro u, 71 o. Lisi
se tyto intervaly od ET vérohodnostnich intervalu?



8. Napiste kratkou funkei, pomoci niz lze generovat pseudondhodnd ¢isla ze (sdruzeného) aposte-
riorniho rozdéleni (i, 7) (apriorni hyperparametry specifikujte jako argumenty této funkce).

Opét si uvédomte vyznam vztahu p(u, 7|y) = p(p|7, y)p(1|y)-

Na zékladé nasimulovaného vybéru z aposteriorniho rozdéleni (délky alespon 10000) spoctéte
znovu (nyni Monte Carlo odhady pro) 95% ET vérohodnostni intervaly parametru u, 7 a o
(opét pro tii volby hyperparametri g a h). Lisi se tyto intervaly od téch spoctenych v bodu
67

9. Vyse uvedenou funkci na generovani z aposteriorniho rozdéleni p(u, 7|y) mirné rozsirte tak,
aby bylo mozno generovat téz z prediktivniho rozdéleni rychlosti Y, 11 dalsiho projizdéjiciho
auta:

P(ms1 |¥) = / P, 1> 7 ¥) dls, 7)

=/p(yn+1|u7 7, y)p(p, 7|y)d(p, 7) =/p(yn+1|u, ) p(p, Tly)d(p, 7). (1)

Nésledné spoctéte (na zékladé minimalné 10000 nasimulovanych hodnot z prediktivniho
rozdéleni p(yn+1|y)) 95% ET vérohodnostni interval pro Y;,+1 (opét pii tfech volbédch hyper-
parametru g a h). Jak lze interpretovat vérohodnostni intervaly pro Y;, 117

Uvédomte si, ze ke generovani z p(yn+1|y) muzete vyuzit (pouze na prvni pohled slozitéjsi)
generovani ze sdruzeného rozdéleni

PWnst, s TIY) = PWns1 |1t 7, ) p(1ty T1Y) = P(Ynst | 11, 7) 0(1t, 7| Y).

10. Pomoci simulace dale aproximujte hodnoty prediktivni hustoty p(yn+1|y) (opét pro tii ruzné
volby hyperparametru g a h) a nakreslete je do jednoho obrazku.

Uvédomte si, ze k MC odhadu hodnot prediktivni hustoty, lze vyuzit vztahu (1).
11. Po dalsim mirném rozsiteni vyse uvedené funkce na generovani z aposteriorniho rozdéleni
p(p, 7|y) spoctéte Monte Carlo odhad pravdépodobnosti, ze dalsi projizdéjici auto piekroéi

nejvyssi povolenou rychlost o vice nez 30 km/h (tj. fidi¢ spaché prestupek, po némz nasleduje
odebrani fidi¢ského prukazu)?

Uvédomte si obdobu vztahu (1):

P(Yir > 80| y) = / P(Yie1 > 80| 1, 7 y) plat, 7| y) d(u, 7)

= / P(Yo+1 > 80| p, 7)p(p, 7]y)d(p, 7).

Deadline pro odevzdani vypracovaného tikolu (e-mailem na vavraj@karlin.mff.cuni.cz) je pondéli
3.11. v 9:00 CEST.



Exercise #1, since 27/10/2025:

When measuring the speed of n = 50 cars on Rohanské nabtezi, opposite of the MFF building,
we obtained the sample mean y = 59.6 and the sample standard deviation of s = 11.1 km/h (the
measurements were taken in the period before installation of two traffic lights at the corners of the
River Garden office building).

Examine the posterior distribution of the mean (expected value) of the speed of cars at Rohanské
nabiezi while assuming a normal distribution A'(u, 02) of the speed. As a prior for y and 7 = o2
consider a (semi-conjugate) distribution:

p(p, 7) = p(p) p(7),

where p(u) oc 1 and 7 ~ Ga(g, h), p(7) o< 79 Lexp(—h7). For g and h consider the following
choices:

(i) g =0.001, h = 0.001;
(ii) g =1, h = 0.005;

(iii) g =0, h = 0 (improper distribution with p(7) oc 771).

1. As a check, calculate the ordinary (i.e., non-bayesian, frequentist) 95% confidence interval for
the unknown mean p and also for the standard deviation ¢ and inverse variance 7.

2. Derive the marginal posterior distribution for p and plot its density (in one figure) for the
above choices g and h.

What is the posterior probability that the mean of the speed is greater than 55 km/h (again
for three different choices of g and h)?

3. Derive the marginal posterior distribution for tau and plot its density (in one figure) for the
above choices g and h. In the second plot, draw the marginal posterior densities for o = /1/7.

Note that it is not necessary to explicitly derive the formula for the posterior density of ¢ for
the purpose of plotting once you have a computer function to calculate the functional values
of the posterior density of .

4. Draw (in three different plots) image/contour plot of a joint posterior density of (u, 7) for
three different choices of g and h.
Note that you can use the relation p(u, 7]y) = p(i, 7|y) p(7|y) to calculate the functional
values of p(u, 7|y).

5. Draw (in three different plots) image/contour plot of a joint posterior density of (u, o) for
three different choices of g and h.
Note that you can use the relation p(u, o |y) = p(u, o|y)p(o|y) to calculate the functional
values of p(u, o|y). Moreover, p(u|o, y) = p(,u ‘ o2, y).

6. Calculate the 95% ET (equal-tail) credible interval for u, 7 and o and each choice of g and h.

7. Calculate (numerically, if needed) the 95% HPD (highest posterior density) credible interval
for p, 7 and o and each choice of g and h. Do those intervals differ from the ET credible
intervals?



8. Write a short function which can be used to generate pseudorandom numbers from the joint
posterior distribution (i, 7) (specify the prior hyperparameters as arguments of the function).

Note once again that p(, 7|y) = p(u| 7, ¥) p(r | ).

Based on the simulated sample from the posterior distribution (of a length at least 10000),
calculate again (now Monte Carlo estimates of) the 95% ET credible intervals of parameters
u, 7 and o (again for the three choices of hyperparameters g and h). Do those intervals differ
from the intervals calculated in point 67

9. Extend the above function to generate also from the posterior predictive distribution of the
speed Y, 11 of another car:

P(ms1 | ¥) = / P, 1 7 ¥) A, 7)

=/p(yn+1lﬂ, 7, y)p(p, 7|y)d(p, 7) Z/p(ynﬂlu, ) p(p, Ty)d(p, 7). (2)

Consequently, calculate (based on at least 10000 simulated values from the predictive distri-
bution p(yn+1|y)) the 95% ET credible intervals for Y,,+1 (again, while considering the three
choices of hyperparameters g and h). How would you interpret the credible intervals for Y, ;17

Remind that to generate from the distribution p(y,+1|y) it might be useful to generate from
seemingly a more complicated joint distribution

PWnt1s 1y T1Y) = DWng1 [ 16 7, ¥) (1, 1Y) = (Yt | 11, ) p(11, T]y).

10. Use the simulation and approximate values of the predictive density p(yn+1|y) (again for the
three choices of hyperparameters g and h) and draw them in one plot.

Note that the MC estimate of the predictive density can be obtained while using the relati-
onship (2).

11. Extend a bit more the function which generates from the posterior distribution p(u, 7|y)
and calculate the Monte Carlo estimate of a probability that another car exceeds the allowed
speed by more than 30 km/h (and the driver loses their driving license for certain period of
time).

Note an analogue of the relationship (2):
P(Yni1 >80]y) = / P(Yn+1>80|p, 7, y) p(u, 7]y) d(p, 7)

= / P(Yn+1 > 80’,[1,, T)p(,u, T!Y) d(/% T)'

Deadline to deliver the report (e-mail to vavraj@karlin.mff.cuni.cz): Monday 3 November at
9:00 CEST.



