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SINGULAR HODGE THEORY FOR COMBINATORIAL GEOMETRIES

TOM BRADEN, JUNE HUH, JACOB P. MATHERNE, NICHOLAS PROUDFOOT, AND BOTONG WANG

ABSTRACT. We introduce the intersection cohomology module of a matroid and prove that it sat-
isfies Poincaré duality, the hard Lefschetz theorem, and the Hodge-Riemann relations. As applica-
tions, we obtain proofs of Dowling and Wilson’s Top-Heavy conjecture and the nonnegativity of the
coefficients of Kazhdan-Lusztig polynomials for all matroids.
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1. INTRODUCTION

1.1. Results. A matroid M on a finite set E is a nonempty collection of subsets of E, called flats

of M, that satisfies the following properties:

o If I and F5 are flats, then their intersection F} n 5 is a flat.

o If F'is a flat, then any element in £\ F' is in exactly one flat that is minimal among the flats strictly
containing F'.

For notational convenience, we assume throughout that M is loopless:

e The empty subset of E is a flat.

We write £ (M) for the lattice of all flats of M. Every maximal flag of proper flats of M has the same
cardinality rk M, called the rank of M. For any nonnegative integer k, we write £*(M) to denote
the set of rank k flats of M. A matroid can be equivalently defined in terms of its independent
sets, circuits, or the rank function. For background in matroid theory, we refer to [OxI11] and
[Wel76].

Let I be a finite group acting on M. By definition, I' permutes the elements of E in such a way

that it sends flats to flats.

Theorem 1.1. The following holds for any k < j <1kM — k.

(1) The cardinality of £¥(M) is at most the cardinality of £7(M).
(2) There is an injective map +: £*(M) — £7(M) satisfying F' < ((F) for all F' e £*(M).

(3) There is an injective map QL*(M) — QL7 (M) of permutation representations of I.!

The first two parts of Theorem 1.1 were conjectured by Dowling and Wilson [DW74, DW75],
and have come to be known as the Top-Heavy conjecture. Its best known instance is the de
Bruijn—Erd&s theorem on point-line incidences in projective planes [dBE48]:

Every finite set of points E in a projective plane determines at least |E| lines, unless E is
contained in a line. In other words, if E is not contained in a line, then the number of lines
in the plane containing at least two points in E is at least |E|.

When £ = £(M) is a Boolean lattice or a projective geometry, Theorem 1.1 is a classical result;
see for example [Stal8, Corollary 4.8 and Exercise 4.4]. In these cases, the second statement of

10ne might hope to combine the last two parts of Theorem 1.1 by asking the map ¢ to be I'-equivariant, but this is
not possible, even if we drop the condition that F' < «(F’). For example, when M is the uniform matroid of rank 3 on 4
elements, there is no Ss-equivariant map from £' (M) to £2(M).
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Theorem 1.1 implies that these lattices admit order-matchings

rkl\/IJ [rkl\/[
— L

L0 ot ol >l grkM=L otk M

and hence have the Sperner property:

The maximal number of pairwise incomparable subsets of [n] is the maximum among the bi-
nomial coefficients (}}). Similarly, the maximal number of pairwise incomparable subspaces
of F7 is the maximum among the q-binomial coefficients ( k)q.

Other earlier versions of Theorem 1.1, for specific classes of matroids or small values of &, can be
found in [Mot51, BK68, Gre70, Mas72, Her73, Kun79, Kun86, Kun93, Kun00]. In [HW17], Theorem
1.1 was proved for matroids realizable over some field. See Section 1.3 for an overview of that
proof. Although realizable matroids provide the primary motivation for the definition of a ma-
troid, almost all matroids are not realizable over any field. More precisely, the portion of matroids
on the ground set [n] that are realizable over some field goes to zero as n goes to infinity [Nel18].

Our proof of Theorem 1.1 is closely related to Kazhdan-Lusztig theory of matroids, as devel-
oped in [EPW16]. For any flat F' of M, we define the localization of M at F' to be the matroid
M¥ on the ground set F whose flats are the flats of M contained in F. Similarly, we define the
contraction of M at F' to be the matroid Mz on the ground set E\F' whose flats are G\ F’ for flats G
of M containing F'.> We also consider the characteristic polynomial

m(t) = Z (_1)|I|tcrkl’
ICE
where crk I is the corank of I in M. According to [EPW16, Theorem 2.2], there is a unique way
to assign a polynomial Py(t) to each matroid M, called the Kazhdan-Lusztig polynomial of M,
subject to the following three conditions:

(a) If the ground set is empty, then Py(t) is the constant polynomial 1.
(b) For every matroid M on a nonempty ground set, the degree of Pyi(t) is strictly less than rk M /2.

(c) For every matroid M, we have t'*M Py (¢~1) Z xmr (1) - Pup ().
FelL(M)

Alternatively [BV20, Theorem 2.2], one may define Kazhdan-Lusztig polynomials of matroids by

replacing the third condition above with the following condition not involving xn(t):

(c)” For every matroid M, the polynomial Zy;(¢ Z t™F Py1,. () satisfies the identity
FeL(M)

Mz (7Y = Zu(t).

%In [EPW16], as well as several other references on Kazhdan-Lusztig polynomials of matroids, the localization is
denoted My and the contraction is denoted M¥'. Our notational choice here is consistent with [AHK18] and [BHM*22].
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The polynomial Zy(t), called the Z-polynomial of M, was introduced in [PXY18] using the first
definition of Py(t), where it was shown to satisfy the displayed identity. The degree of the Z-
polynomial of M is exactly the rank of M, and its leading coefficient is 1.

Theorem 1.2. The following holds for any matroid M.

(1) The polynomial Py;(t) has nonnegative coefficients.

(2) The polynomial Zy(t) is unimodal: The coefficient of t* in Zy;(t) is less than or equal to the
coefficient of t*+1 in Zy(t) for all k < rk M/2.

The first part of Theorem 1.2 was conjectured in [EPW16, Conjecture 2.3], where it was proved
for matroids realizable over some field using [-adic étale intersection cohomology theory. See
Section 1.3 for an overview of that proof. For sparse paving matroids, a combinatorial proof of the
nonnegativity was given in [LNR21].

Kazhdan-Lusztig polynomials of matroids are special cases of Kazhdan-Lusztig-Stanley poly-
nomials [Sta92, Pro18]. Several important families of Kazhdan-Lusztig-Stanley polynomials turn
out to have nonnegative coefficients, including classical Kazhdan-Lusztig polynomials associated
with Bruhat intervals [EW14] and g-polynomials of convex polytopes [Kar04, BLO5]. For more on
this analogy, see Section 1.4.

For a finite group I' acting on M, one can define the equivariant Kazhdan-Lusztig polynomial
P{;(t) and the equivariant Z-polynomial Z}(t); see Appendix A for formal definitions. These
are polynomials with coefficients in the ring of virtual representations of I', with the property
that taking dimensions recovers the ordinary polynomials [GPY17,PXY18]. Our proof shows the
following strengthening of Theorem 1.2.

Theorem 1.3. The following holds for any matroid M and any finite group I" acting on M.

(1) The polynomial P};(t) has nonnegative coefficients: The coefficients of Pi;(t) are isomorphism
classes of honest, rather than virtual, representations of I'.

(2) The polynomial Zj,(t) is unimodal: The coefficient of t* in Z},(t) is isomorphic to a subrepre-
sentation of the coefficient of t*+1 in Zl(¢) for all k < rk M/2.

Theorem 1.3 specializes to Theorem 1.2 when we take I" to be the trivial group. The first part of
Theorem 1.3 was conjectured in [GPY17, Conjecture 2.13], where it was proved for matroids that
are I'-equivariantly realizable over some field.> For uniform matroids, a combinatorial proof of
the equivariant nonnegativity was given in [GPY17, Section 3].

31t is much easier to construct matroids that are not I'-equivariantly realizable than it is to construct matroids that
are not realizable. For example, the uniform matroid of rank 2 on 4 elements is realizable over any field with at least
three elements, but it is not S4-equivariantly realizable over any field.
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We also prove the following monotonicity result for equivariant Kazhdan-Lusztig polynomials
of matroids. The non-equivariant case (when I' is the trivial group) is analogous to a monotonicity
result for classical Kazhdan-Lusztig polynomials in Weyl groups [Irv88], [BMO01, Corollary 3.7].

Theorem 1.4. Let M be a loopless matroid acted on by a finite group I" which fixes a nonempty
flat F' € £L(M). Then the polynomial

Py(t) = P, (t)
has coefficients which are honest, rather than virtual, representations of the stabilizer group I' . In
particular when I'is the trivial group we have that the polynomial Py;(t) — Py, (t) has nonnegative
coefficients.

By [GX21, Theorem 1.2], there is a unique way to assign a polynomial Qn(t) to each matroid M,
called the inverse Kazhdan-Lusztig polynomial of M, subject to the following three conditions:

(a) If the ground set of M is empty, then Qn(t) is the constant polynomial 1.
(b) For every matroid M on a nonempty ground set, the degree of Q1 (t) is strictly less than rk M/2.

(c) For every matroid M, we have (—#)™ MQy(t71) = Z (—1) M7 Quir (t) -t MF (7).
Fel(M)
We also prove the following result conjectured in [GX21, Conjecture 4.1].

Theorem 1.5. The polynomial Qn(t) has nonnegative coefficients.

In fact, our proof shows that the coefficients of the equivariant inverse Kazhdan-Lusztig poly-
nomial Q},(¢) defined in Appendix A are isomorphism classes of honest, rather than virtual, rep-
resentations of I'.

1.2. Proof strategy. We now provide an outline of the proofs of Theorems 1.1, 1.2, and 1.3. The
algebro-geometric motivations for these arguments will appear in Section 1.3.

For any matroid M of rank d, consider the graded Mébius algebra
HM) = @D Qur.
Fel(M)
The grading is defined by declaring the degree of the element yr to be rk F', the rank of F' in M.

The multiplication is defined by the formula
yrve itk F +1kG =1k(F v G),
YryG =
0 ifrtk F+ 1k G > rk(F v G),

where v stands for the join of flats in the lattice £(M). Let CH(M) be the augmented Chow ring
of M, introduced in [BHM"22]. We will review the definition of CH(M) in Section 2, but for now
it will suffice to know the following three things:
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CH(M) contains H(M) as a graded subalgebra [BHM 22, Proposition 2.18].

CH(M) is equipped with a degree isomorphism deg,;: CHY(M) — Q [BHM*22, Definition
2.15].

By the Krull-Schmidt theorem, up to isomorphism, there is a unique indecomposable graded
H(M)-module direct summand IH(M) = CH(M) that contains H(M).*

In this introduction, we temporarily define the intersection cohomology of M to be the graded
H(M)-module IH(M). This defines the intersection cohomology of M up to isomorphism of graded
H(M)-modules. In Section 3, we will construct a canonical submodule TH(M) < CH(M) that is
preserved by all symmetries of M. The construction of IH(M) as an explicit submodule of CH(M),
or more generally the construction of the canonical decomposition of CH(M) as a graded H(M)-
module, will be essential in our proofs of the main results but not in their statements.

We fix any decomposition of the graded H(M)-module CH(M) as above, and consider any pos-
itive linear combination

l= Z cryr, cr is positive for every rank 1 flat F' of M.
FeLl(M)

Our central result is that TH(M) satisfies the Kahler package with respect to £ € H'(M).

Theorem 1.6. The following holds for any matroid M of rank d.
(1) (Poincaré duality theorem) For every nonnegative k < d/2, the bilinear pairing

IHEM) x Q) — Q@ (1,m2) — degyg(mp)
is non-degenerate.
(2) (Hard Lefschetz theorem) For every nonnegative k£ < d/2, the multiplication map

M) — THOFO), g 02y

is an isomorphism.

(3) (Hodge-Riemann relations) For every nonnegative k < d/2, the bilinear form
IHY(M) x IH*(M) — Q. (m,m2) — (=1)* degpy (¢ > 1ping2)
is positive definite on the kernel of multiplication by ¢¢~2++1,
We now show how Theorem 1.6 implies Theorem 1.1.
4For the Krull-Schmidt theorem, see, for example, [Ati56, Theorem 1]. By [CF82, Corollary 2] or [GG82, Theorem

3.2], the indecomposability in the category of graded H(M)-modules implies the indecomposability in the category of
H(M)-modules. Thus, the intersection cohomology of M is an indecomposable module over H(M).
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Proof of Theorem 1.1, assuming Theorem 1.6. It follows from the hard Lefschetz theorem that the mul-
tiplication map #/~*: TH*(M) — IH7 (M) is injective for j < d — k. Since H(M) < CH(M), we have
H(M) < TH(M). After restricting the multiplication map to the H(M)-submodule H(M) < TH(M),
we obtain an injection

¢k HY (M) — HI(M).

Taking ¢ to be the sum of all y over the rank 1 flats F', we obtain part (3). If we write this injection
as a matrix in terms of the natural bases, the matrix is supported on the pairs satisfying F' < G.
Part (2) follows from the existence of a nonzero term in a maximal minor for this matrix. Clearly,
part (1) follows from either part (2) or part (3). O

The following propositions will be key ingredients in the proof of Theorem 1.2. We write m
for the graded maximal ideal of H(M), write Q for the one-dimensional graded H(M)-module in
degree zero, and write IH(M)4 for the graded vector space

TH(M) @y Q = TH(M)/m TH(M).
Proposition 1.7. For every nonempty matroid M, IH(M)4 vanishes in degrees > rk M/2.

Proposition 1.8. For all nonnegative k, there is a canonical graded vector space isomorphism

mFTH(M)/m*  THM) = @ TH(Mp)s[—A].
FelLk(M)

For the content of the word “canonical” in Proposition 1.8, we refer to the explicit construction of
the isomorphism in Section 12.3. For a geometric description in the realizable case, see Section 1.3.
When a finite group I acts on M, it acts on the intersection cohomology of M, and the isomorphism
is that of I'-representations

193]

mF TH(M)/m*H THM) =~ P T

Felk (M)

Indp,, TH(Mp)s[—F],

where I'r- € T is the subgroup of elements fixing F.”

Proofs of Theorems 1.2 and 1.3, assuming Theorem 1.6 and Propositions 1.7 and 1.8. We define polyno-
mials
Pu(t) = Y dim (IH’“(M)@> t* and Zu(t) = Y dim (IH’“(M)) k)
k=0 k=0
We argue Py(t) = Py(t) and Zyi(t) = Zu(t) by induction on the rank of M. The statement is
clear when the rank is zero, so assume that M has positive rank and that the statement holds for

50ne may eliminate the fraction |T'#|/|T| at the cost of choosing one representative of each I'-orbit in £* (M).
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matroids of strictly smaller rank. Taking Poincaré polynomials of the graded vector spaces in
Proposition 1.8 and summing over all £, we get

Zu(t) = Y, 5 Pyp(t).
FelL(M)

When combined with our inductive hypothesis, the above gives

Zu(t) = Pu(t) + > t™F Py, (t).
F#go

On the other hand, by Theorem 1.6 and Proposition 1.7, we have
Zav(t) = "M Zy (1) and  deg Py(t) < rk M/2.

The desired identities now follow from the second definition of Kazhdan-Lusztig polynomials of
matroids given above [BV20, Theorem 2.2].

The nonnegativity of the coefficients of Py((t) is immediate from the fact that it is the Poincaré
polynomial of a graded vector space. The unimodality of Zy;(t) follows from the hard Lefschetz
theorem for IH(M). All of the steps of this argument still hold when interpreted equivariantly with
respect to any group of symmetries of M by Lemma A.1, Definition A.3, and Corollary A.5. O

We record the numerical identities for Py(t) and Zy(t) obtained in the above proof.

Theorem 1.9. For any matroid M, we have

Py(t) = . dim (IHk(M)@) t* and Zy(t) = Y dim (IHk(M)) k)
k=0 k=0

When a finite group T acts on M, the analogous identities hold for Py (¢) and Z};(¢).

Remark 1.10. The explicit construction of IH(M) as a submodule of CH(M) appears in Section 3,
but the fact that it is an indecomposable summand of CH(M) is not established until much later.
It follows from Proposition 6.4, which can only be applied after we have proved Theorem 1.6. See
Remark 6.1 for why this is the case.

Remark 1.11. The astute reader will note that the only part of Theorem 1.6 that appears in the
applications is the hard Lefschetz theorem. However, we know of no way to prove the hard
Lefschetz theorem by itself. Instead, we roll all three statements up into a grand induction. See
Remark 1.15 for more on this philosophy.

Remark 1.12. We have not yet commented on our strategy for proving Theorem 1.5. This proof
will also rely on Theorem 1.6, and will proceed by interpreting Qni(t) as the graded multiplicity
of the trivial graded H(M)-module in a complex of H(M)-modules called the Rouquier complex.
See Sections 4.3 and 8.7 for more details.
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1.3. The realizable case. We now give the geometric motivation for the statements in Sections 1.1
and 1.2, and in particular review the proofs of Theorems 1.1 and 1.2 for realizable matroids.

Let V be a vector space of dimension d over a field F, let E' be a finite set, and leto: E — V'V
be a map whose image spans the dual vector space V'V. The collection of subsets S < E for which
o is injective on S and ¢(5) is a linearly independent set in V'V forms the independent sets of a
matroid M of rank d. Any matroid which arises in this way is called realizable over I, and ¢
is called a realization of M over F.® We continue to assume that M is loopless. In terms of the
realization o, this means that the image of o does not contain the zero vector.

For any flat F of M, let Vi € V be the subspace perpendicular to {o(e)}ccr, and let V¥ be the
quotient space V' /Vp. Then we have canonical maps

o' F > (VI and op: E\F — (Vi)Y
realizing the localization M" and the contraction My, respectively.

Consider the linear map V' — F¥ whose e-th coordinate is given by o(e). The assumption that
the image of o spans V'V implies that this map is injective. The decomposition P} = F L {0} gives
an embedding of F¥ into (PL)”, and we let Y < (PL)¥ denote the closure of the image of V. This
projective variety is called the Schubert variety of 0. The terminology is chosen to suggest that Y’
has many similarities to classical Schubert varieties. It has a stratification by affine spaces, whose
strata are the orbits of the additive group V on Y, indexed by flats of M. For any flat " of M, let

Ul = {peY|p. = wifand onlyif e ¢ F}.

For example, U¥ is the vector space V and U¥? is the point oo”. More generally, U is isomorphic
to V¥, and these subvarieties form a stratification of Y with U¥ contained in the closure of U if
and only if F' is contained in G [PXY18, Lemmas 7.5 and 7.6].

The Schubert variety Y is singular, and it admits a canonical resolution X called the augmented
wonderful variety, obtained by first blowing up the point U?, then the proper transforms of the
closures of U for all rank 1 flats F', and so on. A different description of X as an iterated blow-up
of a projective space appears in [BHM*22, Section 2.4].

For the remainder of this section, we will assume for simplicity that F = C; see Remark 1.13 for
a discussion of what happens over other fields. The rings and modules introduced in Section 1.2
have the following interpretations in terms of the varieties X and Y. The graded Md&bius algebra
H(M) is isomorphic to the rational cohomology ring H*(Y) [HW17, Theorem 14], and the aug-
mented Chow ring CH(M) is isomorphic to the rational Chow ring of X, or equivalently to the
rational cohomology ring H*(X). By applying the decomposition theorem to the map from X to

®When a finite group I" acts on M, we say that M is I"-equivariantly realizable over F if there is a I-equivariant map
o: E — V" for some representation V' of I" over F.
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Y, we find that the intersection cohomology IH*(Y") is isomorphic as a graded H*(Y)-module to
a direct summand of H*(X).” A slight extension of an argument of Ginzburg [Gin91] shows that
IH*(Y") is indecomposable as an H*(Y)-module, which implies that it coincides with our module
IH(M).® Theorem 1.6 is a standard result in Hodge theory for singular projective varieties.

For each flat F' of M, let H*(ICy ) denote the cohomology of the stalk of the intersection co-
homology complex IC(Y) at a point in U¥". The restriction map on global sections from IH*(Y)
to H*(ICy,z) descends to IH®*(Y)g, and another application of the result of [Gin91] implies that
the induced map from IH*(Y)s to H*(ICy,») is an isomorphism. A fundamental property of the
intersection cohomology sheaf IC(Y) is that, if the dimension d of Y is positive, then the stalk
cohomology group H**(ICy ) vanishes for & > d. This proves Proposition 1.7 in the realizable
case.

Let Y be the Schubert variety associated with the realization o of Mp. We have a canonical
inclusion Yr — Y, which is a normally nonsingular slice to the stratum UF'. Thus it induces an
isomorphism from H*(ICy ) to H*(ICy,, »), see [Pro18, Proposition 4.11]. Let jz: UF — Y denote
the inclusion of the stratum U”". Our stratification of Y induces a spectral sequence with

EPY= @ HET(HICY))
Felr(M)

that converges to IH®*(Y"). The summands of E7"? satisfy

B (EIC(Y)) = (H(Cy ) @ H:(UR)) " = (W (Cyp)[-2p])"" = HIP(1Cy, o).

Since H*(ICy,, &) vanishes in odd degree, our spectral sequence degenerates at the E; page [PXY18,
Section 7]. This means that IH*(Y") vanishes in odd degree, and that the degree 2k part of the
graded vector space m? IH*(Y)/mP™L ITH*(Y) is isomorphic to
Epher = g~ (@ HEEP(ICy, o) = @ HAEP)(YR),.
Felpr(M) FelLpr (M)

This proves Proposition 1.8 in the realizable case.

Remark 1.13. If the field IF is not equal to the complex numbers, then we can mimic all of the geo-
metric arguments in this section using /-adic étale cohomology for some prime [ not equal to the
characteristic of F. In this setting there is no geometric analogue of the Hodge-Riemann relations,
so Hodge theory does not give us the full Kdhler package of Theorem 1.6. It is interesting to note

7All of these cohomology rings and intersection cohomology groups of varieties vanish in odd degree, and our
isomorphisms double degree. So H' (M) =~ H*(Y), CH' (M) ~ H*(X), IH' (M) =~ IH?*(Y"), and so on.

8To be precise, two hypotheses of [Gin91] are not satisfied by Y: it is not the closure of a Bialynicki-Birula cell for
a torus action on a smooth projective variety, and the natural torus which acts is one-dimensional, so it is not possible
to find an attracting cocharacter at each fixed point. However, each fixed point has an affine neighborhood with an
attracting action of the multiplicative group, and this is enough.
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that Theorem 1.6 gives us a truly new result for matroids that are realizable only in positive char-
acteristic. Namely, it says that there is a rational form for the /-adic étale intersection cohomology
of the Schubert variety for which the Hodge-Riemann relations hold. We suspect that IH(M) is a
Chow analogue of the intersection cohomology of Y.

Remark 1.14. If one wants to write down a maximally streamlined proof of Theorem 1.1 for realiz-
able matroids, it is not necessary to know that H*(Y") is isomorphic to the graded Mobius algebra
of M, and it is not necessary to consider the augmented wonderful variety X or the augmented
Chow ring of M. One considers ITH*(Y') as a module over H*(Y') and applies the same argument
outlined in Section 1.2. The statements that IH®*(Y") contains H*(Y") as a submodule, that H*(Y") has
a basis indexed by flats, and that the matrix for the multiplication by a power of an ample class in
this basis is supported on pairs ' < G follow from [BE09, Theorem 2.1, Theorem 3.1, and Lemma
5.1]. For the proof of Theorem 1.2, we need to know that the cohomology groups H*(ICy r) van-
ish in odd degree in order to conclude that the spectral sequence degenerates. To see this, we can
either embed IH®*(Y") in H*(X) as in the text above, or we can rely on an inductive argument as in
[Pro18, Theorem 3.6].

1.4. Kazhdan-Lusztig-Stanley polynomials. In this section, we will discuss two antecedents to
our work in the context of Kazhdan-Lusztig-Stanley theory. Let P be a locally finite ranked poset.
Forallz < y € P, let ry, == rky —rkz. A P-kernel is a collection of polynomials x,,(t) € Z[t] for
each z < y € P satisfying the following conditions:

e Forallz € P, ky,(t) = 1.
e Forallz <y e P, degkzy(t) < ryy.

e Forallzx <z€e P, Z 7 gy (8 by (1) = 0.

TLY<LZ

Given such a collection of polynomials, Stanley [Sta92] showed that there exists a unique collection
of polynomials f,,(t) € Z[t] for each x < y € P satisfying the following conditions:

e Forallz e P, f,.(t) = 1.
e Forallz <y e P, deg fyy(t) < ray/2.
e Forallz < ze P, t"==f,,(t7) = Z Kay(t) fy=().

TLY<Z

The polynomials f,, () are called Kazhdan-Lusztig-Stanley polynomials.

The first motivation for this construction comes from classical Kazhdan-Lusztig polynomials.
If we take the poset to be a Coxeter group W equipped with the Bruhat order and the W-kernel
to be the R-polynomials R,,(t), then the polynomials f,,(t) are called Kazhdan-Lusztig polyno-
mials. These polynomials were introduced by Kazhdan and Lusztig in [KL79], where they were
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conjectured to have nonnegative coefficients. This was proved for Weyl groups in [KL80] by in-
terpreting f,,(¢) as the Poincaré polynomial for a stalk of the intersection cohomology sheaf of
a classical Schubert variety. For arbitrary Coxeter groups, the conjecture remained open for 34
years before it was proved by Elias and Williamson [EW14], who used Soergel bimodules as a
combinatorial replacement for intersection cohomology groups of classical Schubert varieties.

The second motivation for this definition comes from convex polytopes. Let A be a convex poly-
tope, and let P be the poset of faces of A, ordered by reverse inclusion and ranked by codimension,
with the convention that the codimension of the empty face is dim A + 1. This poset is Eulerian,
which means that the polynomials (¢ — 1)"#» form a P-kernel. The polynomial ga(t) == fag(t) is
called the g-polynomial of A. When A is rational, this polynomial can be shown to have non-
negative coefficients by interpreting it as the Poincaré polynomial for a stalk of the intersection
cohomology sheaf of a toric variety [DL91, Fie91]. For arbitrary convex polytopes, nonnegativity
of the coefficients of the g-polynomial was proved 13 years later by Karu [Kar04], who used the
theory of combinatorial intersection cohomology of fans [BBFK02, BL03, Bra06] as a replacement
for intersection cohomology groups of toric varieties.

In our setting, we consider the ranked poset £(M) along with the £(M)-kernel consisting of the
characteristic polynomials x g (t) = XME (t), and we find that fzg(t) is equal to the Kazhdan-
Lusztig polynomial Py;(t). When M is realizable, this polynomial can be shown to have non-
negative coefficients by interpreting it as the Poincaré polynomial for a stalk of the intersection
cohomology sheaf of the Schubert variety Y, as explained in Section 1.3. Theorem 1.2 is obtained
by using IH(M) as a replacement for the intersection cohomology group of Y.

Remark 1.15. It is reasonable to ask to what extent these three nonnegativity results can be uni-
fied. In the geometric setting (Weyl groups, rational polytopes, realizable matroids), it is possible
to write down a general theorem that has each of these results as a special case [Pro18, Theorem
3.6]. However, the problem of finding algebraic or combinatorial replacements for the intersection
cohomology groups of stratified algebraic varieties is not one for which we have a general solu-
tion. Each of the three theories described above involves numerous details that are unique to that
specific case. The one insight that we can take away is that, while the hard Lefschetz theorem is
typically the main statement needed for applications, it is always necessary to prove Poincaré du-
ality, the hard Lefschetz theorem, and the Hodge-Riemann relations together as a single package.

Remark 1.16. The analogue of Theorem 1.1 for Weyl groups appears in [BE09], and for general
Coxeter groups (using Soergel bimodules) in [MS20]. There is no analogous result for convex
polytopes because toric varieties associated with non-simple polytopes do not in general admit
stratifications by affine spaces.
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Remark 1.17. For a locally finite poset P, consider the incidence algebra

I(P) =[] Z[t], where (uv)zz(t) = . tyy(t)vy:(t) foru,v e I(P).
r<yeP T<Y<z
An element h € I(P) has an inverse, left or right, if and only if h,,(t) = +1 for all z € P. In this
case, the left and right inverses are unique and they coincide [Pro18, Lemma 2.1]. In terms of the
incidence algebra, the inverse Kazhdan-Lusztig polynomial of M can be interpreted as

Qu(t) = (=1)™Mf 5(t),

where f is the Kazhdan-Lusztig polynomial viewed as an element of I(£(M)). We note that the
analogous constructions for finite Coxeter groups and convex polytopes do not give us anything
new. Specifically, for a finite Coxeter group, we have

(_I)sz f:t_yl <t> = f(woy)(wox) (t)a

where wy € W is the longest word [Pro18, Example 2.12]. For a convex polytope, we have

(L)AL (1) = gax (D),

where A* is the dual polytope of A [Prol8, Example 2.14]. The explanation for these statements
is that the corresponding P-kernels are alternating [Pro18, Proposition 2.11], which means that
(—t)™=¥ iy (1) = Kgy(t). The same is not true for characteristic polynomials, which is why inverse
Kazhdan-Lusztig polynomials of matroids are fundamentally different from ordinary Kazhdan-
Lusztig polynomials of matroids.

1.5. Outline. In Section 2, we recall the definitions of the Chow ring and the augmented Chow
ring of a matroid, then we review properties established in [BHM*22] of various pushforward and
pullback maps between these rings. In Section 3, we define the intersection cohomology modules
of matroids, explain how these modules behave under the pullback and pushforward maps, and
define the host of statements that make up our main inductive proof.

With all the key players defined, we provide Section 4 as a guide to the inductive proof of the
main theorem of the paper, Theorem 3.17. No definitions or proofs are given here, and the section
is meant only to provide intuition for the structure of the proof. This section may be skipped, but
we hope that the reader benefits from flipping back to this section to “see what the authors were
thinking” as they read the rest of the paper.

The proof of the main theorem begins in Section 5 and continues for the remainder of the pa-
per. We use Sections 5 and 6 to establish some general results about modules over the graded
Mobius algebra, and in particular about the intersection cohomology modules. The results in Sec-
tion 5 are not inductive in nature and are established outside of the inductive loop. Section 7
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studies the Poincaré pairings on various H(M)-submodules of CH(M) and how they behave un-
der linear-algebraic operations such as tensor products. Section 8 is dedicated to introducing and
studying the so-called Rouquier complexes; as in [EW14], we use these to prove a version of weak
Lefschetz, which for us is a certain vanishing condition for the socles of our intersection cohomol-
ogy modules. In Section 8.7, we explain how Theorem 3.17 can be used to deduce Theorem 1.5.
Sections 9 and 10 use the semi-small decomposition developed in [BHM " 22] to perform an induc-
tion involving the deletion M\:i of a single element i from M. Section 11 explores how the hard
Lefschetz theorem and Hodge-Riemann relations behave when deforming Lefschetz operators.
Section 12 puts all of the results from the previous sections together to finish the inductive proof
of Theorem 3.17, from which Theorems 1.1, 1.2, and 1.6 follow. We also show in Section 12.4 how
Lemma 6.2 can be used to deduce Theorem 1.4. Finally, the appendix establishes the framework
needed to deduce Theorem 1.3 as well as the equivariant part of Theorem 1.1.

Acknowledgements. The authors would like to thank both the Institute for Advanced Study and
the Korea Institute for Advanced Study for their hospitality during the preparation of this paper.
We thank Matt Baker, Richard Stanley, and an anonymous referee for helpful comments.

2. THE CHOW RING AND THE AUGMENTED CHOW RING OF A MATROID

For the remainder of this paper, we write d for the rank of M and n for the cardinality of £. We
continue to assume that M is a loopless matroid on E. Under this assumption, n is positive if and
only if d is positive.

2.1. Definitions of the rings. We recall the definitions of the Chow ring of a matroid introduced
in [FY04] and the augmented Chow ring of a matroid introduced in [BHM*22]. To each matroid
M on E, we assign two polynomial rings with rational coefficients

Sy = Q[zF | F is a nonempty proper flat of M| and
Sm = Q[zp | F'is a proper flat of M| ® Q[y; | i is an element of E.
Definition 2.1. The Chow ring of M is the quotient algebra
CHM) = S\i/(Int + L),
where I, is the ideal generated by the linear forms

Z T — Z xp, for every pair of distinct elements i; and iy of F,
el i9€F

and J,, is the ideal generated by the quadratic monomials

rp xp,, forevery pair of incomparable nonempty proper flats ; and F» of M.
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When d is positive, the Chow ring of M is the Chow ring of an (n — 1)-dimensional smooth toric
variety defined by a (d — 1)-dimensional fan II,;, called the Bergman fan of M [FY04, Theorem 3].

Definition 2.2. The augmented Chow ring of M is the quotient algebra
CH(M) = SM/(IM + JM),
where I\ is the ideal generated by the linear forms

Yi — Z xzp, for every elementiof I,
i¢F
and Jy is the ideal generated by the quadratic monomials

T X, for every pair of incomparable proper flats F; and F; of M, and

y;xr, for every element i of ¥ and every proper flat /' of M not containing i.

The augmented Chow ring of M is the Chow ring of an n-dimensional smooth toric variety de-
fined by a d-dimensional fan ITy;, called the augmented Bergman fan of M [BHM 22, Proposition
2.12]. Note that the Chow ring is isomorphic to the quotient of the augmented Chow ring by the
ideal generated by all the elements y;, and that two elements y; and y; are equal if and only if ¢
and j are contained in the same rank 1 flat of M.

By [BHM 22, Proposition 2.18], there is a unique graded algebra homomorphism
HM) — CH(M),  y;— i,

where i denotes the unique rank 1 flat of M containing an element i of E, and this homomorphism
is injective. Thus, we may identify the graded Mobius algebra with the subalgebra of the aug-
mented Chow ring generated by the y;s. One of the principal goals of this paper is to understand
the H(M)-module structure of CH(M). The Chow ring CH(M) will play an important supporting
role.

The description of CH(M) in terms of IT; reveals that CH(M) vanishes in degrees > d. Sim-
ilarly, the description of CH(M) in terms of IIy; reveals that CH(M) vanishes in degrees > d.
Furthermore, one can construct distinguished isomorphisms from the graded pieces CH*~!(M)
and CH4(M) to Q.

Definition 2.3. Let M be a loopless matroid of rank d.

(1) When d is positive, we define the degree map for CH(M) to be the unique linear map

degy: CHT' (M) — Q,  [[zr— 1,
FeF

where J is any complete flag of nonempty proper flats of M.
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(2) We define the degree map for CH(M) to be the unique linear map

degy;: CHY(M) — Q, [[zr—1,
FeF

where J is any complete flag of proper flats of M.

By [BHM 22, Proposition 2.8], these maps are unique, well-defined, and bijective.

2.2. The pullback and pushforward maps. In this subsection, we assume that E is nonempty.
Before recalling the definitions of the pullback and pushforward maps, we need the Chow classes
a, o, and 3, defined as

a =y = Zx(; e CH (M),
G
where the sum is over all proper flats G of M, and

a = ay = Y, xg e CH' (M),
ieG

where the sum is over all nonempty proper flats G of M containing a given element ¢ in F, and

B=B\= El’G e CH'(M),

i¢G
where the sum is over all nonempty proper flats G of M not containing a given element i in £. The
linear relations defining CH(M) show that o and 8 do not depend on the choice of ;. Note that the
natural map from CH(M) to CH(M) takes o to @ and —x to .

Let F'be a proper flat of M. The following definition is motivated by the geometry of augmented
Bergman fans [BHM " 22, Propositions 2.20 and 2.21].

Definition 2.4. The pullback " = | is the unique surjective graded algebra homomorphism
CH(M) — CH(Mp) ® CH(M®)

that satisfies the following properties:

o If G is a flat properly contained in F, then ¢ (z¢) = 1 ® 7.

e If G is a flat properly containing F, then % (z¢q) = 26\ r @ 1.

e If G is a flat incomparable to F, then ¢ (zg) = 0.

o If Gis the flat F, then o' (zp) = —1 Q@ apr — By, @ 1.

The pushforward 1/"" = {; is the unique degree one linear map
CH(Mp) ® CH(M™) — CH(M)

that maps the monomial [ [ v 2pnp @ [ [ v to the monomial xp [ [ 2 [ [ pn 2 pr.
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Of particular importance will be the pullback ¢, which is a surjective graded algebra homo-
morphism from CH(M) to CH(M). The following results can be found in [BHM*22, Section 2].

Proposition 2.5. The pullback ¢! and the pushforward ! have the following properties:
(1) If i is an element of F, then ' (y;) = 1 ® v;.
(2) If i is not an element of F, then % (y;) = 0.
(3) The equality ¢%'(a) = ay, ~ ® 1 holds.
(4) The pushforward ! is injective.
(5) The pushforward ! commutes with the degree maps: degy;, ® degy;r = degy; o .
(6) The pushforward ! is a homomorphism of CH(M)-modules:
(&) = v" (9" (1)¢) forany e CH(M) and ¢ e CH(My) ® CH(M").

We use the pullback map to make CH(Mz) ® CH(M!) into a module over CH(M) and H(M).
By part (1) of the above proposition, H(M) acts only on the second tensor factor.

For later use, we record here the following immediate consequence of Proposition 2.5.

Lemma 2.6. For any n € CH(M) and ¢ € CH(My) ® CH(M!), we have
degy (n97(€)) = degyr, ® degyr (" (1)€) -

Since the pushforward 7 is injective, the statement below shows that the graded CH(M)-
module CH(Mr) ® CH(M!")[—1] is isomorphic to the principal ideal of r in CH(M).
Proposition 2.7. The composition ¢ o ©f': CH(M) — CH(M) is the multiplication by z 5.

We next introduce the analogous maps for Chow rings (rather than augmented Chow rings).

Let F' be a nonempty proper flat of M. The following definition is motivated by the geometry of
Bergman fans [BHM 22, Propositions 2.24 and 2.25].

Definition 2.8. The pullback " = | is the unique surjective graded algebra homomorphism
CH(M) — CH(MF) ® CH(M")

that satisfies the following properties:

e If G is a flat properly contained in F/, then o' (zg) = 1@ 2¢.

e If G is a flat properly containing F, then o' (2¢) = zg\r ® 1.

e If G is a flat incomparable to F, then o' (z¢5) = 0.

o If Gis the flat ', then o' (zp) = —1 @ ayr — By, @ 1.
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The pushforward 1! = ¥} is the unique degree one linear map
CH(Mp) ® CH(M") — CH(M)
that maps the monomial [ [ v 2pn g @ [ [ v v to the monomial xp [ [ xp [ [pn 2 pr.
The following analogue of Proposition 2.5 can be found in [BHM 22, Section 2].

Proposition 2.9. The pullback ¢! and the pushforward 1! have the following properties:

(1) We have p"(a) = ay, ® 1and " (8) = 1 ® By
(2) The pushforward ¢! is injective.

(3) The pushforward ¥ commutes with the degree maps: deg);, ® degy;r = degy; o PF.
(4) The pushforward ¥!" is a homomorphism of CH(M)-modules:

nu"(€) = v (" (n)€) for any ne CH(M) and ¢ € CH(Mp) ® CH(M").

The following analogue of Lemma 2.6 immediately follows from Proposition 2.9.
Lemma 2.10. For any € CH(M) and ¢ € CH(Mp) ® CH(MY'), we have
degy; (WF(S)) = deg);,, ®degyr (@F(n)f) .

Since the pushforward 1 is injective, the statement below shows that the graded CH(M)-
module CH(Mr) ® CH(M!")[—1] is isomorphic to the principal ideal of x in CH(M).

Proposition 2.11. The composition 1" o : CH(M) — CH(M) is the multiplication by z .
Finally, we introduce a third flavor of pullback and pushforward maps, this time relating the
augmented Chow ring of M to the augmented Chow ring of My for any flat F' of M, with no
tensor products. Whereas the previous pushforward and pullback maps gave a factorization of
multiplication by a generator x, the maps we now describe give a factorization of multiplication

by yr. The notational difference is that F' is now in the subscript rather than the superscript. The
following definition can be found in [BHM 22, Propositions 2.28 and 2.29].

Definition 2.12. The pullback ¢, = ¢} is the unique surjective graded algebra homomorphism
CH(M) — CH(MFp)

that satisfies the following properties:

o If G is a proper flat containing F', then pp.(zg) = v\ p-

e If G is a proper flat not containing F', then ¢ (zg) = 0.
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The pushforward 1/, = ¢! is the unique degree rk F linear map
CH(Mp) — CH(M)

that maps the monomial [ [ # pn  to the monomial yr [ [z 2.

The next results can be found in [BHM 22, Section 2].

Proposition 2.13. The pullback ¢ and the pushforward 1, have the following properties:
(1) If i is an element of F', then ¢, (y;) = 0.

(2) If i is not an element of F, then v, (yi) = v;.

(3) The equality ¢ (a) = oy, holds.

(4) The pushforward v is injective.

(5) The pushforward 1, commutes with the degree maps: degy;,. = degy; 0 V.

(6) The pushforward 1, is a homomorphism of CH(M)-modules:

(&) = VYp(epn)¢) forany ne CH(M) and ¢ € CH(Mp).

The following analogue of Lemmas 2.6 and 2.10 follows from Proposition 2.13.
Lemma 2.14. For any n € CH(M) and { € CH(Mp), we have

degyt (NYp(§)) = degMF (erp(M€) -

Since the pushforward 1, is injective, the statement below shows that the graded CH(M)-
module CH(Mp)[— rk F] is isomorphic to the principal ideal of yz in CH(M).

Proposition 2.15. The composition ¢ o ¢ CH(M) — CH(M) is multiplication by yp.

Corollary 2.16. The homomorphism ¢ restricts to a surjection H(M) — H(Mpz) whose kernel is
the annihilator of yr. Thus for any H(M)-module N, the submodule yzN can naturally be regarded
as an H(Mg)-module.

2.3. New lemmas. Until now, everything that has appeared in Section 2 was proved in [BHM " 22].
In this section, we state a few additional lemmas about the pushforward and pullback maps that
will be needed in this paper.

The following lemma will be needed for the proof of Proposition 3.5.

Lemma 2.17. Suppose that ' and G are incomparable proper flats of M. Then

%y =0 and %y = 0.
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Proof. We only prove the first equality. The second one follows from the same arguments. By Def-
inition 2.4 and Proposition 2.5, the pushforward ¢/“ is injective and the pullback ¢! is surjective.
Thus, it is sufficient to show %Gy Fof" = 0. Since the compositions /%% and ¢ ! are equal
to the multiplications by xg and zr respectively (Proposition 2.7), the assertion follows because
zgrp = 0in CH(M). O

The next lemma will be used in the proofs of Propositions 7.3, 11.4, 11.7, and 12.2.
Lemma 2.18. Let F' be a proper flat of M.
(1) For any u,v € CH(Mp) ® CH(MF), we have
degyg (v (1) - 9" (1)) = —degyy, ® degyr ((By, ® 1+ 1® ayr)uw).
(2) When F' is nonempty, for any p,v € CH(Mp) ® CH(MF), we have

degy; (07 (p) - ¥ (v)) = —degyr, ® degyr ((By, @ 1+ 1 ® apgr ) ).

Proof. We prove only part (1); the proof of part (2) is identical. By Proposition 2.5 (5) and (6), we
have

degy (¥ (1) - 97 (v)) = degy,, ® degyr (79" (1) - v) .
Since ! is surjective, there exists v/ € CH(M) such that ¢* (') = v. Then,
PP () v =" () - 0" (V) = " @ () V) = "0 (1 9T (V) = T ().
Combining the above two equations, and applying Proposition 2.5 again, we have
degy (¥7 (1) - 97 (v)) = degyr, ® degyyr (9797 (1)) = degy (V7 " ().
Recall that o' (zp) = =8y, ® 1 — 1 ® ayyr, and therefore
VET Y () = apg” () = O (@ (wp)uv) = =" ((Bu, @1+ 1© aygr) ).

This implies that

degy (V7 - ") = —degy (¢F((QMF ®1+1® aMF)HV)>

= —degy, ®degyr (By, @1+ 1 ® ayr)uv). O

For later use, we collect here useful commutative diagrams involving the pullback and the
pushforward maps.

Lemma 2.19. Let F' be a proper flat of M.
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(1) The following diagram commutes:

P 14®00 o, 4@V g »
CH(Mp) ® CHM") — CH(Mp) ® CH(M") —— CH(Mp) ® CH(M")
|k ) | ) |k
CH(M) CH(M)

M CH ) Ym

(2) More generally, for any flat G < F, the following diagram commutes:

CH(Mp) ® CH(ME) % CH(Mp) ® CH(ME) ® CH(MY) L CH(Mp) ® CH(MT)

l oF l ZQF\G®1 d l o
G
CH(M)

M el Uit
CH(M¢) ® CH(M®™)

(3) For any nonempty flat G < F, the following diagram commutes:

» id@sgg[F o id@;gﬁF
CH(Mp) ® CH(MF) — CH(Mp) ® CH(ME) ® CH(MY) —% CH(My) ® CH(MF)

J@f/{ J/QF\G@)ld Jﬂﬁ
G G
o5 CH(M¢) ® CH(MY) L CH(M)
(4) For any flat F' < G, the following diagram commutes:
o id@ph” oy id@p)” G
CH(M¢g) ® CH(M ) — CH(Mg) ® CHMY) —5 CH(Mg) ® CH(MY)
lwﬁ lwﬁ\j lwﬁ
oy M
CH(M) CH(Mp) CH(M).

We omit the proof, which is a straightforward computation.

2.4. Hodge theory of the Chow ring and the augmented Chow ring. Let (M) be the open cone
in CH' (M) consisting of strictly convex piecewise linear functions on the Bergman fan II,;, and
let K(M) of CH(M) be the open cone in CH!(M) consisting of strictly convex piecewise linear
functions on the augmented Bergman fan IIy;. See [BHM*22, Section 2] for definitions of the
Bergman fan 11, the augmented Bergman fan IIy;, and the convexity of piecewise linear functions
on them. Ultimately, the only properties of X(M) and K (M) that we will use in this paper is that
they are nonempty. This fact, along with Theorems 2.20 and 2.21 and Proposition 7.10, will be
used to deduce that CH(M) and CH(M) satisfy the Hancock condition of Section 7.3.

The following results are proved in [BHM *22].

Theorem 2.20. Let M be a matroid on E, and let ¢ be any element of JC(M).
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(1) (Poincaré duality theorem) For every nonnegative integer k£ < d/2, the bilinear pairing
CHE(M) x CHT (M) — Q. (1, 712) —> degn(1m712)

is non-degenerate.

(2) (Hard Lefschetz theorem) For every nonnegative integer k < d/2, the multiplication map
CH*(M) — CH**(M), n+— 7

is an isomorphism.

(3) (Hodge-Riemann relations) For every nonnegative integer k£ < d/2, the bilinear form

CH*(M) x CHY(M) — Q, (11, 72) = (= 1) degy (¢ i)
is positive definite on the kernel of the multiplication by ¢¢~2k+1,

Theorem 2.21. Let £ be any element of K(M).
(1) (Poincaré duality theorem) For every nonnegative integer k£ < d/2, the bilinear pairing
CH*(M) x CH™* I (M) — Q. (m,m2) — degyi(mn2)

is non-degenerate.

(2) (Hard Lefschetz theorem) For every nonnegative integer k < d/2, the multiplication map
Cjk (M) _ 7Hd_k_1 (1\/[)7 n— Ed_2k_177

is an isomorphism.

(3) (Hodge-Riemann relations) For every nonnegative integer k < d/2, the bilinear form
CH*(M) x CH*(M) — @, (m,712) — (—1)"degy (¢ i)

is positive definite on the kernel of the multiplication by £7~%*.

Theorem 2.21 was first proved as the main result of [AHK18].

3. THE INTERSECTION COHOMOLOGY OF A MATROID

The purpose of this section is to define the H(M)-module IH(M) along with various related
objects, and to state the litany of results that will be proved in our inductive argument.
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3.1. Definition of IH(M). Before defining IH(M), we first define an “underlined version” inside
CH(M). Let H(M) be the unital subalgebra of CH(M) generated by 5.

For any subspace V' of CH(M), we set
V= {n e CH(M) | degys(vr) = 0 forall v e v}.

Note that V is an H(M)-submodule if and only if V* is an H(M)-submodule.

We recursively construct subspaces IH(M), K (M) and J(M) of CH(M) as follows.
Definition 3.1. Let M be a loopless matroid of positive rank d.
(1) For a nonempty proper flat F' of M, we define

Kp(M) = " (J(Mp) ® CH(M")) .
Proposition 2.9 shows that this is an H(M)-submodule of CH(M).

(2) We define the H(M)-submodule IH(M) of CH(M) by

L
IH(M) ==< 2 KF(M)> ;

o<F<FE

where the sum is over all nonempty proper flats /' of M.

(3) We define the graded subspace J(M) of CH(M) by setting

M) = {IH’“(M) if k < (d—2)/2,
B2 THAR-2 (N if ko >
For example, when M is a rank 1 matroid, we have
TH(M) = CH(M) = @ and J(M) = 0,
and when M is a rank 2 matroid, we have
IH(M) = CH(M) = Q® Q8 and J(M) = Q.

In Section 12, we will prove that IH(M) satisfies the hard Lefschetz theorem with respect to 3: For
every nonnegative integer k < d/2, the multiplication map

IHM(M) — M (M), p— 8772

is an isomorphism. Equivalently, IH(M) is the unique representation of the Lie algebra

wmsma{ (30 (5 0)(00)]
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such that the first matrix acts via multiplication by 3 and the second matrix acts on IH*(M) via
multiplication by 2k — d + 1. In terms of the sly-action, we have

J0) - ((j 8)-IH<M>.

Some further intuitive justification for this definition can be found in Section 4.1.

3.2. Definition of IH(M). We now consider the graded algebras

H(M) := the unital subalgebra of CH(M) generated by y; for i € E, and
H, (M) := the unital subalgebra of CH(M) generated by y; for i € E and z.

As mentioned before, the subalgebra H(M) can be identified with the graded Mobius algebra of
M defined in the introduction [BHM*22, Proposition 2.18]. If E is the empty set, then x5 does not
exist, and we do not define H,(M). Note that since the homomorphism ¢?: CH(M) — CH(M)
sends —z4 to §3, it sends H, (M) to H(M).

For a subspace V of CH(M), we set
vi= {17 e CH(M) | degy(vn) =0 forallv e V}.
If V is an H(M)-submodule or an H,(M)-submodule, then so is V.
Definition 3.2. Let M be a loopless matroid.
(1) For any proper flat F' of M, we let
Kp(M) = 6 (J(Mp) © CHOME))

Proposition 2.5 shows that this is an H(M)-submodule of CH(M), and when F is nonempty, it

is even an H,(M)-submodule of CH(M).
(2) We define the H(M)-submodule IH(M) of CH(M) by

1
TH(M) = (Z KF(M)) :

F<FE

where the sum is over all proper flats F' of M.

(3) If E is nonempty, we define the H,(M)-submodule IH, (M) of CH(M) by

1
TH, (M) :=< > KF(M)> :
O<F<FE

where the sum is over all nonempty proper flats ' of M.
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3.3. Pulling and pushing the intersection cohomology modules. We now state some basic prop-
erties of the pullbacks and pushforwards for the subspaces we have defined.

Lemma 3.3. For any proper flats ' < G of M, we have
(1) ¥F (K (M) ® CHMP)) € Kg(M) and oF (Kg(M)) = Ko, (Mr) © CH(MF),
2) (K r(Mp) ® CH(MT)) < Ki(M) and o (Kg(M)) = K p(Mp) ® CH(MT),
(3) ¢ IH.(M) € IH(Mp) ® CH(M") and @"TH(M) < IH(Mp) ® CH(MP).

\_/\_/

Proof. For the first part of statement (1), we use the right square of Lemma 2.19 (2):
U (K p (Mp) © CHOM)) = 0" (w3 (3(Me) © CHME)) ®© CH(M"))
= 7 (J(Me) @ vje (CH(ME) ® CH(MT)))
< % (I(Mg) ® CH(MY)) = K (M).
The second part follows similarly, using the left square of Lemma 2.19 (2) and the surjectivity of
gof/[G. Statement (2) follows by the same arguments, using Lemma 2.19 (3).

For the first part of statement (3), we need to show that, for any proper flat G of M properly
containing F, ¢! TH, (M) is orthogonal to Kar(Mp) ®CH(M) in CH(Mp)® CH(M!). By Lemma
2.10, this is equivalent to the statement that TH, (M) is orthogonal to (Kevr(Mp) ® CH(MT))
in CH(M). But this follows from the first part of statement (1). The second part of (3) follows
similarly, using the first part of statement (2). O

Lemma 3.4. The following holds for any loopless matroid M.
(1) For any nonempty proper flat F' of M, we have ¢, IH,(M) < IH(Mp).
(2) For any proper flats I’ < G of M, we have ¢ Kg(M) = Kg\ p(MF).

Proof. To prove (1), it suffices to show that for any flat G containing F’,
¢p IHo(M) and K¢\ (Mp) are orthogonal in CH(Mp).

By Lemma 2.14 and the right commutative square of Lemma 2.19 (4), this is equivalent to the
statement that IH,(M) and

Yr (Ko r(Mp)) = ¢F¢G\F (JMa) ® CH( )
= 4% (I(Mg) @ ¥} CH(ME))
< Ka(M)

are orthogonal in CH(M). But this orthogonality holds by the definition of IH,(M). The second
statement follows similarly using the left square of Lemma 2.19 (4) and the surjectivity of <p1\F/IG. O
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Proposition 3.5. The graded linear subspaces
K (M) € CH(M),

where F varies through all nonempty proper flats of M, are mutually orthogonal in CH(M). Simi-
larly, the graded linear subspaces

Kr(M) € CH(M),

where F' varies through all proper flats of M, are mutually orthogonal in CH(M).

Proof. We only prove the second statement. The first statement follows from the same arguments.

Let F and G be distinct nonempty proper flats. We want to show that Kz (M) = ¢ (J(Mp) ® CH(MT))
is orthogonal to K¢(M) in CH(M). By Lemma 2.6, this is equivalent to showing that

o Kg(M) is orthogonal to J(Mp) ® CH(MY) in CH(Mp) ® CH(M®).

If F and G are incomparable, this follows from Lemma 2.17, so we may assume without loss of
generality that F' < G. But then by Lemma 3.3 (1), we have ¢/ (Kg(M)) = Kevr(Mp) ® CH(MF).
Since J(Mp) is contained in IH(Mp), which is orthogonal to Key #(Mp), the result follows. O

Finally, we need one more variant of the module IH(M), which treats one element i € E differ-
ently than the others. Let H;(M) be the unital subalgebra of CH(M) generated by 3 and zy;,.

Convention 3.6. We take z;, = 0 when {i} is not a flat.

As before, V is an H;(M)-submodule if and only if V* is an H;(M)-submodule. Proposition 2.9
shows that K(M) is an H;(M)-submodule of CH(M) for every nonempty proper flat F different
from {i}. The following module appears in a crucial step of our inductive argument, in Section 10.
Also see Section 4.6 in our guide to the proof.

Definition 3.7. We define the H,;(M)-submodule IH,(M) of CH(M) by

F{i}

1
IH, (M) = ( > KF<M>) :

where the sum is over all nonempty proper flats F' of M different from {i}.”

Note that IH,(M) = IH(M) when {3} is not a flat.
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3.4. The statements. Let N = P, ., N* be a graded Q-vector space endowed with a bilinear form
(=, = NxN->Q

and a linear operator L: N — N of degree 1 that satisfies (L(n),{) = (n,L(§)) for all n, £ € N.

Definition 3.8. Using the notation above, we define three properties for N.

(1) We say that N satisfies Poincaré duality of degree d if the bilinear form (—, —) is non-degenerate,
and for € N7 and ¢ € N¥, the pairing (1, £) is nonzero only when j + k = d.

(2) We say that N satisfies the hard Lefschetz theorem of degree d if the linear map
Ld—2k: Nk N Nd—k
is an isomorphism for all k& < d/2.

(3) We say that N satisfies the Hodge—Riemann relations of degree d if the restriction of

N NP — Q0 (0,6) — (=)L (), &)

to the kernel of LI2¢*1: NF — Nd=k+l j5 positive definite for all & < d/2. Elements of
ker LY~2%+1 are called primitive classes.

We now define the central statements that appear in the induction.

Our first group of statements says that the augmented Chow ring admits canonical decom-
positions into H(M)-modules, and the Chow ring admits canonical decompositions into H(M)-
modules.

Definition 3.9 (Canonical decompositions).
CD(M): We have the direct sum decomposition

CHM) = THM) @ @ Kr(M),
F<FE

where the sum is over all proper flats F' of M.

CD,(M): We have the direct sum decomposition
CHM)=IH.M)® @ KrM),

o<F<FE

where the sum is over all nonempty proper flats ' of M.

CD(M): We have the direct sum decomposition
CHM) =IHM® @ KpM),

o<F<FE

where the sum is over all nonempty proper flats ' of M.
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Convention 3.10. We will use a superscript to denote that the decompositions hold in certain de-
grees. For example, CDS*(M) means that the direct sum decomposition holds in degrees less than
or equal to .

Remark 3.11. Let V and W be finite-dimensional Q-vector spaces with subspaces V; < V and
Wi < W. Given a non-degenerate pairing V' x W — Q, we can define the orthogonal subspaces
Wi- € Vand Vi* € W. Itis straightforward to check that W = W1 ®V;" ifand only if V = V;@W7-.
Applying this fact repeatedly, we have
d
CDF(M) — CD (M), ( ) <= CD<2(M), and CD,(M) <= CDS 2 (M).
Similarly, we have CD(M) <= CD< 2 (M).

Definition 3.12 (Poincaré dualities).

PD(M): The graded vector space IH(M) satisfies Poincaré duality of degree d with respect to the
Poincaré pairing on CH(M).

PD.(M): The graded vector space IH,(M) satisfies Poincaré duality of degree d with respect to
the Poincaré pairing on CH(M).
PD(M): The graded vector space IH(M) satisfies Poincaré duality of degree d — 1 with respect to
the Poincaré pairing on CH(M).

Remark 3.13. Let V' be a finite-dimensional Q-vector space equipped with a non-degenerate sym-
metric bilinear form, and let W < V be a subspace. Then the restriction of the form to W is
non-degenerate if and only if V = W @ W. In light of Remark 3.11, this implies that

CD*(M) «— PD*(M), CD*¥(M) < PD*¥(M), and CD*(M) < PD*(M).

Let R be a graded Q-algebra that is generated in positive degree, and let m < R denote the
unique graded maximal ideal. For any graded R-module N, the socle of N is the graded submod-
ule

soc(N) ={neN|m-n=0}.

The next conditions assert that the socles of the intersection cohomology modules defined in Sec-
tion 3.1 vanish in low degrees. As before, the symbol d stands for the rank of the matroid M.

Definition 3.14 (No socle conditions).

NS(M): The socle of the H(M)-module IH(M) vanishes in degrees less than or equal to d/2.
NS, (M): The socle of the H,(M)-module IH, (M) vanishes in degrees less than or equal to d/2.
NS(M): The socle of the H(M)-module IH(M) vanishes in degrees less than or equal to (d — 2)/2.
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In particular, for even d, the no socle condition for IH(M) says that the socle of the H(M)-module
IH(M) is concentrated in degrees strictly larger than the middle degree d/2. On the other hand,
for an odd number d, the socle of the H(M)-module IH(M) may be nonzero in the middle degree
(d—1)/2.

Recall that we have Poincaré pairings on CH(M) and CH(M) defined by

My §cnmy = degy(n§) and (0, HHanm) = degn(n§).

Moreover, with respect to the above bilinear forms, CH(M) satisfies Poincaré duality of degree d
and CH(M) satisfies Poincaré duality of degree d — 1, by Theorems 2.20 and 2.21.

Definition 3.15 (Hard Lefschetz theorems).

HL(M): For any positive linear combination y = .. ;s ¢;y;, the graded vector space IH(M) satis-
ties the hard Lefschetz theorem of degree d with respect to multiplication by y.

HL.(M): For any positive linear combination y = ;. ;; ¢;y;, there is a positive € such that the
graded vector space IH, (M) satisfies the hard Lefschetz theorem of degree d with respect to mul-
tiplication by y — ex.

HL;(M): For any positive linear combination y' = ;.\, ¢;y;, the graded vector space IH(M)
satisfies the hard Lefschetz theorem of degree d with respect to multiplication by /.

HL(M): The graded vector space IH(M) satisfies the hard Lefschetz theorem of degree d — 1 with
respect to multiplication by g.

HL;(M): The graded vector space IH, (M) satisfies the hard Lefschetz theorem of degree d — 1 with
respect to multiplication by 3 —zy;,. Here we recall our convention that z(;, = 0 if {i} is not a flat.

Definition 3.16 (Hodge-Riemann relations).

HR(M): For any positive linear combination y = } ;. ; ¢;y;, the graded vector space [H(M) satis-
fies the Hodge-Riemann relations of degree d with respect to the Poincaré pairing on CH(M) and
the multiplication by y.

HRo(M): For any positive linear combination y = >}, ¢;y;, there is a positive € such that the
graded vector space IH,(M) satisfies the Hodge-Riemann relations of degree d with respect to
the Poincaré pairing on CH(M) and the multiplication by y — ez 5.

HR;(M): For any positive linear combination y' = ;. ; ¢;y;, the graded vector space IH(M)
satisfies the Hodge—Riemann relations of degree d with respect to the Poincaré pairing on CH(M)

and the multiplication by /.

HR(M): The graded vector space IH(M) satisfies the Hodge—-Riemann relations of degree d — 1
with respect to the Poincaré pairing on CH(M) and the multiplication by S.
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HR;(M): The graded vector space IH,(M) satisfies the Hodge-Riemann relations of degree d — 1
with respect to the Poincaré pairing on CH(M) and the multiplication by 8 — ;.

As before, we will use a superscript to denote that the conditions hold in certain degrees. For ex-
ample, PD*(M) means the Poincaré pairing on CH(M) induces a non-degenerate pairing between
TH* (M) and THY~* (M), and HL*(M) means the hard Lefschetz map from ITH*(M) to TH?~%(M) is an
isomorphism.

Now we state the main result of this paper, which will be proved using induction on the cardi-
nality of the ground set E.

Theorem 3.17. Let M be a loopless matroid on E. If E is nonempty, the following statements hold:

CD(M), NS(M), PD(M), HL(M), HR(M),
CDo (M), NS, (M), PD,(M), HL, (M), HR, (M),
CDb(M), NS(M), PD(M), HL(M), HR(M).

As intermediate steps in the induction, we will also prove the statements HL;(M), HR;(M),
HL;(M), and HR;(M). However, we will not use these statements in our applications, and we
do not need them in the main inductive hypothesis.

Remark 3.18. If E is the empty set, the statements CD(M), PD(M), HL(M), and HR(M) hold tauto-
logically. The statement NS(M) fails, as we have HM) = CH(M) = IH(M) = Q, so the socle is
nonvanishing in degree 0. This is directly related to the fact that the Kazhdan-Lusztig polynomial
of the rank zero matroid has larger than expected degree. The remaining statements do not make
sense because IH, (M) and IH(M) are not defined when E is empty.

4. GUIDE TO THE PROOF

The proof of our main result, Theorem 3.17, is a complex induction involving all of the state-
ments introduced in the previous section. A more or less complete diagram of the steps of the
induction appears in Figure 1. The purpose of this section is to highlight the main steps in the
proof, to explain what these steps mean in the geometric setting when M is realizable, and to
make some comparisons with the structure of the proofs of Karu [Kar04] and Elias-Williamson
[EW14].

We hope that readers will benefit from flipping back to this section frequently as they read the
rest of the paper. However, this section is not needed for establishing the results in this paper;
it is included only to communicate the overall structure and geometric insight behind the main
ingredients of the proof. It may be skipped in full by readers who would like to stick to a purely
formal treatment.
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FIGURE 1. Diagram of the proof
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4.1. Canonical decomposition. As discussed in Section 1.3, when the matroid M is realizable,
CH(M) is the cohomology ring of a resolution X of the Schubert variety Y. Applying the Beilinson—
Bernstein—Deligne-Gabber decomposition theorem to the map 7: X — Y gives a decomposition
of m.Q, as a direct sum of shifted intersection complexes on Y. Since  is constructible for the
stratification of Y by affine spaces UF', these intersection complexes are all of the form IC® (ﬁ; Q)
extended by zero to Y. Furthermore, the closure UF is isomorphic to the Schubert variety Y*
associated with the realization o of the matroid M*. Taking cohomology, CH(M) =~ H*(.Q, )
is a direct sum of graded H(M)-submodules, each isomorphic to a shift of IH(M’) for some flat
F.'% As was noted in Section 1.3, an argument of Ginzburg [Gin91] implies that these modules are
indecomposable, so the summands and their multiplicities are well-defined by Krull-Schmidt.

In our proof, we obtain such a decomposition as a consequence of the coarser decomposition
CD(M) (Definition 3.9). The summand in CD(M) indexed by the proper flat F' is isomorphic as
an H(M)-module to a direct sum of shifts of copies of CH(M?), so it can be further decomposed
using the same formula. Iterating this, one can obtain a decomposition of CH(M) into shifted
copies of IH(M!") for various flats . We prove that these modules IH(M’") are indecomposable in
Proposition 6.4.

The decomposition CD(M) has several properties which make proving it easier than proving the
full decomposition into indecomposable modules directly. First, the summands Kz (M) in CD(M)
are canonical, since the definition of J(M) does not involve any choices (Definition 3.1). Second,
these summands are orthogonal to each other with respect to the Poincaré pairing on CH(M)
(Proposition 3.5), and we define IH(M) to be the perpendicular space to them (Definition 3.2).

The problem then is to show that the terms actually do form a direct sum. Note that, because
the Poincaré pairing on CH(M) is nondegenerate, to prove CD(M) it is enough to show that the
restriction of the pairing to each summand Ky(M) is non-degenerate. In Corollary 7.4, we use
the formal properties of our push/pull operators to show that this holds when F' is a nonempty
proper flat. This is possible because the matroid Mz has a smaller ground set than M, and so our
inductive assumption says that all of our results hold for Mg. Similarly, the pairing on CH(M)
restricts to a non-degenerate pairing on the summands of the decomposition CD(M). Thus at the
very beginning of our induction we are able to deduce CD,(M) and CD(M). The Poincaré duality
statements PD,(M) and PD(M) then follow, as noted in Remark 3.13.

In order to prove CD(M), we need to show that the pairing on IH (M) restricts to a nondegenerate
pairing on the subspace J(M). We show in Proposition 12.2 that this is a consequence of the hard
Lefschetz property HL(M) for IH(M). The idea is the following. Let k¥ < d/2, and take elements
vin JFY(M) = THF1(M) and p in J3*=1(M) = g¢=2*IH*~1(M). (The degrees are chosen so that
¥?(u) and ¥?(v) are in complementary degrees.) Then the adjointness of the operators ¢ and

10The surjection H(M) — H(M™) defined by setting yc = 0 unless G < F makes TH(M*") an H(M)-module.
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©? implies that the pairing of ©?(u) and % (v) is

degyg (V7 (p) - 7 (v)) = —degy (Bu - v). (1)

The nondegeneracy of this pairing then follows because HL(M) and PD(M) imply that the pairing
of IH*~1(M) and g4~ 2#+11H*~1(M) = IHY*(M) is nondegenerate.

4.2. Geometric interpretation. Let us explain the geometry behind these definitions and state-
ments when M is realizable as in Section 1.3. Recall that the augmented wonderful variety X is
obtained from the Schubert variety Y by blowing up the proper transforms of the closures UF of
strata U in order of increasing dimension, and in particular the exceptional divisor has a compo-
nent Dr for any proper flat . The divisor Dy is the fiber of the resolution 7: X — Y over the
point stratum U?; it is the wonderful variety of [DCP95], and we denote it here by X . Its coho-
mology ring is identified with CH(M), and the restriction H*(X) — H*(Dy) is identified with the
pullback ¢?: CH(M) — CH(M) of Definition 2.4, while the Gysin pushforward H*(X ) — H*(X)
is identified with ¢“. (In this section, all cohomology and intersection cohomology groups are
taken with Q coefficients.)

More generally, for an arbitrary proper flat F, the map ¢ of Definition 2.4 is the Gysin push-
forward for the divisor Df, and the map ©!" is restriction to Dp. The divisor D is isomorphic to
the product X x X F where X r is the fiber of the resolution X of the Schubert variety Y over
the point stratum, and X is the resolution of UF. This gives the tensor product decomposition

H*(DF) = H*(Xp) ®g H*(X") = CH(MF) ®g CH(M")

on the domain of ¥

The resolution 7: X — Y factors as X - Y, - Y, where ¢ is the blow-up of Y at the
point stratum U?. The cohomology class of the exceptional divisor pulls back to the element z 4
in CH(M), and the cohomology ring of Y is the ring H,(M) obtained by adjoining x4 to H(M).

There is a natural stratification Y, = [ [,_, U, and the stratum closure U is isomorphic to the
blow-up of UF at the point stratum. Applying the BBDG decomposition theorem to p: X — Y,
gives an isomorphism between p,Q - and a direct sum of shifts of intersection complexes IC* (Tf),
and taking cohomology gives a (non-canonical) expression of CH(M) as a direct sum of shifts of
modules IH,(M*). Our decomposition CD,(M) is then a (canonical) coarsening of this direct sum
decomposition. In particular, IH,(M) is isomorphic to the intersection cohomology of Y; as a
module over H,(M) = H*(Y%).

Applying the decomposition theorem to ¢: Y, — Y gives an isomorphism

g2 1C* (Vo) = IC*(Y) ® D) 1. Q0 [K]®™,
keZ
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where i: U9 — Y denotes the inclusion and my, € Z>o. We can understand the multiplicities my,
of these skyscraper summands inside ¢, IC(Y5) in the following way. We have a bilinear pairing

Hom(ia Qo [k], 4, 1C°(Y2)) x Hom(a, 1C*(Y.), 2@ [k]) — Hom(i2Qyo K], 15Qyy0 [K]) = @

given by composition, and my, is the rank of this pairing. A discussion of this fact can be found
for instance in [JMW14, Section 3], see particularly Proposition 3.2. (Note that there it is assumed
that the blow-up results in a smooth variety, but the argument still applies to the pushforward of
the IC complex when the blow-up is singular.)

This pairing can be identified explicitly as follows. By adjunction and base change we have
Hom(i5 Q0 [k], ¢+ IC* (Y2)) = H ¥ (i'q, IC* (V) = IH H(Y,, Yo \Y) = TH ¥ (),

where Y = 771(U¥?) is the exceptional fiber of the blow-up ¢. The last isomorphism holds because
a neighborhood of Y in Y is isomorphic to a line bundle L over Y. Similarly, we have

Hom (g« IC*(Y5), 4 Q0 [K]) = H*(i* g, IC(Y2))* = IH*(Y)*,
and the pairing is induced by the natural restriction map
HH(Y:, Yo\Y) — THH(Y),

which makes sense because the inclusion of Y into Y5 is normally nonsingular, so IC*(Y5)|y =
IC*(Y). With the identifications above, this map is identified with multiplication by the first
Chern class ¢;(L) on IH®*(Y). But IH*(Y) is isomorphic to the module IH(M), and ¢;(L) acts as
multiplication by ¢? () = —J3, so our pairing is identified with the pairing (1).

The variety Y can be viewed as a “local” counterpart to Y, since the singularity of Y at the
point stratum is the affine cone over the projective variety Y. One of the reasons for the complex-
ity of our inductive argument is the need to prove statements in both the “local” and “global”
setting: we prove a canonical decomposition CD(M) of CH(M) analogous to CD(M), we prove the
Hodge-Riemann relations HR(M) for IH(M), and so on. This is in contrast to Karu’s proof for the
combinatorial intersection cohomology of fans [Kar04], where an important role is played by the
fact that any affine toric variety is a (weighted) cone over a projective toric variety of dimension
one less.

4.3. Rouquier complexes. As an intermediate step to proving HL(M), we prove the weaker state-
ment NS(M) (Definition 3.14). When d is even, the statement that there is no socle in degree exactly
(d—2)/2is equivalent to hard Lefschetz in that degree, since H% (M) and IH? (M) have the same
dimension by Poincaré duality. The no socle condition in this middle degree requires a more elab-
orate argument (discussed in Section 4.7), and our first step is to prove that IH(M) has no socle in
degrees strictly less than (d — 2)/2 (Proposition 8.11).
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We do this by constructing a map of graded H(M)-modules of the form

1 —crkF]

(2)

(M) - DM |15
F

where F' runs over nonempty flats of odd corank, and {mp} are some nonnegative integers. We
show that this map is injective except in the top degree d — 1, so except in that degree the socle of
IH (M) is contained in the socle of the right hand side. Because the maximal flat £ has even corank,
all of the matroids M” on the right side have smaller ground sets, so we can assume NS(M®") holds
by induction. This means that the socle of the summand indexed by F' vanishes in degrees less
than or equal to
rk F' — 2 n cck F'—1 _ d—3
2 2 2 7

and so we can conclude that NS<“Z* (M) holds.

The map (2) arises by taking the stalk at the flat @ of the first differential of a complex C¢(M) of
graded H,(M)-modules, which we call the reduced Rouquier complex. It has the form

1—crk F ZCI‘kG:|

IMWH@%MWW[jZ]H@MMWM{2 )

where the sums are over nonempty flats F', G, etc. for which the indicated shifts are nonpositive
integers, and the first term IH, (M) is placed in cohomological degree 0.

We find the complex C2(M) as a minimal subcomplex of a larger but combinatorially simpler
complex C2(M) defined as follows. We put C2(M) := CH(M), and for positive k, we put
CtM)= @D  wp-wr CHM)[K] (4)
o<Fki<---<F;<FE
The entries of the differential are multiplication by monomials x, up to sign. This complex will
contain a number of acyclic two-step complexes --- - 0 - N 5 N — 0 — - as direct sum-
mands, and taking a complementary summand to all of them gives the complex C3(M). It is
well-defined up to isomorphism of complexes of graded H,(M)-modules.

The modules C¥ (M) are isomorphic to direct sums of graded H, (M)-modules of the form CH(M")[¢]
(Lemma 8.7). We call H,(M)-modules of this form, and more generally direct summands of such
modules, pure H,(M)-modules, in analogy with pure mixed Hodge modules and pure l-adic com-
plexes in algebraic geometry. Using the canonical decompositions CD, (M%) for all nonempty flats
G, we show that an H,(M)-module is pure if and only if it is a direct sum of modules of the form
IH,(M%)[¢] (Corollary 6.6). An important step to proving this is showing that TH, (M) is inde-
composable as an H,(M)-module (Proposition 6.4).

The fact that the summands in the minimal complex C2(M) appear with shifts as in (3) follows
from the fact that the complex C2(M) is o-perverse (Definition 8.1). This condition is an algebraic
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analogue of perversity for constructible complexes on Y;, and it is defined in terms of stalk and
costalk functors

()r, Oy HM)-mod — Q-mod

for FF € L(M) (Definition 5.5). A pure module N has a filtration whose subquotients give all
costalks N ) and another filtration whose subquotients are the stalks Nz, up to a shift (Proposition

5.11).

Applying these functors to a complex C* of pure graded H,(M)-modules gives complexes of
graded vector spaces C%, Cjjy. The complex C* is said to be o-perverse if, for every nonempty flat
F, the cohomology H'(C},) vanishes in all grading degrees j for which i +2j > crk Fand H'(C?y)

vanishes in all degrees j with 7 4 2j < crk F'.

Our main result about perverse complexes is Theorem 8.6, which says that if C*® is a complex
of pure H,(M)-modules which is o-perverse and minimal, meaning that it does not contain any
acyclic direct summands, then for a direct summand TH,(M®)[k] of C?, the shift must be k =
(i —crk F') /2. This result is a version of the “diagonal miracle” for complexes of Soergel bimodules
appearing in the work of Elias and Williamson [EW14, Section 6.5] [EMTW20, Theorem 19.47].
Proving Theorem 8.6 requires estimates on the vanishing of stalks and costalks of IH,(M!) at
nonempty flats G < F (Proposition 6.3). These estimates in particular imply that any complex of
the form (3) is o-perverse, even if all differentials are zero.

We show by directly computing the stalks and costalks that C2(M) is o-perverse (Proposition
8.8). Since the complex C¢(M) is obtained by splitting off acyclic direct summands of C2(M), it
has the same stalk and costalk cohomology, and so is also perverse. Theorem 8.6 then shows that
C2(M) has the form (3), except for showing that the first term is isomorphic to IH,(M), which
requires a small additional argument.

Remark 4.1. We also construct a “non-reduced” Rouquier complex C*(M), which is a complex of
graded H(M)-modules which are pure, meaning that they are isomorphic to direct sums of direct
summands of modules CH(M®")[k]. This complex has a form analogous to (3), but with summands
IH(M%)[k] in place of IH,(M®")[k], and including summands for the flat F' = @. The argument to
construct it is essentially the same as for C2(M), except that the indecomposability of TH(M) and
the stalk and costalk estimates at the empty flat @ require the statements CD(M) and NS(M), which
are not established until the end of our induction loop. As a result, this complex does not play a
role in our main induction. We include it because it is more natural than IH, (M), and because it can
be used to prove that the inverse Kazhdan-Lusztig polynomial of M has nonnegative coefficients
(Theorem 1.5 and Proposition 8.20).

Remark 4.2. The natural setting for studying these complexes would be K®(Pure(H,(M))) and
K°(Pure(H(M))), the homotopy categories of bounded complexes of pure H,(M)-modules or
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H(M)-modules. These will be mixed triangulated categories equipped with ¢-structures whose
hearts are the categories of perverse and o-perverse complexes, and in the realizable case they
should be mixed versions of the derived categories of sheaves on Y and Y, respectively, con-
structible with respect to the stratification by U (respectively UF). This is analogous to the use of
the homotopy categories of Soergel bimodules or parity sheaves on flag varieties to model mixed
sheaves with modular coefficients in the works of Achar—Riche and Makisumi [AR16, Mak17].

However, developing this formalism would add an additional layer of homological algebra
machinery to this paper, and since the key properties of the ¢-structure rely on results (Propositions
6.3 and 6.4) which are only known to hold as a result of the main induction, doing so would not
offer any significant simplifications. So we have elected not to pursue this approach here.

Remark 4.3. When M is realizable, the complexes C*(M) and C2(M) can be viewed as representing
certain “Verma-type” perverse sheaves on the varieties Y and Y5, respectively. We discuss the case
of C*(M); the complex C2(M) can be understood similarly.

Consider the proper pushforward j1Q,,z of the constant sheaf along the inclusion j: U — Y
of the open stratum into Y. Since Ug is affine, this is a perverse sheaf, up to a shift in degree. It
is naturally a mixed sheaf, using either Saito’s mixed Hodge modules or mixed [-adic sheaves, so
it carries a weight filtration whose graded pieces are semisimple perverse sheaves. The modules
C7 (M) are the cohomologies of these graded pieces, and the differentials are induced by the Ext'
classes between successive pieces.

The quasi-isomorphic complex C*(M) has a similar description in terms of the resolution p: X —
Y. The map p restricts to an isomorphism from U = p~Y(UF) to Ug, so we have 1Qur =
p[(jU)!QU, where j: U — X is the inclusion. The complement X\U is a divisor with normal
crossings, with one component for each proper flat, and the nonempty intersections of these divi-
sors are indexed by chains of flats. The i-th graded piece of the weight filtration of the perverse
sheaf (jU)!@U is (up to a shift) the direct sum of constant sheaves on all i-fold intersections of
divisors. Then C*(M) is the cohomology of this graded piece as a module over H*(Y; Q) = H(M).

4.4. Hard Lefschetz for IH(M). The proof of the statement HL(M) (Definition 3.15) follows a stan-
dard argument similar to one which appears in [Kar04] and [EW14], using restriction to divisors
to deduce the hard Lefschetz theorem from the Hodge-Riemann relations for smaller matroids
(Proposition 12.3). The key fact is that multiplication by yr factors as the composition of the maps
¢ and ¢ (Proposition 2.15). We take a class £ = >y 1) CFYF in H' (M) with all ¢ positive, as
in the statement of Theorem 1.6. If we have a class 7 € TH*(M) for k < d/2 for which ¢4=2ky = 0,
applying ¢ for any F € L}(M) gives

er(0)F - pp(n) = 0.
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Since Tk Mpr = d — 1, this says that ¢.(n) is a primitive class in TH*(Mp) with respect to the
class ¢/ := ¢ (¢). This class satisfies the hypotheses of Theorem 1.6 for the matroid Mp, so we
can assume inductively that the Hodge-Riemann relations hold for ¢. By Proposition 2.13 and
Lemma 3.4 (1), we have
0 = degy (¢ %9%) = 3 er degyr,. () op(n)?).
F

Since the cp are all positive, the Hodge-Riemann relations for My imply that all of the sum-
mands have the same sign, and so they all must vanish. Since the Hodge-Riemann forms are
non-degenerate, we must have ¢ (n) = 0 for every F, and so 7 is annihilated by every yr. In
other words, 7 is in the socle of the H(M)-module IH(M). However, we show in Proposition 7.8
that the socle of IH(M) vanishes in any degree less than or equal to d/2 for which the canonical
decomposition CD(M) holds. At this point in the induction, we only know that this decomposition
holds outside of the middle degree d/2, but this is enough to conclude HL(M).

4.5. Deletion induction for IH(M). An important step of our argument is deducing the Hodge-
Riemann relations HR(M) and HR(M) (Definition 3.16), except possibly in the middle degree
(postponed until Section 4.7), by inductively using the Hodge-Riemann relations for matroids
on smaller sets. The arguments for IH(M) and IH(M) are somewhat parallel, but the case of IH(M)
is simpler, so we begin with it even though it appears later in the structure of the whole proof.

This step uses the relation between M and the deletion M\i. This is a matroid on the set E\:
whose independent sets are the independent sets of M which do not contain i. We assume that
i is not a coloop of M, which means that there is at least one basis which does not contain 7, and
so M and M\i have the same rank. If all elements of E are coloops, then M is a Boolean matroid.
This is the base case of our induction; we prove Theorem 3.17 in this case by a direct calculation
in Section 12.2. For simplicity, we assume in this section and in Section 4.6 that all of the rank one
flats are singletons, and in particular that {:} is a flat.

There is a homomorphism §;: CH(M\i) — CH(M) which takes y; to y; for each j # i, and so
it sends H(M\¢) injectively to H(M) (Section 9.1). This map plays a major role in the semi-small
decomposition of CH(M) obtained in [BHM*22]. In Section 9, we prove the following result about
the pullback ¢} IH(M) of our intersection cohomology module by this homomorphism (modulo a
technical issue described in Remark 4.4 below).

Theorem. When considered as a complex of pure graded H(M\i)-modules placed in degree 0, the
module ¢} TH(M) is perverse. As a consequence, 6 IH(M) is isomorphic to a direct sum of graded
H(M)-modules of the form

TH((M\i)%)[~(erk G)/2], ()

where G is a flat of M\i of even corank.
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Remark 4.4. At the stage of the induction at which this argument appears, we only know the
canonical decomposition CD(M) holds in degrees outside of the middle degree when d is even. So
we actually prove the theorem above for a modified module ﬁ-i(M), defined in Section 9.3, which
we can prove is a direct summ;ind of CH(M) (Lemma 9.5). It equals IH(M) except in the middle

degree d/2, where it equals IHZ (M). Because of this, the argument below only gives the Hodge-
Riemann relations for IH(M) in degrees strictly less than d/2. We need a separate argument later
to handle the middle degree, which we highlight in Section 4.7. The theorem as stated is true, but
it can only be proved after the entire induction is finished.

To prove that 0 IH(M) is a pure H(M\i)-module, we use the fact, proved in [BHM22], that
0¥ CH(M) is a direct sum of CH(M\i)-modules of the form CH((M\7)¥")[k] for various flats F €
L(M\i) and k € Z. The proof that it is perverse relies on Proposition 9.4, which says that the stalk
(0N) of the pullback of a pure H(M)-module N at a flat F' € £(M\7) is isomorphic to the direct
sum of the stalks of N at the flats F, F' U i € £L(M) with certain shifts (if either F or F' U i are not
flats of M, their contribution is zero). Combined with the degree restrictions on the stalks of ITH(M)
given by Proposition 6.3, the stalk conditions for perversity of 6} IH(M) follow. Since stalks and
costalks are interchanged by duality (Lemma 5.8) and PD(M) implies that IH(M) is self-dual, we
also get the costalk conditions.

Because M\i has a smaller ground set than M, we can inductively assume that all of our state-
ments hold for all of the matroids (M\i)“ in the theorem. In particular, IH((M\i)%) satisfies hard
Lefschetz and the Hodge-Riemann relations for any positive linear combination ¢' = ., ., c;y; €
H(M\7). The shift by —(crk G)/2 in the summand (x) ensures that each summand is centered at
the same middle degree as IH(M), so our theorem shows that IH(M) satisfies hard Lefschetz for
the class ¢. That is, HL;(M) holds (Proposition 9.9). By keeping careful track of how the Poincaré
pairing restricts to the summand (+) (Lemma 9.10), we can also deduce that the Hodge-Riemann

d
inequalities hold for ¢'. That is, the statement HR; ?(M) also holds (Corollary 9.11).

Next we use a standard deformation argument to pass from the special class ¢ to a class ¢ =
V' + ¢;y; with positive ¢;. We have already shown HL(M), HL;(M), and HRf%(M); that is, IH(M)
satisfies hard Lefschetz for both ¢ and ¢/, and the Hodge-Riemann relations hold for ¢'. But for
a continuous family of classes all of which satisfy hard Lefschetz, the signature of the associated
pairings cannot change, so the Hodge-Riemann relations for ¢’ imply them for ¢. Hence, we have
deduced the statement HR<? (M) (Proposition 11.1).

Remark 4.5. When M is realizable, the theorem above follows from a study of the properties of a
map ¢: Y — Y’, obtained as the restriction of the projection (P')¥ — (P')\ to Y. The image Y’ =
q(Y') is again an arrangement Schubert variety as considered in Section 1.3, given by restricting
themap o: E — V" to E\i. The map is compatible with the stratifications: we have ¢(U¥) = U\
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for each F' € £(M). It is also clear that the fibers of ¢ are either points or rational curves P'. An
easy computation with stalks shows that ¢, IC(Y') is perverse, and by the decomposition theorem,
it is semisimple. These two properties together give the theorem. We point to [BV20, Section 1.1]
for more geometric insight in this direction.

The map ¢: Y — Y’ resembles a map which naturally appears in the inductive computation
of intersection cohomology of Schubert varieties. Let G © B > T be a reductive algebraic group
along with a choice of Borel subgroup and maximal torus, and let W be the associated Weyl group.
For any y € W, the intersection cohomology complex of the Schubert variety X, = ByB/B < G/B
corresponds to the Kazhdan-Lusztig basis element C,, in the Hecke algebra of G. If s is a simple
reflection and ys > y, then the map

Xy * Xy = ByB xp BsB/B — BysB/B = Xy,

induced by multiplication has fibers that are either points or rational curves, and the source is a
P!-bundle over X,,. The pushforward of IC(X, = X;) along this map is perverse, and it is isomor-
phic to a direct sum of IC(X,,) and the IC complexes of smaller Schubert varieties, all with the
appropriate perverse shifts. This is reflected in the fact that in the formula

CyCs = Cys + > pi(2,y)Ca
<y
Trs<x

(see, for example, [Spr82, Section 1.5, Formula (2)]) the coefficients x(x, y) are integers, not more
general Laurent polynomials.

Despite these similarities, the roles of the source and target in the two situations are different.
In our case, the base Y’ is a simpler variety which we can assume inductively that we already
understand. In contrast, the Schubert variety map uses inductive knowledge about X, to deduce
results about the base X .

4.6. Deletion induction for IH(M). In Section 10, we use a similar argument to deduce hard Lef-
schetz and the Hodge-Riemann relations for IH(M) from the same statements for matroids on
smaller ground sets. There is one significant difficulty, however. We would like to decompose
IH(M) as a direct sum of terms of the form

IH((M\0)) [~ (erk G) /2], )

but these are not modules over the same ring. The operators 8y; and Sy;; which act on these
spaces are the images of —z5 in CH(M) and CH(M\i), respectively. However, the natural map
CH(M) — CH(M\i) sends zy to 25 + z(;, 80 By, is sent to By — ;. But 2y, does not act
on IH(M), so we must consider the larger space IH,;(M) (Definition 3.7). It is this space that we
decompose into a sum of terms of the form (5) (Corollary 10.5).
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As a result, we can use the inductive assumptions for matroids (M\i)“ to show that hard Lef-
schetz and Hodge-Riemann hold for the action of 8); — z;, on IH;(M) (Corollaries 10.6 and 10.14).
This statement, combined with NS(M), implies hard Lefschetz for ,; on IH(M) (Proposition 12.1).
By deforming 8); — x(; to By, we get the Hodge-Riemann relations as well (Proposition 11.4).
However, as noted in Section 4.3, in our first pass we only prove NS(M) strictly below the critical
degree (d — 2)/2, so we only get hard Lefschetz and Hodge-Riemann in that range as well. When
d is even, we need an additional chain of arguments to finish the proof in this degree.

4.7. The middle degree. Finally, we are left with the problem of proving the Hodge-Riemann
relations in the middle degree TH? (M). Although the space of primitive classes depends on the
choice of an ample class ¢, if we already know the Hodge-Riemann relations in degrees below d/2,
then showing them in middle degree is equivalent to showing that the signature of the Poincaré
pairing on the whole space TH? (M) is =0 (—1)" dim TH*(M) (Proposition 7.10).

We say that a graded vector space with non-degenerate pairing that satisfies this condition
on the pairing in middle degree is Hancock (that is, “has a nice signature”). This condition is
preserved by taking tensor products and orthogonal direct sums (Lemma 7.11). In [BHM"22],
we showed that CH(M) satisfies Hodge-Riemann, so in particular it is Hancock. The fact that
IH (M) satisfies hard Lefschetz and Hodge—-Riemann implies that J(M) does too, so we can deduce
that each summand Ky(M) in the decomposition CD(M) is Hancock (Corollary 7.14). If every
term but one in an orthogonal direct sum decomposition is Hancock, and the whole space is as
well, then the remaining summand is Hancock (Lemma 7.12). Thus, once we have the canonical
decomposition CD(M), we can deduce that IH(M) is Hancock and thus satisfies Hodge-Riemann
in middle degree (Proposition 7.16).

At this point, our induction still has a gap because we have not proved the decomposition
CD(M) in the middle degree d/2. To fix this, we first work with IH,(M), which we do know
is a direct summand of CH(M). Following the argument of the previous paragraph shows that
IH, (M) satisfies the Hodge-Riemann relations in all degrees (Propositions 7.15 and 11.7), and this
implies that IH, (M) has no socle in degrees less than or equal to d/2 as an H,(M)-module (Propo-
sition 12.4). Because IH(M) is the quotient of IH,(M) by the action of the generators of H(M),
this implies the full condition NS(M), including in the missing degree (d — 2)/2 (Proposition 12.5).
But the lack of socle in IH"z" (M) is equivalent to hard Lefschetz in that degree (Proposition 12.6),
which gives the final ingredient needed to close the induction loop and prove the full canonical
decomposition CD(M) (Proposition 12.2).
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5. MODULES OVER THE GRADED MOBIUS ALGEBRA

In this section we study some basic constructions involving graded modules over the graded
Mobius algebra H(M). This section is entirely independent of Section 3.

5.1. Annihilators. We begin with a general lemma about annihilators of ideals in Poincaré duality
algebras.

Lemma 5.1. Let R be a finite-dimensional commutative algebra equipped with a degree map with
respect to which R satisfies Poincaré duality as in Theorems 2.20 (1) and 2.21 (1). Let I, J < R be
ideals. Let Ann(7) denote the annihilator of I in R. The following identities hold:

(1) If J = Ann(I), then I = Ann(J);
(2) Ann(I + J) = Ann(I) n Ann(J);
(3) Ann(I nJ) = Ann(I) + Ann(J).
Proof. For the first item, notice that Ann(I) = I, where the perp is taken with respect to the

Poincaré duality pairing of R. Since (I1)+ = I, the first assertion follows. The second item is
obvious. For the third item, we use the first and second items to conclude

Ann(I A J) = Ann(Ann (Ann(I)) n Ann(Ann(J)))
— Ann (Ann (Ann(I) + Ann(J)))
= Ann(I) + Ann(J). O
Lemma 5.2. The ideals (zy) and (y; | ¢ € E) are mutual annihilators inside of CH(M).

Proof. By Proposition 2.5 and Proposition 2.7, the annihilator of x4 is equal to the kernel of ¢?,
which is equal to {(y; | i € E). The opposite statement follows from Theorem 2.20 (1) and Lemma
5.1 (1). a

An upwardly closed subset ¥ < £(M) is called an order filter. For any flat ' of M, we will
denote the order filters {G | G > F} and {G | G > F'} by ¥>F and X p, respectively.

Definition 5.3. For any order filter >, we define an ideal of the graded Mobius algebra
Ty = Spang{yc | G € ¥} < H(M).
Note that y = 1 and T = H(M). We will write

=

T>F = TZ;F and T>F = T2>F.

The following lemma generalizes Lemma 5.2.
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Lemma 5.4. For any order filter ¥, the ideals CH(M) - Ty, and CH(M) - {zr | F' ¢ ¥} are mutual
annihilators in CH(M).

Proof. By Lemma 5.1 (1), it is sufficient to prove that CH(M) - Ty is the annihilator of the set
{zp|F¢X}. If F¢ ¥and G € &, then G « F, and hence

yarr = 0.
This proves that CH(M) - Ty, annihilates {zr | F' ¢ £}. For the opposite inclusion, we use down-
ward induction on the cardinality of X.

The base case ¥ = £(M) is trivial. Now suppose that ¥ is a proper order filter and that the
statement is true for all order filters strictly containing ¥. Let 1) be an element of CH(M) satisfying
nrp = 0 for all F' ¢ ¥. We need to show that 7 is in the ideal Yy, - CH(M).

Let H be a maximal flat not in ¥. Then nzy = 0, and applying our inductive hypothesis to the
order filter ¥ U {H}, we find that

Now, for some £, £ € CH(M), we may write

n=yué+ Y yrér.
FeX
Since H ¢ ¥, we have rygyr = 0 for all ' € ¥, and hence
0=xyn=xpyné + 2 cayrér = 2ayné = cavpen(§) = vy (a0 (€)).
Fex
Since 1), is injective, we have 2z (§) = 0 € CH(Mp). By Lemma 5.2, it follows that ¢, () is in
the ideal (yx\pr | K > H) < CH(Mp). Applying v, we see that yg& = 0y (§) is in the ideal
(yk | K > H) < CH(M). By the maximality of H, any flat K strictly containing H is in ¥. Thus,
yg isin Ty, - CH(M), and we conclude that 7 is in Ty, - CH(M). O

5.2. Stalks and costalks. For an order filter ¥ and a graded H(M)-module N, we define
Ny =Ty -N and N¥ = {ne N | Ty -n = 0}.

We will write
N-p = Ny_, and N = N>~

and similarly for the order filter ¥ r. Clearly, if ¥’ < ¥, then Ny € Ny, and N® c N¥'

Definition 5.5. We define the stalk of N at F' to be the quotient

Np e N;F[I‘kF]
E Nop[tk F]
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Dually, we define the costalk of N at F' to be the quotient
N>F
N[ F] = 7N> 7
The stalk and costalk of N are again H(M)-modules, but all of the generators act trivially, so we
will generally consider them as functors from graded H(M)-modules to graded Q-modules.
The following lemma is immediate from the definitions.

Lemma 5.6. For any graded H(M)-module N, we have N = soc(N). If N is a direct summand of
CH(M), then we have a canonical isomorphism Ny =~ ¢?(N) € CH(M).

The stalk or costalk functors at a flat ' can be described in terms of the stalk or costalk functors
at the empty flat for the contraction matroid M, by the following result. Recall that by Corollary
2.16 the submodule yN can naturally be regarded as an H(Mr)-module.

Lemma 5.7. For any graded H(M)-module N, we have canonical isomorphisms
NF = (yFN[rk F])@ and N[F] = (yFN[rk F])[@],

where the stalk and costalk are taken for the flat @ € £L(Mp).

Proof. The first statement follows from

_ Nop[tkF] _ (ypN)>o[rk F]
Norp[tk F]  (ypN)sg[rk F]

The second statement follows from

N>F
N[F] = W = yFN>F[I'kF] = (yFN)>®[I‘kF] = (yFN)[g][I‘kF] = (yFN[I‘kFD[@] Il

Np ~ (ypN)g[rk F] = (ypN[rk F])g.

For any graded H(M)-module N, we write N* for Homg(N, Q). Note that N* has a natural
graded H(M)-module structure.

Lemma 5.8. For any graded H(M)-module N and any flat F', we have a canonical isomorphism of
graded H(M)-modules
(NF)* = (N")py.
Proof. We first prove the lemma when F' = @. The module (Ng)* is equal to the submodule of N*
consisting of functions that vanish on N4, which is the same as (N*)[@].
Now consider an arbitrary flat /. By Lemma 5.7 and the case that we just proved, we have
(NP)* = ((yrN[k F)o)* = ((rNk F)%) ) = (rN)* [tk Fpo)
Since multiplication by yr is an H(M)-module homomorphism of degree rk ', we have

(yrN)*[=rk F] = yp(N*)[rk F].
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Therefore, we have
(Np)* = (yp(N*)[rk F]) 2] = (N*)irps
where the second isomorphism follows from Lemma 5.7. O

5.3. Pure modules. In this section we introduce a special class of graded H(M)-modules called
pure modules, which in a sense are the main objects of study in this paper. In particular, once the
big induction is complete, our main result Theorem 3.17 implies that IH(M) is pure.

Definition 5.9. We say that a graded H(M)-module (respectively a graded H,(M)-module) is pure
if it is isomorphic to a direct sum of direct summands of graded H(M)-modules (respectively of
graded H,(M)-modules) of the form CH(MZ)[k], where F € £(M) and k € Z.

Remark 5.10. It is clear that a pure H,(M)-module is also pure when considered as an H(M)-
module, but a pure H(M)-module need not even admit a structure as an H, (M)-module.

It would be interesting to have an intrinsic characterization of the class of pure H(M)-modules
solely in terms of the graded Mobius algebra H(M), rather than finding them inside the much
more complicated algebra CH(M). We do not currently know of such a characterization. But we
will prove a number of results that say that pure modules have pleasant properties not shared by
general graded H(M)-modules. The first of these results is the following proposition, which says
that a pure module N has a filtration whose successive quotients give its stalks at all of the flats,
and another filtration that gives the costalks. It is the main ingredient in the proof of Proposition
1.8 from the introduction.

Fix an ordering Fi, ..., F;. of £L(M) refining the natural partial order, so that for any &, the set
Yp = A{Fy, ..., F}}
is an order filter. Note that we have natural inclusions Y>, <€ Ty, and Yo, € Ty, | ;.

Proposition 5.11. Let N be a pure graded H(M)-module.

(1) For all &, the above inclusions induce an isomorphism
_ NZFk [I‘ka] i, Ngk [I'ka]

Np, — .
Fe ™ N2 [tk Fi) Ny, ., [tk Fi]

(2) For all &, the above inclusions induce an isomorphism

NZk+1 o N>Fk

N NER C NIAD

Proof. The desired properties are preserved under taking direct sums, passing to direct sum-
mands, and shifting degree, so we may assume that N = CH(M?) for some flat F. If F' * F,
then the source and target of both maps are zero, so both statements are trivial. Thus we may
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assume that F' > Fj. Notice that if we replace M by M’ and each order filter of £(M) by its in-
tersection with £(MF), none of the modules in the formulas change. So without loss of generality,
we can also assume that F' = E, that is, M = M.

Since CH(M)x, = CH(M)>p, + CH(M)x, . ,, the first map is surjective. To show that the first
map is injective, notice that
CH(M)s 5, 0 CH(M)s,,, = CH(M)- T, 0 CHM) - T, .,
= Ann{zg |G > Fi} 0 Ann{zg | G ¢ Zpia}
— Amfze |G 4 Fy)
= CHM): - YTsp,
= CHM)>p,,
where the second and fourth equalities follow from Lemma 5.4 and the third equality follows from
the fact that {G | G > Fi} = k41 n {G | G = F};}. Thus, the first map is an isomorphism.

Since CH(M)*#+1 nCH(M)>F* = CH(M)>*, the second map is injective. To show that the second
map is surjective, notice that

CH(M)>#+1 4 CH(M)>** AmnYs, , +AnnTsp,

= CHM) {z¢ |G ¢ Xks1} + CHM) - {zg | G * Fi}
— CH(M) - {zg | G + Fi}
= Am7Y.p

= CH(M)™"*,

where the second and fourth equalities follow from Lemma 5.4 and the third equality follows from
the fact that ¥ = 341 U {G | G = F}}. Thus, the second map is an isomorphism. O

Remark 5.12. The argument for (1) can be generalized slightly to show that for any pure module
N, the assignment ¥ — Ny; is a sheaf on the finite topological space £ (M), where the topology has
order filters as open sets. However, the stalk of this sheaf at a flat /' is N> p rather than the stalk
N, because ¥ is the smallest open set containing F'. In contrast, the costalk Nz does have a
sheaf-theoretic interpretation: it is the space of sections on X i supported on F'.

Remark 5.13. To see examples of modules for which the conclusions of Proposition 5.11 fail, let
M be the Boolean matroid of rank two on the set E = {1,2}. We indicate subsets of E by con-
catenation, and we order the flats of £L(M) by @,1,2,12. Let N be the ideal in H(M) generated
by y1 and y», or in other words the space spanned by yi, 32, and y12. Then we have Ny, = N,
Ny, = Ny, = Qyi2, and Ny, = 0, so Ny, /Ny, = 0, but the stalk N; is one-dimensional. Thus part
(1) of the proposition fails for N. Part (2) will fail for the dual module N* ~ H(M)/y;2 H(M).
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5.4. Orlik-Solomon algebra. Our second result about pure modules is Proposition 5.14, which
gives a chain complex to compute the costalk Nz (and then, using Lemma 5.7, it can be used
for any costalk). It is only used once, in Section 8.4. By definition the costalk is the kernel of the

homomorphism11

N — G—) YalN
aell(M)

given by multiplication by each generator y, € H'(M). Proposition 5.14 says that if N is pure, this
can be extended to the right to give a complex which is exact in all but the first place, whose k-th
step is a direct sum of submodules yN for rk(F") = k. This complex can be viewed as performing a
sort of inclusion-exclusion computation, but because the lattice £(M) is not Eulerian, the module
yrN may have to appear with multiplicity greater than one. More precisely, the multiplicity is
|u(2, F)|, where p is the Mobius function of £(M). The appropriate vector space we need with
this dimension is the dual of a piece of the Orlik-Solomon algebra of M, so we first recall a few
facts about this algebra. We refer to [OT92, Section 3.1] for more details.

Let £! be the vector space over Q with basis {¢;}icr, and let £ be the exterior algebra generated
by £!. Define a degree —1 linear map dg: £ — £ by setting 0g1 = 0, dge; = 1, and

!
k —~ . .
Os(ei, -+ €i)) = Z(—l) €i, -+ €, e foranyiy,..., i€ E.
k=1

For any subset S = {i1,...,4} < E, we denote ¢;, - - - ¢;, by eg. The Orlik-Solomon algebra of M,
denoted by OS(M), is the quotient of £ by the ideal generated by dgegs for all dependent sets S of
M. The differential ¢ descends to a differential ¢ on OS(M), and the complex (OS(M), 0) is acyclic
whenever the rank of M is positive.

For any flat ' of M, we define a graded subspace £ of £ generated by those monomials eg for
all subsets S < E with closure F. Then we have a direct sum decomposition

E= @ é&r

Fel(M)

which induces a direct sum decomposition

OS(M) = P O0Sp(M).

Fel(M)
Moreover, the natural ring map OS(M¥) — OS(M) induces an isomorphism of vector spaces

OS™F'(MF) = OSr(M).

HRecall that if a rank one flat a is not a singleton, we have y, = y; for any i € a which is not a loop.
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5.5. A complex to compute costalks. Let N be a graded H(M)-module. For all 0 < k£ < d = rk M,
let
Nf= @ OSp(M)*®yrN.
FeLk(M)
Note that OSg(M) sits entirely in degree rk /" and OSp(M)* sits in degree —rk F. In particular,
tensoring with OSp(M)* and multiplying by yr has no net effect on degrees.

We define a differential 6*: Nff — NIt! as follows. If F € £¥(M) and G € £LF+1(M), then the
(F,G)-component of 6* is zero unless ' < G. If F < G, choose i € G\F so that yg = yiyr.
Then the (F, G)-component of ¥ is given on the first tensor factor by the (F,G)-component of
0*: OSp(M)* — OS¢(M)* and on the second tensor factor by multiplication by y;.

Proposition 5.14. If N is pure, then H(N}) ~ Nigj and H™(N}) = 0 for all m > 0.

Proof. Choose a total order on £(M) and define order filters ¥ as in Section 5.3. Consider the
filtration

0= (N)f C ..o c (N7 € (NZr)p = N
obtained by applying the functor ()} to the filtration 0 = N*! < ... € N* < N¥+1 = N,
We claim that the quotient complex
N2k+1 .
( - 2! (6)
(N=k);

is acyclic when k # 1, and when k = 1 it is quasi-isomorphic to the module Nz concentrated
in cohomological degree zero. Given the claim, the desired result then follows from the spectral
sequence relating the cohomology of a filtered complex to the cohomology of its associated graded

complexes.

To show the above claim, we consider the short exact sequence
0 — NZkVE=F _, N=k YE, yFNEk -0,

for any k£ and any flat F. This sequence includes into the same sequence with % replaced by k + 1,
and we have
Nk A NZE+1VE=F NzkuzzF’

so we obtain a short exact sequence

NZk+1VE>F NZk+1 yFNEk+1

0— — — — 0

By Proposition 5.11 (2), the middle term of this sequence is isomorphic to Nz, . If F' < F41, then
Ykt1 U Usp = Xk U 2>, and the first term in our sequence is therefore zero. On the other hand,
if ' € Fk1, then Proposition 5.11 (2) implies that the first term of our sequence is Nz}, and
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therefore that the first map in our sequence is an isomorphism. Putting these two observations
together, we conclude that

ypN>=+1 {N[Fk] if I/ < Fiy1,

yrNZx 0 otherwise.

It follows that there is an isomorphism of complexes

(NEkJrl)!’ .
Ty = OSAMT @ N,

where the right-hand side has the differential 0* ® idny,, ;. Therefore, the complex (6) is acyclic
unless rk Mf* = 0. This happens only when k = 1, in which case the quotient complex has only
the module Nz = Nig) in cohomological degree zero. O]

6. INTERSECTION COHOMOLOGY AS A MODULE OVER THE GRADED MOBIUS ALGEBRA

In this section, we apply some of the constructions from Section 5 to the intersection cohomol-
ogy module IH(M) < CH(M). In particular, we study its stalks and costalks, and prove that under
suitable hypotheses it is indecomposable as an H(M)-module. We also study the H,(M)-module
IH, (M) similarly.

For most of the remainder of the paper, we will prove very few absolute statements. Most of
what we prove will be of the form “If X holds, then so does Y.” At the end, we will use all of these
results in a modular way to complete our inductive proof of Theorem 3.17.

Remark 6.1. The main results of this section are Propositions 6.3 and 6.4, and Corollary 6.6. Each
of these results has two parts, the first pertaining to the module IH(M) and the second pertaining
to the module IH, (M). We note that only the second parts of these three results will be used in our
large induction. The first parts require that we know CD(M), and will only be applied after the
induction is complete. This was alluded to earlier in Remark 1.10.

Recall that by Corollary 2.16, yrN is an H(Mp)-module for any H(M)-module N and any flat F'.

6.1. Stalks and costalks of the intersection cohomology modules.

Lemma 6.2. Let F' be a nonempty flat such that CD(Mp) holds.

(1) If CD*(M) holds, then ¢ (IH*(M)) = TH*(Mp). If this holds for all k, then we have a graded
H(Mp)-module isomorphism yp IH(M) =~ IH(Mp)[—rk F].

(2) If CD¥(M) holds, then o (IH*(M)) = TH*(Mp). If this holds for all k, then we have a graded
H(Mp)-module isomorphism yp IH,(M) =~ IH(Mg)[—rk F.
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Proof. We prove statement (1); the proof of (2) is identical. For notational convenience, we will
assume that CD*(M) holds for all &, but in fact the argument makes sense one degree at a time.

For any nonempty proper flat G of M, we apply ¢ to the direct summand K¢ (M). By [BHM 722,
Proposition 2.28], if G * F, then ¢, Kg(M) = 0. Thus applying Lemma 3.4 (2) gives

or( @ KeOD) = @ Kar(Ma).

G<FE F<G<E

By Lemma 3.4 (1), we also have ¢,(IHM)) < ¢n(IH,(M)) < IH(Mp). Therefore, the map ¢
is compatible with the canonical decompositions in the sense that it maps IH(M) to IH(Mr) and
it maps the sum of the smaller summands to the sum of the smaller summands. Since ¢, is
surjective, it must restrict to a surjective map from IH(M) to IH(Mp), so ¢(IHM)) = TH(Mp).
Applying the injective map . to this equality, we obtain the second part of statement (1). O

Proposition 6.3. Suppose that F is a proper flat for which CD(Mp), PD(Mf), and NS(Mf) hold.

(1) If CD(M) holds, then the costalk TH(M)f) vanishes in degrees less than or equal to (crk F')/2
and the stalk IH(M)  vanishes in degrees greater than or equal to (crk F)/2.

(2) If F # @ and CDo(M) holds, then the costalk IH, (M) vanishes in degrees less than or equal
to (crk F')/2 and the stalk IH, (M) r vanishes in degrees greater than or equal to (crk F')/2.

Proof. For any nonempty proper flat F, it follows from Lemmas 5.7 and 6.2 (2) that

IH, (M) = (yr IHo (M) [rk F]), ;= TH(Mp) ).

(2]
Thus, NS(Mp) implies that IH, (M) vanishes in degrees less than or equal to (crk F7)/2. Similarly,

we have

IHo(M)p = (yr IHo(M)[rk F]) , = IH(Mp)g.

By PD(Mp), there is a natural isomorphism IH(Mp)* =~ IH(Mp)[crk F'] of H(M)-modules. Then
by Lemma 5.8, we have

IH(Mp)g = (TH(Mp)*)[z1)" = (THMp)[g[crk F]) "

By NS(Mp), it follows that IH(Mp)[) vanishes in degrees less than or equal to (crk £7)/2, and
hence TH(Mr)g[crk F] vanishes in degrees less than or equal to —(crk F')/2. Thus, IHo(M)r =
IH(MF)[g)[crk F]* vanishes in degrees greater than or equal to (crk F)/2.

This concludes the proof of statement (2). When F'is a nonempty flat, the proof of (1) is identical.
When F' = @, NS(M) implies that IH(M)g vanishes in degrees less than or equal to d/2. By
PD(M), IH(M)g vanishes in degrees greater than or equal to d/2. O
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6.2. Indecomposability of IH(M) and IH,(M) and pure modules. The next result concerns the en-
domorphisms and indecomposability of the graded H(M)-module IH(M) and the graded H,(M)-
module IH,(M).

Proposition 6.4. Let M be a loopless matroid with ground set E.

(1) Suppose that CD(Mf), PD(Mp), and NS(MF) hold for all proper flats F'. Any endomorphism
of the graded H(M)-module IH(M) that induces the zero map on the stalk IH(M)g is in fact
the zero endomorphism of IH(M). In particular, IH(M) has only scalar endomorphisms, and
is therefore indecomposable as an H(M)-module.

(2) Suppose that E is nonempty, CD,(M) holds, and CD(Mp), PD(Mp), and NS(Mp) hold for
all nonempty proper flats F. Any endomorphism of the graded H,(M)-module IH,(M) that
induces an automorphism of the stalk IH,(M)g is in fact an automorphism of IH,(M). In
particular, IH, (M) is indecomposable as an H, (M)-module.

Proof. For statement (1), we proceed by induction on the cardinality of the ground set £. When
E is empty or consists of a singleton, the proposition is trivial. Let f be an endomorphism of
IH(M) that induces the zero map on IH(M)g. For each rank one flat G, Lemma 6.2 (1) implies
that yg TH(M) =~ IH(M¢)[—1]. Since f restricts to an endomorphism of the graded H(M¢)-module
IH(Mg) that induces the zero map on the stalk IH(Mg) g\ = IH(M)g, the inductive hypothesis
implies that f restricts to zero on each submodule yg IH(M). Thus, the map f: IH(M) — IH(M)
factors through the quotient module IH(M) of IH(M) and has image contained in the submodule
[H(M)g of IH(M). But then it must be the zero map by Proposition 6.3 (1). The conclusion that
IH(M) has only scalar endomorphisms follows from the fact that IH(M) g =~ Q is one-dimensional.

Next, we prove statement (2). Suppose that f is an endomorphism, but not an automor-
phism, of TH,(M) that induces an automorphism of the stalk IH,(M)g. Since IH,(M)r = Q is
one-dimensional, the induced automorphism of f on the stalk IH,(M)z must be a nonzero scalar
multiple, which we denote by c.

By Lemma 6.2 (2), we have yr IH,(M) =~ IH(Mp)[—rk F] for any nonempty flat F'. By state-
ment (1), the restriction of f to IHo(M)>y = > ., yr IHo(M) is equal to multiplication by c.
Choose a nonzero homogeneous element 7 of minimal degree in the kernel of f. For any nonempty
flat I/, we have

cypn = f(ypn) = ypf(n) = yp -0 =0.
Thus, y,n = 0 for any nonempty flat . By Lemma 5.2, this implies that 7 is a multiple of x4 in
CH(M). By CD,(M), IH,(M) is a direct summand of CH(M) as an H,(M)-module. Hence, n = 25¢
for some £ € ITH,(M). We have

0= f(n) = flzzf) = zxf(§).
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Thus f(£) is in the intersection of the annihilator of 5 and IH, (M), which is equal to IH, (M)~ .
Let & = f(&)/c. Since ¢’ € TH, (M)~ g, we have f(¢') = ¢&' = f(€), and hence f (£ —¢') = 0. Since

0#n =18 =15§-¢),
we have £ — & # 0. This contradicts the minimality of the degree of 7. O

Remark 6.5. 1t is also true that the only endomorphisms of IH,(M) as a graded H,(M)-module are
multiplication by scalars. We will prove this later, as Lemma 10.10. Although the statement would
fit as part of Proposition 6.4, the proof needs some results from the next section, so we postpone it
until the section where it is used.

Using Proposition 6.4, we get the following basic characterization of pure H(M)-modules and
pure H, (M)-modules.

Corollary 6.6. Let M be a loopless matroid with ground set E.

(1) Suppose that CD(M%), PD(M%), and NS(M$) hold for all flats /' < G. Then a graded H(M)-
module is pure if and only if it is isomorphic to a direct sum of modules of the form IH(M%)[k]
for G e L(M) and k € Z.

(2) Suppose that E is nonempty, CD,(M%) holds for all nonempty flats G, and CD(M%), PD(M%),
and NS(M) hold for all flats @ < F < G. Then a graded H,(M)-module is pure if and only
if it is isomorphic to a direct sum of modules of the form IH,(M%)[k] for F € £L(M)\{@} and
ke Z.

Proof. To prove (1), note that the decomposition CD(M) expresses CH(M) as a direct sum of IH(M)
and H(M)-submodules isomorphic to CH(M®)[k]. So using the decompositions CD(M%) induc-
tively, we can write CH(M) as a direct sum of modules of the form IH(M®)[k]. Proposition 6.4
then shows that these summands are all indecomposable as H(M)-modules. The result follows.
Statement (2) follows similarly. O

7. THE SUBMODULES INDEXED BY FLATS

In order to define the modules IH(M) < TH,(M) € CH(M) and IH(M) < CH(M), we made use
of the submodules

Kp(M) = ¢ (J(Mp) ® CH(MF)) € CH(M)

for all proper flats F', and the submodules

Kp(M) = " (J(Mp) ® CH(M")) < CH(M)
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for all nonempty proper flats F. The purpose of this section is to understand the relationship
between the intrinsic Poincaré pairings on these pieces and the pairings induced by the inclusions
into the Chow ring and augmented Chow ring of M.

7.1. The Poincaré pairing on Kz (M). Suppose that
N= P NV
0<i,j<d
is a finite-dimensional bigraded Q-vector space. Suppose that N is equipped with a bilinear pair-
ing (—, —) such that, if 4 € N*/ and v € N*, then (u,v) # 0 only when i + j + k + | = d. Suppose
that r € N. We say that the pairing is adapted to r if it satisfies the following properties:
(1) dimN® = dim N"~%4""J forany 0 < i <rand 0 < j < d —r;

(2) if pe NoJ, y e N* and i 4+ k < r, then {u,v) = 0.
We define the r-reduction of the original pairing to be the new pairing (—, —), defined by

Ve = D Lptigs Vi),
i7j7k7l
i+k=r

where 1,5 is the projection of p to N*/, and similarly for .

Lemma 7.1. Suppose that the bilinear form (—, —) is adapted to r. Then (—, —), is non-degenerate
if and only if (—, —) is non-degenerate.

Proof. This translates to the statement that if a matrix is block upper triangular and its block diag-
onal part is nonsingular, then the original matrix is nonsingular. O

The following lemma is an immediate consequence of the definitions.

Lemma 7.2. Suppose that PD(M), HL(M), and HR(M) all hold. Then J(M)[—1] satisfies Poincaré
duality, hard Lefschetz, and Hodge—-Riemann, all of degree d, with respect to the hard Lefschetz
operator

L2 JD[-11F = (M) — JERL0) = JOD[-1EE, e 5y

and the Poincaré pairing
(&) = —degn(B1¢).

Let F be a proper flat. To understand the pairing on Kr(M), we will apply Lemma 7.1 to the
bigraded vector space J(Mg)[—1] ® CH(M). This vector space has two natural bilinear pairings.
The first, which we denote (-, -)F, is the tensor product of the Poincaré pairings on J(Mp)[—1]
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and CH(MF"). The second, which we denote {-, -)cp), is the restriction of the Poincaré pairing
on CH(M) via the inclusion

J(Mp)[-1] ® CHM) — CH(M)

induced by ¥, which matches the total grading on the source with the grading on the target.
Similarly, the bigraded vector space J(Mr)[—1] ® CH(M!") has two natural bilinear pairings. The
first, which we denote (-, -)p, is the tensor product of the Poincaré pairings on J(Mp)[—1] and
CH(M™). The second, which we denote (-, -)cH(M), 18 the restriction of the Poincaré pairing on
CH(M) via the inclusion

J(Mp)[-1]® CH(M") — CH(M)
induced by .
Proposition 7.3. Letr = crk F.
(1) The pairing (-, - on J(Mr)[—1] ® CH(MF") is adapted to r, and its r-reduction is equal to the
pairing -, )cr()-
(2) The pairing (-, > on J(Mr)[—1] ® CH(MF') is adapted to r, and its r-reduction is equal to the

pairing (-, ->07H(M).

Proof. We prove only part (1); the proof of part (2) is identical. The first condition for adaptedness
follows from the Poincaré duality statements of Lemma 7.2 and Theorem 2.20. For the second
condition, let

i e JMp)[-1] ® CH (MF) = I~ (M) ® CHI (M)
and

ve JMp)[-1]F ® CH (M) = 1 (Mp) ® CH/(MT).
By Lemma 2.18 (1), we have

(s vycu) = degy (" (1) - v (v)) = —degyr, ® degyr ((By, @ 1+ 1 ® aygr ) ).
Ifi + k < r, then
(Bui, ® 1+ 1® aygr)ur € CH=E) =1 (M) @ CH(MT)
and hence {u, v)cur) = 0. This proves that the first pairing is adapted to r. If i + k = r, then
(1® ayr)uv € CH™2(Mp) ® CH(MY),

hence we have

s, vyomoy = —degy, ® degyr ((Bu,, ® Div) = (i, v)r.
This completes the proof. U
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7.2. Beginning the induction: the coarse canonical decomposition. In this section, we use Propo-
sition 7.3 and the assumption that Theorem 3.17 holds for smaller matroids to show that the de-
composition CD, (M) holds. We then show that CD, (M) implies some useful relations between our
modules IH, (M) and IH(M) under the push and pull operators 1/, ¢2.

Assume throughout the section that E is nonempty.

Corollary 7.4. Assume that all of the statements of Theorem 3.17 hold for M for every nonempty
proper flat F'. Then the statements PD,(M), PD(M), CD,(M), and CD(M) hold.

Proof. By Proposition 3.5, the subspaces Kz (M) are mutually orthogonal as F* varies through all
nonempty proper flats of M. By Lemmas 7.1 and 7.2, Proposition 7.3, and Theorem 2.20 (1), the re-
striction of the Poincaré pairing on Kr(M) = ¢ (J(Mr) ® CH(M')) = CH(M) is non-degenerate.
These statements imply that the sum of these subspaces of CH(M) is a direct sum and the restric-
tion of the Poincaré pairing to this direct sum is non-degenerate. Since IH, (M) is defined to be the
orthogonal complement of the above direct sum, we have an orthogonal decomposition

CHM) = TH,(M)® P Kr(M)

o<F<E

and the restriction of the Poincaré pairing to IH,(M) is also non-degenerate. Thus, PD,(M) and
CD,(M) hold. The statements PD(M) and CD(M) follow from the same arguments. O

Proposition 7.5. If CD,(M) holds, then (zg) n IH,(M) = x5 IH,(M).
Proof. By CD,(M), we have

{xgy nTHo(M) = 5 CH(M) n IH, (M)

=(a:@IHO(M)(—B P a:gKF(M)>mIHO(M):xQ,IHO(M). 0

o<F<FE

Corollary 7.6. If CD,(M) holds, then ¢? (IH,(M)) = IH(M).

Proof. Let G be a nonempty proper flat of M. By Lemma 3.3 (1), we have
V7Ka(M) < K (M).

Therefore, IH, (M) is orthogonal to ¢? K, (M) with respect to the Poincaré pairing on CH(M). Then
Proposition 2.5 (5) and (6) implies that ¢?(IH,(M)) is orthogonal to K (M) with respect to the
Poincaré pairing on CH(M). Thus ¢?(IH,(M)) < IH(M).

On the other hand, Lemma 3.3 (1) also gives

©? Kg(M) = Kg(M)
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for any nonempty proper flat G. Hence IH(M) is orthogonal to ¢? K (M) with respect to the
Poincaré pairing on CH(M), or equivalently (by Lemma 2.6) ¢?(IH(M)) is orthogonal to K¢ (M)
with respect to the Poincaré pairing on CH(M). Thus ¢ (IH(M)) < IH,(M).

By the definition of ¢)?, we have ¢?(IH(M)) < {xz). Then by Proposition 7.5, we have
GP(TH(M)) € THo (M) A o) = 25 - THo (M) = 672 (I, (M)
By the injectivity of ¢/?, it follows that IH(M) < ¢ (IH,(M)). O

Corollary 7.7. If CD,(M) holds, then (zz) n ITH,(M) = ?(IH(M)).

Proof. By Corollary 7.6 and Proposition 2.7, we have
Y?(IH(M)) = ¢7¢” (IHo (M)) = 25 - THo (M).
The statement then follows from Proposition 7.5. O
Proposition 7.8. If CD,(M) holds, then for any k£ < d/2 we have
CD*(M) — NSF(M).

Proof. Suppose that y € TH*(M) and y;n = 0 for all i € E. By Lemma 5.2, 5 is a multiple of z.
Thus, Corollary 7.7 implies that

ne? (IH1 (M) = 2 (I 1(M)).

However, CD*(M) implies that TH* (M) n 12 (J*~*(M)) = 0. Therefore, we have n = 0. O

7.3. The Hancock condition. Let N = ), _, N be a finite-dimensional graded Q-vector space
equipped with a symmetric bilinear form. Let

Px(t) =) t" dim N
k=0

be the Poincaré polynomial of N. We say that N is Hancock if the signature of the bilinear form (the
number of positive eigenvalues minus the number of negative eigenvalues) is equal to Px(—1).

Remark 7.9. If the symmetric bilinear form on N satisfies Poincaré duality of degree d, then its
signature is equal to the signature of its restriction to the degree d/2 piece. In particular, if d is odd,
then the signature is necessarily zero, as is Px(—1). Thus when d is odd, the Hancock condition
follows automatically from Poincaré duality.

The motivation for the Hancock condition is the following proposition.
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Proposition 7.10. Suppose that L: N — N is a linear operator of degree 1 with respect to which
N satisfies the hard Lefschetz theorem of degree d. Suppose that d is even and that N satisfies the
Hodge-Riemann relations of degree d in all but the middle degree. Then N satisfies the Hodge—
Riemann relations in middle degree if and only if N is Hancock.

Proof. The hard Lefschetz theorem implies that

/2
Nd/2 — @ L(d/2)_k ker(Ld_2k+1).
k=0

For all k£ < d/2, the Hodge-Riemann relations in degree k are equivalent to the statement that the
signature of the restriction of the bilinear form to L(@/2)=F ker(L4-26+1) is equal to (—1)¥(dim N* —
dim N*~1). If we assume the Hodge-Riemann relations in all but one degree, this means that the
Hodge-Riemann relations in the missing degree are equivalent to the statement that the signature
of the bilinear form is equal to

d/2
D1 (=1)F(dim N* — dim N¥1).
k=0

By hard Lefschetz and the fact that d is even,
_(_1)k dim Nk*l _ (_1)d7k+1 dim Nd*k+1’

thus the expected signature is

/2
3 ((—1)kdime + (—1)d_’“+1dimNd_’“+1> — Py(-1).
k=0

This completes the proof. O

Lemma 7.11. If N and N’ are both Hancock, then so are N@® N’ and N ® N'.

Proof. This follows from the fact that signature and Poincaré polynomial are both additive with
respect to direct sum and multiplicative with respect to tensor product. O

Lemma 7.12. Suppose that N is Hancock and N = No@N;@®- - -@®N; is an orthogonal decomposition.
If N1, ..., N; are all Hancock, then so is Ny.

Proof. This follows from the fact that the signature and the Poincaré polynomial are both additive
with respect to the orthogonal decomposition. O

Now suppose that N has a bigrading N = @; j>oN%/ refining the given single grading, in the
sense that N¥ = @, ;_ ;NI
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Lemma 7.13. A graded bilinear form that is adapted to r is Hancock if and only if its r-reduction
is Hancock.

Proof. This follows from the fact that the matrix of the bilinear form and its block diagonal part
with respect to the decomposition induced by the bigrading have the same multiset of eigenval-
ues. O]

Corollary 7.14. Let F be a nonempty proper flat of M such that PD(Mp), HL(Mf), and HR(Mp)
hold. The graded subspace K (M) is Hancock with respect to the Poincaré pairing on CH(M), and
the graded subspace K;-(M) is Hancock with respect to the Poincaré pairing on CH(M).

Proof. We prove the first statement; the proof of the second is the same. Let r = crkF. By
Proposition 7.3 and Lemma 7.13, this is equivalent to the statement that the graded vector space
J(Mp)[-1]® CH(MF) is Hancock with respect to the pairing (-, -)r. By Lemma 7.11, it is sufficient
to prove that CH(M!") and J(Mp)[—1] are both Hancock. The first assertion follows from Theorem
2.20 and Proposition 7.10. The second assertion follows from Lemma 7.2 and Proposition 7.10. [J

Proposition 7.15. Assume that PD(Mf), HL(Mp), and HR(M ) hold for all nonempty proper flats
F of M. Then

CD.(M), HL.(M), and HRZ?(M) —> HR.(M).

Proof. Proposition 7.10 tells us that we need to show that IH,(M) is Hancock. By Corollary 7.14,
Kr(M) is Hancock for all nonempty proper flats F' of M. Theorem 2.20 and Proposition 7.10 tell
us that CH(M) is Hancock, thus the subspace IH, (M) is Hancock by CD, (M), Proposition 3.5, and
Lemma 7.12. g

Proposition 7.16. Suppose that E is nonempty and the following statements hold:
CD(M), HL(M), HR<2 (M), HLo(M), HR,(M), PD(M), HL(M), and HR(M).

Then HR(M) also holds.

Proof. By Proposition 7.10, it suffices to show that IH(M) is Hancock. By CD(M), we have
TH, (M) = IH(M) @ ¢ (J(M)).

Since PD,(M), HL,(M), and HR.(M) hold, Proposition 7.10 implies that IH,(M) is Hancock. By
PD(M), HL(M), and HR(M), Lemma 7.2 and Proposition 7.10 combine to tell us that ¢ (J(M)) is
Hancock. Finally, IH(M) is Hancock by Lemma 7.12. O
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8. ROUQUIER COMPLEXES

The main result of this section is Proposition 8.11, which deduces the no socle condition N75<% (M)
in all except the degree closest to the middle, assuming CD,(M) and all our statements for ma-
troids on fewer elements. The tool we use to prove this is the Rouquier complex, a complex of
pure graded H,(M)-modules which plays a role analogous to the Rouquier complex of Soergel
bimodules in [EW14].

Let C* be a complex of pure graded H(M)-modules. Applying the stalk and costalk functors to

each step of this complex gives complexes Cf,, Cpp of graded Q-modules.

Definition 8.1. We say that a complex C* of pure graded H(M)-modules is perverse if, for all flats
F e £L(M), we have

(a) For all i, the cohomology of the stalk complex H*(C$,) vanishes in degrees j for which
i+ 2j > crk F, and

(b) for all 7, the cohomology of the costalk complex Hi(CfF]) vanishes in degrees j for which
i+2j < crk F.

If C* is a complex of pure graded H,(M)-modules, we say that it is o-perverse if the above condi-
tions hold for all nonempty flats F.

Remark 8.2. In the realizable case, the homotopy category K®(Pure(M)) of complexes of pure
H(M)-modules is a “mixed” analogue of the derived category of sheaves on Y constructible with
respect to the stratification by cells U¥". From that point of view, the perverse complexes form the
heart of a t-structure on K°(Pure(M)), and many of the structures and results in geometric repre-
sentation theory that hold for mixed perverse sheaves on flag varieties will have analogs in this
setting. But for the purposes of this paper we only need to construct one particular complex, so
we do not pursue this formalism here.

Remark 8.3. We are using a somewhat nonstandard convention on shifts and grading. To match
with the standard definitions of perverse sheaves in topology, it would make more sense to put
the generators zp, y; in degree two, so that H(M) and CH(M) have even gradings, and adjust the
shifts in the definition of perversity so that IH(M!")[rk F'] placed in cohomological degree 0 would
be perverse.

8.1. Minimal subcomplexes and perversity. We begin with a standard lemma in homological
algebra.

Lemma 8.4. Suppose that (C*,0) is a complex in some abelian category and we have direct sum
decompositions of two consecutive objects

Ck _ Pk’ o Qk and Ck’-i—l _ Pk-i—l e Qk-l-l
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for some k with the property that the composition
pk s ck 2%, ck+1 _, ph+1

is an isomorphism. Then (C*, 0) has as a direct summand a two-step acyclic complex whose k-th
and (k + 1)-st graded pieces are isomorphic to P*.

Proof. First, we can replace P**! by the image of P* in C**1. It is easy to check that the direct sum
decomposition still holds, and now the differential sends P* to P¥*! isomorphically. Next, replace
QF by the kernel of the composition C* — C**+1 — Pk+1 Tt is again easy to check that our direct
sum decomposition still holds and that the differential sends Q¥ to Q**!. Now the differential
ok=1: Ck=1 — (CF has image contained in ker 0¥, which is contained in QF, and o¥*!(Pk*!) =

oFT1oFPF = (. So we obtain the desired direct sum of complexes. O

If C* is a complex of graded H(M)-modules (or graded H,(M)-modules), we can split off as
many two-term acyclic complexes as possible until there do not exist k, P¥ # 0, P**1, Q*, and
QF*1 such that the hypotheses of Lemma 8.4 hold. We call the resulting subcomplex C* < C* a
minimal subcomplex of C*. Since C*® is the direct sum of C* and an acyclic complex, C* and C*
have the same stalks and costalks. In particular, if C* is perverse or o-perverse, so is C°.

Remark 8.5. Even though the subcomplex C* of C* depends on the choices of splitting, its isomor-
phism class as a complex of H(M)-modules (or H,(M)-modules) is uniquely determined. In fact,
the category of bounded complexes of finitely generated H(M)-modules is an abelian category in
which every element has finite length. By the Krull-Schmidt theorem, the complex C* admits a
decomposition into a direct sum of indecomposable complexes of H(M)-modules, and the sum-
mands are uniquely determined up to isomorphisms. Removing all two-term acyclic summands,
we obtain C*.

For the next result and several additional results in this section, we will use the following condi-
tions as hypotheses. The first condition implies that the conclusions of Proposition 6.3, Proposition
6.4, and Corollary 6.6 hold for any module TH(M%), and the second condition does the same for
modules TH,(M%).

Condition A. CD(M$%), PD(M%), and NS(M%) hold for all flats F' < G.

Condition B. F is nonempty, CD,(M%) holds for all nonempty flats G, and CD(M%), PD(M%), and
NS(M%) hold for all flats & < F < G.

Note that condition A, and any results which rely on it, will only be known once the main induc-
tion loop is finished, while condition B holds at the beginning of our induction by Corollary 7.4.
Under these hypotheses we have the following characterization of minimal perverse complexes
of H(M)-modules and minimal o-perverse complexes of H,(M)-modules.
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Theorem 8.6. Let C* be a minimal complex of pure H(M)-modules (resp. a minimal complex of
pure H,(M)-modules) and assume that condition A (resp. condition B) holds. Then the following
are equivalent:

(a) Each C' is isomorphic to a direct sum of modules of the form
TH(MP)[k] (resp. TH,(MF)[]),

where F' € L(M) (resp. F' € L(M)\@) and k = (i — crk F') /2.

(b) Each module C' is perverse (resp. o-perverse) when considered as a complex placed in
degree .

(c) The complex C* is perverse (resp. o-perverse).

Proof. Suppose that C* is a complex of pure H(M)-modules and condition A holds; the other case
is proved in the same way.

Suppose that property (a) holds, and let TH(M!")[k] be a direct summand of C?, so k = (i —
crk F)/2. We have (IH(M®)[k])r = (IH(MF)[k]);s = Q[k], which is only nonzero in degree
j = —k. Since i + 2j = crk F, the conditions of Definition 8.1 hold for F. If Gisa flatand G £ F,
the stalk and costalk at GG vanish, so the conditions hold automatically. So suppose G < F'. Then
by Proposition 6.3, the costalk (TH(M") [k])[c) vanishes in degrees less than or equal to

(tkF —1kG)/2 —k = (kF —1kG+ cak F —i)/2 = (ctk G — i) /2,

and the stalk at G vanishes in degrees greater than or equal to (crk G — i)/2. Thus statement (b)
of the theorem holds. Note that we have shown a stronger statement for all flats G # F": for this
summand, the strict inequalities in Definition 8.1 can be replaced by non-strict inequalities.

If statement (b) holds, it means that the complex (C*, 0 = 0) with zero differential is perverse.
Since setting the differentials to zero can only make the cohomology larger, this immediately im-
plies statement (c).

Finally, let us suppose (c) holds, so that C* is minimal and perverse. By Corollary 6.6, each
C? is isomorphic to a direct sum of modules of the form TH(M®')[k], so we need to show that this
module can only appear in C* with shift k = (i —crk F') /2. We prove this by induction on crk F. As
the base case we take crk F' = —1; there are no such flats, so the statement is trivial. Now suppose
that crk F' > 0 and the statement holds for all flats of smaller corank.

Let us suppose that k > (i —crk F')/2,and so k > (i+1—crk F)/2. Then the fact that TH(M®") p ~
Q implies that C%. is nonzero in degree j = —k. Since i + 2j > crk F, the assumption that C* is
perverse implies that the cohomology H'(C$%.) is zero in degree j, so either C%; ' or Ci! must be
nonzero in degree j. Suppose IH(M%)[/] is a direct summand of C**%, a = +1, whose stalk at
F is nonzero in degree j. We must have G > F; if G > F, then by our inductive hypothesis
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¢ = (i+a—crk G)/2. But then Proposition 6.3 implies that the stalk at F* of this summand vanishes
in degrees greater than or equal to

(tkG -1k F)/2 =0 = (cok F — (i +a))/2 = j.

In particular the stalk vanishes in degree j, contrary to assumption. So we must have G = F.
But then in order for the map between the summands TH(M%)[¢] and TH(M®")[k] r to be nonzero
we must have ¢ = k, and by Proposition 6.4 the map must be an isomorphism, contradicting the
minimality of our complex C*. So k < (i — crk F') /2.

On the other hand, suppose that k < (i — etk F)/2, s0 k < (i — 1 — crk F')/2. Now the costalk
Cf F] 18 nonzero in degree j = —k, and since i + 2j < crk F, either CZ[;,]l or Cl[;]l must be nonzero
in degree j. Take a summand TH(M%)[/] of C?*¢, where a = +1, and assume that G > F. Then as
before we have ¢ = (i + a — crk () /2, so by Proposition 6.3 the costalk of this summand vanishes
in degrees less than or equal to

(tkG =1k F)/2 — 0 = (cok F — (i +a))/2 < j.

This is impossible, so we must have G = F, which gives the same contradiction as before. Thus
we have k = (i — crk F) /2, as desired. O

8.2. The big complexes. Our Rouquier complexes will be defined as minimal subcomplexes of
larger complexes C*(M), C3(M) which we define in this section. Consider the graded CH(M)-
module

C'(M) = @ xp - xp, CHM)[{]

o<1 < <F;<FE

fori > 0 and C°(M) := CH(M), along with the module homomorphism
o' C' (M) — C*HH (M)
defined component-wise by multiplication by a variable:

(=1 zp,

Tp - fE K o CH(M)[i]

LTFy " TF CH(M) [2 + 1]'

It is straightforward to check that ¢'™! o 9" = 0, and hence (C*(M), ) is a complex of graded
CH(M)-modules.

If E is nonempty, we define C?(M) to be the quotient of C*(M) by the subcomplex consisting of
terms with F; = @. In other words, it is defined by
CZ(M) = @ LTr - TF CH(M)[Z]a
g<Ih<--<F<E
for i > 0 and Co(M) = CH(M). The differential of C3(M) is given by the same formula as in
C*(M).
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Both C*(M) and C2(M) are complexes of CH(M)-modules, but we will consider C*(M) as a
complex of H(M)-modules and C?(M) as a complex of H,(M)-modules by restriction.

Lemma 8.7. For all ¢ > 0 and proper flats F} < --- < Fj, o, ---xp, CH(M)[7] is isomorphic as
an H(M)-module to a direct sum of shifted copies of CH(M!1), and if F} # @, this isomorphism
can be taken to be an isomorphism of H,(M)-modules. In particular, for all i, C'(M) is a pure
H(M)-module and C¢ (M) is a pure H,(M)-module.

Proof. By [BHM 22, Proposition 2.23], for any proper flat F' the map 1’ gives an isomorphism
CH(Mp) ® CHMY) = zp CH(M)[1]. 7)

This is an isomorphism of H(M)-modules, where the module structure on the left side is given
by letting the generators y; act on CH(Mp) trivially and on CH(M!") by multiplication by y; if
i € F and by zero if i ¢ F. In other words, the action on CH(M?) is via the homomorphism
H(M) — H(M®) obtained by restricting *". Furthermore, for any flat G < F, multiplication by z¢
on the right side of (7) is given by multiplication by 1 ® x¢ on the left side.

Applying the isomorphism (7) repeatedly, we have an isomorphism of H(M)-modules
v wp, CHOM)[E] = CHMp,) @ CH(M{ ) @ -+ ® CH(M;) @ CH(M™),
and if | # @, it is even an isomorphism of H,(M)-modules. O
Let C*(M) and C?(M) be minimal subcomplexes of C*(M) and C?(M), respectively. These com-

plexes are well-defined up to isomorphism; we call them the Rouquier complex and reduced
Rouquier complex of M, respectively.

8.3. Proving NS<“ (M). The main result of this section is Proposition 8.11 below, which pro-
vides one of the first key steps of our main induction loop. We deduce it from the following three
important properties of the reduced Rouquier complex C2(M), which we prove in the follow-
ing sections. Two of these propositions also include corresponding statements about C*(M) and
C*(M); we do not need them for our main induction, but we use them later in Section 8.7 to prove
the nonnegativity of inverse Kazhdan-Lusztig polynomials of matroids.

Proposition 8.8. The complexes C*(M) and C2(M) are perverse, hence so are C*(M) and C2(M).

Proposition 8.9. Suppose that £ # @, so tkM > 0. Then for every i, the graded H,(M)-module
HY(CS(M)g) = HY(C2(M)y) is concentrated in degree d — 1 — i.

Proposition 8.10.

(1) Suppose that condition A holds for M. Then C°(M) =~ TH(M).
(2) Suppose that condition B holds for M. Then C%(M) = IH,(M).
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Assuming these for the moment, we can now prove N75<% (M).

Proposition 8.11. Suppose that condition B holds for M, and NS(M") holds for all proper nonempty
flats F. Then NS<“%" (M) holds.

Proof. Consider the stalk complex C2(M)g. Lemma 5.6, Corollary 7.6, and Proposition 8.10 (2)
together imply that
Co(M)g = IHo(M)g = IH(M),
and Proposition 8.8 and Theorem 8.6 imply that C!(M) is a direct sum of modules of the form
IH, (M) [k]g = IH(MD)[K],
where F'is nonempty and k = (1—crk F')/2 < 0, which implies in particular that /' # E. Applying
Proposition 8.9 with ¢ = 0 we see that the kernel of the map
5%1 CoM)g — C(M) g
is concentrated in degree d—1 > (d—2)/2. Thus, it suffices to show that each summand IH(M®")[]
of C1(M) has no socle in degrees less than (d — 2)/2.
The hypothesis NS(M?") implies that the socle of IH(M!") vanishes in degrees less than or equal
to (tk F' — 2)/2, and therefore the socle of IH(M®")[k] vanishes in degrees less than or equal to
tkF -2 1—cakF d—3 d-2 1
2 2 2 2 2
We can therefore conclude NS<“z° (M). O

8.4. Perversity of C*(M) and C?(M). Next we turn to proving Proposition 8.8. By Lemma 8.7
C*(M) is a complex of pure H(M)-modules and C?2(M) is a complex of pure H,(M)-modules, so
what remains is to prove the vanishing of the cohomology of the stalk and costalk complexes in
the appropriate degrees. Our first lemma will allow us to reduce these questions to studying stalks
and costalks at the empty flat.

Lemma 8.12. Let F be a flat of a loopless matroid M.

(1) We have an isomorphism
yrC* (M) = C*(Mp)[— 1k F]
of complexes of graded CH(M)-modules, where CH(M) acts on the right-hand side via the
graded algebra homomorphism ¢, : CH(M) — CH(Mp).

(2) If F is nonempty, we also have an isomorphism
yrCi(M) = C*(Mp)[—1k F]
of complexes of graded CH(M)-modules.
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Proof. The first statement follows from the fact that ¢,,: CH(Mp)[—1kF] — yr CH(M) is an
isomorphism of graded CH(M)-modules [BHM 22, Proposition 2.31]. Since zgyr = 0 for any
nonempty flat F, the projection from C*(M) to C2(M) becomes an isomorphism after multiplying
by yr, and hence the second statement follows from the first one. O

Next we show that the stalk cohomology of C*(M) and C?(M) at a proper flat actually vanishes
in all degrees. This is stronger than what we need for perversity, but we will need the full strength
later when we prove Proposition 8.10.

Lemma 8.13.
(1) If F is a proper flat, then the stalk complex C*(M) is acyclic. The stalk complex C*(M)g is

quasi-isomorphic to Q concentrated in degree zero.

(2) If F'is a nonempty proper flat, the stalk complex C?(M)r is acyclic. If E is nonempty, the stalk
complex C2(M)g is quasi-isomorphic to Q concentrated in degree zero.

Proof. We begin by proving statement (1) when F' is the empty flat. We observe that multiplication
by 2z defines a map of complexes

CI(M) — 25 C(M)[1],

and (after shifting by 1 in cohomological degree) the cone of this map is isomorphic to C*(M). To
prove that C*(M) is acyclic, it is therefore sufficient to prove that for all i, the map from C? (M)
to 25C: (M)[1] induces an isomorphism on stalks at the empty flat. This follows from Lemmas 5.2
and 8.7.

Next we prove statement (1) for arbitrary proper flats. By Lemmas 5.7 and 8.12 (1),
C°*M)r = (yrC* M)tk F)g = C*(Mp)g.
Since F' is proper, Mr has positive rank, and the statement follows from the previous paragraph.

It follows from the definition of C*(M) that C*(M)g = ygC*(M)[d] is quasi-isomorphic to a sin-
gle copy of Q in both cohomological and grading degree zero, which implies the second sentence
of (1).

For any nonempty flat F', we have yrzy = 0. Therefore, the natural quotient C*(M) — C2(M)
induces an isomorphism on the stalk at F'. Thus, statement (2) follows from statement (1). O

Proposition 8.14. The complex C*(M) has no cohomology except in degree zero, and H’(C*(M)) =
Q[—d].

Proof. Let ¥, be a family of order filters defined as in Section 5.3. By Proposition 5.11, we have

C* M)z, /C* M)z, = C*(M)p, [k Fi],

Yk+1
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which is acyclic for all 1 < k£ < r and quasi-isomorphic to Q[—d] in degree zero when k = r by
Lemma 8.13 (1). The result then follows from the spectral sequence relating the cohomology of a
filtered complex to the cohomology of its associated graded. O

Next we turn to the cohomology of the costalk complex of C*(M), starting with the empty flat.
Proposition 8.15. For any j, we have H (C*(M)[4) = OS/(M)*[—d].

Proof. Let C*(M); be the double complex obtained by applying the construction of Section 5.5 to
each term in the complex C*(M), so the (i, j) term is

M = @ 0Sp(M)* ®@yprC'(M).
Feti (M)

Since each C*(M) is pure, Proposition 5.14 gives

o C*(M ifj=0
w(c ) = 1 e
0 if j # 0.
This implies that C* (M) is quasi-isomorphic to the total complex of C*(M)y.

On the other hand, by Lemma 8.12 the j-th row C'(M)f of the double complex is equal to the
direct sum over all rank j flats F' of the complex

OSFrM)* @ yrC*(M) = OSp(M)* ® C*(Mp)[—1k F].

Proposition 8.14 then implies that

O8I (M)*[~d] = B pecsar) OSF(M)*[—d] if i = 0

0 ifi#0.
Note that for ¢ = 0 this graded vector space is concentrated in (grading) degree d — j, which means
that the differential H’(C*(M){) — H°(C*(M){ *1) vanishes for degree reasons. In particular, we
see that the complex OS*®(M)*[—d] with zero differential is quasi-isomorphic to the total complex
of C*(M);.

Putting together the two paragraphs above, we can conclude the proof. O

Corollary 8.16. Let ' be a flat, and let j be a nonnegative integer.
(1) We have H? (C*(M)[5}) = OS’ (Mp)*[— crk F].
(2) If F is nonempty, then H’ (C;(M)[F]) =~ OS(Mp)*[— crk F].

Proof. By Lemma 5.7 and Lemma 8.12 (1),
C* M) = (yrC*(M)[1k F]) (o] = C*(Mp)[g]-
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Statement (1) then follows from Proposition 8.15. Similarly, we can deduce statement (2) using
Lemma 8.12, which says that y»C*(M) = yrC2(M) when F' is nonempty. O

This result completes the proof of Proposition 8.8, because the only possible degree in which
Hi(C'(M)[F]) can be nonzero is j = crk F' — i. That means that i + 2j = crk F' + j > crk F, because
our complex vanishes in negative grading degrees.

8.5. Proof of Proposition 8.9. Throughout this section, we assume that E is nonempty. Our goal
is to give a degree bound on the cohomology of the complex C$(M)g.

Given a complex Q°* of graded H(M)-modules, we denote by A(Q*®) the cone of the natural map

Qfg’]l - QylIn particular, A(Q*)* = Q’[“g] ® QL 1, and we have a distinguished triangle

Qi = Q5 — AQ) — Q.

Lemma 8.17. The natural map A(C*(M)) — C*(M)|g is a quasi-isomorphism.

Proof. This follows from the first part of Lemma 8.13, which says that C*(M) is acyclic. O

Lemma 8.18. The map C*(M) — C?(M) induces a quasi-isomorphism A(C*(M)) — A(C2(M)).

Proof. Let C* (M) be the kernel of C*(M) — C2(M). In other words, the complex C* (M) is defined
by
C_(M) := D wp - xp, CH(M)[4],
og=N<-<F;<E
and with differential defined by the same component-wise formula as in the definition of C*(M).
The complex C*(M) is isomorphic to the mapping cone of the map C2~1(M) — C* (M), which is
the direct sum of

over all flags @ < F} < --- < F; < E. Thus, the mapping cone of C*(M) — C2(M) is chain ho-
motopy equivalent to C***(M), and hence the cone of A(C*(M)) — A(C2(M)) is chain homotopy
equivalent to A(C*(M)).

Since C* (M) is annihilated by Y., we have C* (M) = C2(M) = C2(M)gy and therefore
the cohomology of A(C®(M)) is zero in every degree. Thus, the cohomology of the cone of
A(C*(M)) — A(C2(M)) is zero in every degree. Equivalently, the map A(C*(M)) — A(CS(M)) is
a quasi-isomorphism. O

Lemma 8.19. The complex A(C2(M)) is quasi-isomorphic to the cone of the map of complexes
Ce 1(M)g[—1] — C271(M)y given by multiplication by z.
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Proof. By Lemma 5.2, the annihilator of Y- in CH(M) is equal to 25 CH(M®) for all nonempty
flats F'. Thus we have

CH(M") (g = 25 CHM") = CH(M")5[-1].
By Lemma 8.7, each Ci(M) is isomorphic to a direct sum of shifts of such modules, therefore
Ce (M) = CH (M) [—1].

The lemma then follows from the definition of A. O

Proof of Proposition 8.9. Combining Lemmas 8.17, 8.18, and 8.19, it follows that C*(M); is quasi-
isomorphic to the cone of the map C2~}(M)z[—1] — C71(M)y given by multiplication by z.
This induces a long exact sequence

- = H(C*(M) ) — H(C(M)g) [-1] =2 H(C2(M)g) — HF (C* (M) ) — -

If HY(C2(M)g) # 0, let k be the smallest degree in which it does not vanish. A nonzero element
in that degree is not in the image of multiplication by x4, so the long exact sequence implies that
H”l(C'(M)[@]) is nonzero in degree k. But that implies that k = d — (i + 1) by Proposition 8.15.
Dually, if £ is the largest nonvanishing degree, then an element in that degree is killed by x4, and
our exact sequence implies that Hi(C’(M)[Q]) is nonzero in degree k + 1, sowegetk +1 =d —
again by Proposition 8.15. Thus, the proposition follows. O

8.6. Proof of Proposition 8.10. We will prove the first part of the proposition; the proof of the sec-
ond part is identical. By our construction, C*(M) is a minimal subcomplex of C*(M). By Corollary
6.6, each module C?(M) is isomorphic to a direct sum of H(M)-modules of the form IH(M%)[k] for
G € £(M) and k € Z. Furthermore, since condition A includes CD(M) for all flats G, the H(M)-
module C°(M) = CH(M) contains IH(M) as a direct summand with multiplicity one. By Lemma
8.7, C{(M) does not contain IH(M) as a direct summand if i > 0. So in the minimal subcomplex
the first term C°(M) must contain exactly one summand isomorphic to TH(M).

Now take any proper flat G, and suppose that C°(M) contains a direct summand isomorphic
to ITH(M%)[k]. By Proposition 8.8 and Theorem 8.6, we must have k = (—crk G)/2. So the stalk
C%(M)¢ is nonzero in degree —k = (crk G)/2. But any summand of C!(M) is isomorphic to a
module TH(M%)[¢] with £ = (1 — crk F)/2. The stalk at G of this module is zero unless F > G
(the case F' = G is impossible since crk ' and crk G must have opposite parity), in which case
Proposition 6.3 says that this stalk vanishes in degrees greater than or equal to

(tk F—rkG)/2 =0 = (cok G —1)/2 < —k,

and so C! (M) vanishes in degree —k. This is a contradiction, since Lemma 8.13 says that the stalk
complex C*(M)g is acyclic. So TH(M) is the only direct summand of C°(M).
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8.7. Multiplicities and inverse Kazhdan-Lusztig polynomials. In this section we show that, un-
der the assumption that Theorem 3.17 holds, the multiplicities of the modules TH(M?*') in the com-
plex C*(M) are given by coefficients of inverse Kazhdan-Lusztig polynomials of matroids. This
implies that these coefficients are nonnegative, providing a proof of Theorem 1.5.

For a matroid M, define a polynomial Qy(t) € N[t] whose coefficient of ¢~* is the multiplicity
of the module TH(M?)[k] in C4+2F(M).

Proposition 8.20. The inverse Kazhdan-Lusztig polynomial Qyi(t) is equal to Qn(t), so in partic-
ular it has nonnegative coefficients.

Lemma 8.21. Suppose that Theorem 3.17 holds. For any flat ' and any integer k, the multiplicity
of TH(M®)[k] in Ce'k F+2k(M) is equal to the coefficient of t~* in Qu,. ().

Proof. Lemma 6.2 (1) gives an isomorphism

IHME)[¢ -1k F] if F <G,

0 otherwise.

yr THMO)[(] = {

So to find the multiplicity of IH(M®') with any shift in C*(M), it is sufficient to find the multiplicity
of IH(ME) in yC*(M). But ML = (Mp)? has rank zero, so our result will follow if we can show

that there is an isomorphism
yrC* (M) = C*(Mp)[~rk F].

By Lemma 8.12 (1), we have an isomorphism
yrC* (M) = C*(Mp)[—rk F].
Using Lemma 6.2 (1), the indecomposable summands of y»C*®(M) are in bijection with the sum-
mands of C*(M) of the form IH(M%)[¢] with G > F. By Proposition 6.4 (1), the restriction map
Endgv)-mod THM)) — Endgn,)-mod (v TH(ME))

is an isomorphism. Thus, the summands which get canceled from C*(Mp) to form the minimal
complex C* (M) are exactly the images under multiplication by y of canceling pairs from C*(M).
The result follows. U

Proof of Proposition 8.20, assuming Theorem 3.17. If the rank d of M is equal to zero, then C*(M) =
C*(M) has only one component, which is TH(M) = TH(M?) in degree zero. So Qyi(t) = 1 = Qu(t)
in this case.

When the rank of M is positive, by [GX21, Theorem 1.3], the inverse Kazhdan-Lusztig polyno-
mial of M satisfies

D (=)™ Pyr () Quip (1) = 0. 8)

FelL(M)
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Thus, it suffices to show that Qy(t) satisfies the displayed recurrence relation when d is positive.

By Lemma 8.13 (1), the complex C*(M)g is acyclic, and since C*(M)y is a direct summand of
this complex, it is acyclic as well. By Proposition 8.8 and Theorem 8.6, C*(M) is isomorphic to a
direct sum of modules of the form TH(M%'),[k] where k = (i — crk F')/2 is a nonpositive integer.
Moreover, by Lemma 8.21, the number of copies of TH(M®)[k] is equal to the coefficient of ¢t=*
in Q\i(t). Notice that when k = (i — crk F)/2 is an integer, i and crk F' have the same parity.
Since the Poincaré polynomial of IH(M®") is equal to Py~ (), the alternating sum of the Poincaré
polynomials of C*(M) for all i is equal to

Y, DR (0)Qup(8) = (1M YT ()™ Py (5)Qup (1)
FeL(M) FeL(M)
Since C*(M)g is acyclic, the above sum is equal to zero.

All of the steps of this argument still hold when interpreted equivariantly with respect to any

group of symmetries of M by Lemma A.1 and Definition A.6. O

When the matroid M has odd rank 2¢ + 1, the coefficient of ¢ in (8) is nonzero only for F' = &
and F' = E, which implies that Pyi(t) and Qy;(t) have the same coefficient of t‘. Combining this
with Proposition 8.20 gives the following result.

Corollary 8.22. For any matroid M, the second term C! (M) of the Rouquier complex is isomorphic
to

O O mHM[-e,

7=0crk F=2k+1
where 7(M) denotes the coefficient of t®*M=1)/2in Py;(t) when rk M is odd.

9. DELETION INDUCTION FOR TH(M)

Let M be a matroid of rank d > 0 on the ground set . The purpose of this section is to show
that, if CD<2 (M) holds, and all of the statements of Theorem 3.17 hold for matroids whose ground

sets are proper subsets of E, then HL;(M) and HR; : (M) also hold.
Throughout this section, we assume the following hypotheses:
(1) the element i € E' is not a coloop and it does not have a parallel element;
(2) the statement CD<: (M) holds;
(3) Theorem 3.17 holds for any matroid whose ground set is a proper subset of F.

In particular, PD,(M) and CD,(M) hold by Corollary 7.4, and CD>% (M) holds by Remark 3.11.
By Remark 3.13 and Proposition 7.8, the statement CD<% (M) implies PD<% (M) and NS<% (M). Our
da

goal is to show that these hypotheses imply HL;(M) and HRZ.<§ (M).
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9.1. The deletion map and the semi-small decomposition of CH(M). Fixing an element ¢ of E,
there is a graded algebra homomorphism

0; = 0M: CHM\i) —» CH(M), xp+— zp + Tpoi,

where a variable in the target is set to zero if its label is not a flat of M. Just as we have done with
the pushforward and pullback homomorphisms, we will omit the superscript when the ambient
matroid is M. Then we have 0,(y;) = y; for any j € E\i. More generally, for any flat G € £(M\i),
we have 6,(yq) = ya, where G is the closure of G in M. In particular, 6; restricts to an injective
homomorphism H(M\i) — H(M).

Let CH ;) be the image of the homomorphism 6,, and let

8; == {F | F is a proper subset of E\i such that F' € £(M) and F Ui € L(M)}.
We will use the following result [BHM*22, Theorem 1.5].

Theorem 9.1. If 7 is not a coloop of M, there is a direct sum decomposition of CH(M) into inde-
composable graded CH(M\i)-modules
CH(M) = CH;;y ®@ @ zpuiCHy,).
FESZ'

All pairs of distinct summands are orthogonal for the Poincaré pairing of CH(M). Moreover, we
have
zrui CHgy = v (CHMp_) @61 CH(OM\)T))

where MVi\; is identified with (M\i)f" because i is a coloop in M¥“. The homomorphism 6;
gives isomorphisms as H(M\i)-modules:

CH(l) it CH(M\%) and xzp_; CH(Z) i Cj(MFUi) ® CH((M\Z)F)[—I],
where the action on the first tensor factor is trivial. If F' # & these are even isomorphisms of

H,(M\i)-modules.

9.2. Pulling back to the deletion. Let §: £L(M) — £(M\i) be the map given by §(F) = F\i for all
flats F.

Lemma 9.2. The map ¢ is surjective and order-preserving. For any flat F' € £L(M\i) we have

o if F € §; the fiber 6 (F) = {F, F U i} and rkyp; F' = rky F = rkyi(F v i) — 1, and
o if ¢ 8;, then 6~1(F) is a single flat of M with the same rank as F.

Note that our assumption that i is not a coloop implies that £\i is not a flat of M and so E\i ¢ §;
and rk(M\i) = rkM, and our assumption that i has no parallel elements means that {i} € £(M),
and so @ € §;.
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Recall that, in Definition 5.3, we defined an ideal Y5, € H(M) for any order filter ¥ < £(M),
which is spanned as a Q-vector space by yg, G € ¥. In this section, we will write T} for ¥ < £(M)
and T;/[\i for ¥ < £(M\7) to make it clear which matroid we are working with at any given time.
The fact that for any G € £(M\i) we have 0,(ys) = yz where G is the minimal element of §~1(G)
immediately implies the following lemma.

Lemma 9.3. For any order filter ¥ in £(M\i), we have
HM) - 0,(Ty ) = Th ).

(2

For an H(M)-module N, we let 8N denote the H(M\i)-module obtained by pulling back by this
homomorphism.

Proposition 9.4. Let N be a pure graded H(M)-module. For any flat ' € £(M\i), we have an
isomorphism

(ng)F = @ Ng [rkM\i F —rky G]
Ges—1(F)

Proof. By Lemma 9.3, we have

- Gi(Tg}i)N[rkF] Tl(;{l(zﬁ)N[rkF]
G M\ =M :
0,(TIN[k F] - Ygoas_ NItk F
We can choose an ordering G1, Ga, . . ., G, of £L(M) as in Section 5.3 so that § 1 (X> ) = {G},..., G}
and 6 }(X-r) = {Gy,...,G,}. Then Proposition 5.11 shows that the submodules TI%IZN for ¢ €
[4, k] provide a filtration whose subquotients are the modules N[tk F — 1k G] for G € 6 (F). The
result follows. 0

9.3. The hard Lefschetz theorem. We would like to apply Proposition 9.4 to the pullback module
g7 IH(M), but since we are not assuming CD(M) holds in middle degree, we do not yet know that
IH(M) is pure. Instead, we modify IH(M) slightly to produce a module which we can show is a
direct summand of CH(M), and hence is pure. Let

~ HF(M) if k # d/2,
iy o { HEOD ik d/
IHY (M) if k= d/2.
Equivalently, we can define

- JEM)  ifk # d/2,
Jk o) = {2 (M) itk #d/
0 if k = d/2,

and then define fﬁ(M) to be the orthogonal complement to ¢° J(M) inside of IH,(M). In particular,
when d is odd, TH(M) = IH(M) and J(M) = J(M).
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Lemma 9.5. The subspace ITI(M) c IH,(M) is an H(M)-submodule. Moreover, ITI(M) satisfies
Poincaré duality and it is a direct summand of CH(M).

Proof. The maximal ideal Y-z of H(M) annihilates x4, and hence annihilates the image of ¢°.
Therefore, 1)?J(M) is an H(M)-submodule, and thus so is its orthogonal complement. The state-
ment CD<2 (M) implies that ¥?J(M) satisfies Poincaré duality, and the statement CD, (M) implies
that IH, (M) satisfies Poincaré duality. Therefore, I?I(M) satisfies Poincaré duality and we have an
orthogonal decomposition

THo (M) = TH(M) @ ¢7J(M). ©)
By CD.(M), IH,(M) is a direct summand of CH(M), and hence the lemma follows. O

Lemma 9.6. The inclusion IH(M) < IH,(M) induces an isomorphism
IH(M)p =~ IH, (M) p

for each nonempty flat F.

Proof. The isomorphism follows from multiplying Equation (9) by yr, since the image of ¥” is
annihilated by yp. O

Proposition 9.7. The pullback module HfﬁI(M) is a perverse H(M\i)-module, when considered as
a complex placed in degree 0.

Proof. Theorem 9.1 implies that 6 CH(M) is a pure H(M\i)-module, and so the direct summand
9*TH(M) is pure.

Take any flat /' € £(M\i). We will show that the stalk (Hfﬁl(M)) r vanishes in degrees strictly
greater than (crk F')/2. By Proposition 9.4, it is enough to prove that

TH(M)c[rky F — tky G]

vanishes in the same degrees for every G € 6 1(F).

The first case is I = E\i. Then 0~ '(F) = {E} and rky; E = rkyp; F, since i is not a coloop in M.
We have

TH(M) gtkyp; F — rky E] = TH(M)p = Q,

placed in degree 0 = (crk F')/2. So the claimed vanishing holds in this case.

Now suppose that F' is a proper flat of M\i, and take any G' € §~(F). Then rky G is either
tkyp B (if F ¢ 8; or G = F)orrky, F'+ 1 (if '€ 8§; and G = F' U {i}). Let us suppose first that
G # @. Then Lemma 9.6 and Proposition 6.3 (2) show that

TH(M)c[rkyp; F — rka G] = THo (M) [tk F — ko G
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vanishes in degrees greater than or equal to
(crk G)/2 +1km G — thyp F' = (erk F) /2 + (tky G — kg F)/2 < (erk F)/2 + 1/2.

In particular, it vanishes in degrees strictly greater than (crk F')/2, as desired.

Next, suppose that G = F' = @. Following the proof of Proposition 6.3, note that Lemmas 5.8
and 9.5 give an isomorphism IH(M)g = (IH(M)(g])*[—d]. On the other hand, the socles TH(M) 4
and TH(M) 4 are clearly equal in all degrees except d/2, and so NS<2 (M) implies that EI(M)[@]
vanishes in degrees below d/2. Thus IH(M)y vanishes in degrees above d/2.

Finally, to see that the costalk conditions hold, we note that Poincaré duality gives an isomor-

phism ﬁ{(M)* ~ ﬁi(M) [d] and so Lemma 5.8 implies that the costalk conditions follow from the
stalk conditions. O

Since all of our statements are true for M\i by induction, Theorem 8.6 allows us to deduce the
following.

Corollary 9.8. The graded H(M\i)-module Ofﬁ(M) is isomorphic to a direct sum of modules of
the form TH((M\i)")[—(crk F)/2] for various flats F' € £(M\i) of even corank.

Proposition 9.9. The statement HL,(M) holds.

Proof. Let y' = 3 ;cp, ¢jy; where all ¢; > 0. Then for any flat F' € £(M\i) of even corank, the
statement HL((M\i)¥') holds because the ground set F is a proper subset of E. So for each 0 < k <
(rk F)/2, multiplication by (y/)™F~2* on TH((M\i)¥')[~(crk F)/2] gives an isomorphism between
degrees

kE+ and (tk F'— k) + 5

crk F crkF:d_<k+crkF).

Since Corollary 9.8 says that QfﬁI(M) is isomorphic to a direct sum of such modules, and since
y' is in the image of 6;, this shows that y’ acts as a degree d Lefschetz operator on ﬁI(M) Since
ﬁ{(M) = IH(M) except in the middle degree d/2, where the hard Lefschetz property is trivial, this
proves the statement HL;(M). O

9.4. The Hodge-Riemann relations away from middle degree. Next we prove the statement
HR; : (M), which says that the Hodge-Riemann inequalities hold for IH(M) with respect to mul-
tiplication by an element y' = >, p; ¢;y; with all ¢; > 0. Since y’ can also be considered as an
element of H(M\:¢), we can show this by checking that this holds for each summand in the decom-
position of #*IH(M) provided by Corollary 9.8.
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We will need alemma comparing two natural pairings on these summands. Let I’ be a nonempty
flat of M\¢ of even corank, and suppose we have an inclusion

f1 TH((M\)T)[—(crk F) /2] < 07 TH(M)

of H(M\i)-modules. There are two pairings on TH((M\i)!") that are a priori different: the one
induced by the inclusion of TH((M\7)f) into CH((M\#)¥'), and the one induced by the inclusion
f and the pairing on CH(M). Note that the shift by (crk F')/2 ensures that these pairings have the
same degree.

Lemma 9.10. These two pairings are related by a constant factor ¢ € Q with (—1) “5 e > 0.

Proof. Both pairings are compatible with the H(M\i)-module structure in the sense that (n{, o) =
(&, no) for any n € H(M\i) and &, o € TH((M\4)!"). Thus, both are given by isomorphisms

TH((M\3))* = TH((M\i) ) [rk F].

of graded H(M\i)-modules. Proposition 6.4 (1) implies that TH((M\7)!") has only scalar endomor-
phisms, and hence any two such isomorphisms must be related by a nonzero scalar factor ¢ € Q.

To compute the sign of ¢, we pair 1 € TH((M\i)F') with yp = yr -1 € TH((M\i)¥). Inside
CH((M\i)¥"), they pair to 1. The second pairing equals the pairing of f(1) and

flyr) = 0i(yr) f(1) = ypf(1)

inside IT{(M) < CH(M), where F is the closure of F in M. By Proposition 2.13 and Proposition 2.15,

~_ Crtk '
this pairing is equal to the Poincaré pairing of ¢ - (f(1)) with itself inside ¢ ;TH * (M) <€ CH(Mg).
crk F

Since F' is nonempty, (crk F)/2 is strictly less than d/2, so IH ° (M) = IHg(M) Applying
Lemma 6.2 (1), we see that ¢ IH#(M) is equal to IH#(MF). Since ¢ ~(f(1)) is annihilated
by y; for all j € E\F, it is a primitive class in TH"s (M) with respect to multiplication by any

positive sum > ;g 7 ¢jy;. Therefore, the sign of its pairing with itself is equal to (—1)# by
HR(Mpg). O

d
Corollary 9.11. The statement HR: 2(M) holds.

Proof. Since the statement does not involve the middle degree, we can replace IH(M) with TH(M).
By Corollary 9.8, it suffices to prove that each summand TH((M\i)¥')[—(crk F)/2] of HfﬁI(M) sat-
isfies the Hodge-Riemann relations. Again, since the statement does not involve the middle
degree, we can assume that F' is nonempty. Then the statement follows from Lemma 9.10 and
HR((M\:)F). O
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10. DELETION INDUCTION FOR IH, (M)

Let M be a matroid on the ground set E. The purpose of this section is to show that HL,(M) and
HR;(M) hold, under the following hypotheses, which we assume throughout this section:

(1) the element i € ' is not a coloop and it does not have any parallel element;
(2) CD,(M) and CD(M) are true; and
(3) Theorem 3.17 holds for any matroid whose ground set is a proper subset of E.

The argument is similar to the one in the previous section. The homomorphism 6;: CH(M\i) —
CH(M) induces a homomorphism 6,: CH(M\:) — CH(M) which sends H(M\i) to H;(M), and in
particular sends By = gpf/{\i(—x@) to

a1 (0i(—70)) = N (—20 — 23y) = By — 243y
We show in Corollary 10.5 that pulling back IH,;(M) by 6, gives an H,(M\i)-module which is
isomorphic to a direct sum of modules of the form IH((M\i)¥')[—(crk F)/2]. Since the matroids

(M\i)f" have smaller ground sets than M, we know HL((M\7)¥) and HR((M\i)¥') by induction,
and we use this to deduce HL;(M) and HR;(M).

However, the summands we want are not indecomposable as H(M\i)-modules, so we cannot
produce our decomposition by directly following the arguments in the previous section. Instead
we deduce it from a decomposition of a certain H, (M\i)-module which we now define. Let H;(M)
denote the subalgebra of CH(M) generated by H,(M) and z(;,. Then 6; sends H,(M\7) into H;(M).

Definition 10.1. We define the H;(M)-submodule IH;(M) of CH(M) by

1
TH; (M) ( > KF<M>) :

F#o i}
where the sum is over all nonempty proper flats F' of M different from {i}.
Since we are assuming CD, (M) holds, we have
TH; (M) = THo (M) @ Ky (M).
Lemma 10.2. The stalks of IH;(M) are given by

(a) IH;(M)z = IH;(M), as a subset of CH(M)5 = CH(M),
(b) IHZ(M){l} = m(M{Z}), and
(c) IH;(M)p = IH,(M)F for any flat F' # &, {i}.

Furthermore, the isomorphism (b) comes from an equality

yi IH(My;y) = gy (IHo (Myyy))-
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Proof. For the first statement, Corollary 7.6, Lemma 3.3 (1), and CD(M) give
IH; (M) = ¢ (TH;(M))
7 (THo(M)) + ¢ Ky (M)
IH(M) + K (M)
i (M).

I
—

Next, since multiplication by y; is ¢(;¢¢;), we have

yi IH; (M) = ¥gy04(THo (M) @ ¥y 044y (Kgiy (M)
= by (IH(Myy)) @ gy Ko (Mgy)
= gy (IHo (Mgzy)),
where we have used Lemma 6.2 (2) for the first summand and Lemma 3.4 (2) for the second
summand. The isomorphism (b) then follows immediately using Lemma 5.7.

Finally, for any flat F # @, {i}, multiplication by yr annihilates the image of ¥{"!, so we have
the isomorphism (c). g

Part (a) of the previous lemma shows that we can use the module IH;(M) to study IH,(M).
However, when we pull back by 6;, we can only take the stalk of the H(M\i)-module 6 IH;(M)
at flats of the matroid M\i. The stalk at @ € £(M\i) will be too large for what we want, because
it includes a contribution from the stalk IH;(M) ez, by Proposition 9.4. To get around this
problem, we consider an H,(M\7)-submodule IH;(M) < 63 IH;(M) defined as follows.

Let 8; be the collection of subsets of E\i defined in Section 9.1. Let

R = CH(z) @ @ TFU; CH(Z) and P = Ty CH(l) < CH(M).
Fes;\(o}

By Theorem 9.1, we have an orthogonal decomposition of CH(M\i)-modules
CH(M) = R® P.
Then we define our H,(M\i)-submodule by

TH)(M) == IH;(M) n R.

The next two propositions give the properties of this module that we need to deduce HL;(M)
and HR;(M). The first is analogous to Proposition 9.7 and has a similar proof.

Proposition 10.3. TH/(M) is a pure H,(M\i)-module, and it is o-perverse when considered as a
complex placed in degree zero.
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Our second proposition describes the stalk of the H(M\i)-module IH(M) at the empty flat & €
L(M\¢). This is contained in the stalk of §; IH;(M), which by Lemma 9.3 is
OFIH; (M) _ IHy(M)

ZoMY vy TS TH (M)

where
S =L0M)\ {2, {i}} = 071 (L(M\D)\{2}).
In particular, we have a natural quotient map from (¢; IH;(M))
_ IH;(M)
TV, - TH; (M)

rato

IH;(M) gy

Proposition 10.4. The composition
TH; (M) — (67 TH;(M)); — TH; (M) = IH, (M) (10)
is an isomorphism of H(M\¢)-modules, where the module structure on the target is via the homo-
morphism 6,: H(M\i) — H;(M).
We will prove these two propositions in the next sections, but first we use them to deduce

HL;(M).

Corollary 10.5. When considered as an H(M\i)-module, IH,(M) is isomorphic to a direct sum of
copies of modules of the form

IH ((M\i)") [~ (crk F) /2]

for various nonempty flats £’ € £(M\i) of even corank.

Proof. Proposition 10.3 and Theorem 8.6 imply that IH}(M) is isomorphic as an H,(M\7)-module
to a direct sum of modules of the form

TH, (M\i)") [~ (crk ) /2]

where F' € £L(M\i) is a nonempty flat with even corank. Taking stalks at @ € £(M\i) and using
Proposition 10.4 and Corollary 7.6 gives the result. 0

Corollary 10.6. The statement HL;(M) holds.
Proof. This follows from Corollary 10.5 and HL((M\3)") for all nonempty flats F' € £(M\3). O

In order to prove HR;(M) using these results, we need to make a careful comparison of inter-
section pairings in the decomposition provided by Corollary 10.5. We postpone this until Section
10.4.
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Remark 10.7. Let us explain the geometry behind the definition of IH;(M) when M is realizable.
Following the notation of Section 1.3, we have the Schubert variety Y corresponding to M and
its blow-up Y at the point stratum corresponding to the flat @ of M. Recall from Section 4.2 that
the exceptional divisor Y < Y, has intersection cohomology IH(M). Let Y; be the blow-up of Y,
along the proper transform of Ut} the closure of the stratum indexed by {i}, and let Y; < Y; be

the inverse image of Y. It is the blow-up of Y along Y n U{#}, and its intersection cohomology is
IH; (M).

As explained in Remark 4.5, the Schubert variety corresponding to M\i is the image Y’ of ¥’
under the projection (P — (P1)E\, Let Y/ be the blow-up of Y’ at the point stratum. The
projection Y — Y’ does not lift to a map Y, — Y/, but it does lift to a map ¥; — Y.. The
preimage of the exceptional divisor Y’ of Y under this map has two components: Y, and the
exceptional divisor of Y; — Y. Taking the stalk of the H(M\7)-module IH;(M) at @ € £(M\i) gives
the cohomology of the restriction of the IC sheaf of Y; to the union of both components. Restricting
to the component Y; gives IH,(M), but there is also a contribution from the other component. The
submodule IH}(M) allows us to get only the part of this stalk that we want.

10.1. Proof of Proposition 10.3 part I: purity. The orthogonal complement of R is
— 245 CHgy = o1 (CH(M)) @ 01" CH(M?))
Since M? = M{#\i is the matroid on the empty set, 0%\/[{i)CH(M® ) is just the degree zero part of
CH(M{%). This means that P is the image of the injective map
o: CH(M;) — CHM), a— ¢ (a®1).
Applying this map to the canonical decomposition CD(My;,), we see that P is the direct sum of

(1) o(IH(My;)), and
(2) o(Kp\;(My;)) for each flat F > {i} in £(M).

Our next result says that these terms are compatible with the decomposition of CH(M) into IH;(M)
and its orthogonal summands.

Lemma 10.8. We have

D oHON) < IO 07, a0
) o (Kp;(Mg, ) Kg(M) n P for all flats F > {i} in £L(M).

Proof. For the first statement, take any a € CH(My;,). Then o(a) = Y (a ® 1) is in IH;(M) if and
only if it is orthogonal to Kz (M) for all flats ' € £(M) other than &, {i}. By Lemma 2.6, this is true
if and only if a ® 1 is orthogonal to ¢!" Kz (M). By Lemma 2.17, it is enough to check this when
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F > {i}. In that case, we have
P! Kp(M) = Kp; (M) ® CH(M')

by Lemma 3.3 (1). If {i} < F'then G = F\{i} is a nonempty flat of £(My;), and all such flats
occur this way, so o(a) is in IH;(M) if and only if a is orthogonal to K;(My;;) for all nonempty flats
G € L(My;). This happens exactly when a € IH(My;;).

To see the second statement, use Lemma 3.3 (1) again to get
U(KF\i(M{i})) =yt (KF\i(M{i}) ®Q) € Kp(M)
This gives containment in one direction. The other direction follows from the fact that P is the
sum of all the terms of type (1) and (2). O
Since R is the perpendicular space to P and the terms of the form (2) are all orthogonal to
IH; (M), we see that
IH;(M) n R is the perpendicular space to IH;(M) n P inside IH;(M).

Lemma 10.9. The Poincaré pairing on CH(M) restricts to a non-degenerate pairing on IH;(M) n P.

Proof. For a,b e E(M{i}), Lemma 2.18 gives
@ a@1), ¥ 0@ 1))y = degu@ (@@ 1) - 0P 0 1))
= —degyy,,, ®degy ((ab @ 1)(1® ey + By, ® 1))
= —degyy,,, (ab) degyriy (appiiy)-

Since degy(;) (p(iy) # 0 and the pairing on IH(My;,) is non-degenerate, the result follows. O

It follows that IH;(M) is the orthogonal direct sum of IH;(M) n P and IH;(M) n R, and that the
restriction of the Poincaré pairing to IH;(M) n R is non-degenerate. Because the Poincaré pairing
also restricts to a non-degenerate pairing on R, we can conclude that IH;(M) = IH;(M) n R is an
Ho(M\i)-direct summand of R. Theorem 9.1 then implies that R is a pure H,(M\i)-module, and
so IH(M) is a pure Ho(M\i)-module as well.

10.2. Proof of Proposition 10.3 part II: o-perversity. The proof that IH(M) is a o-perverse H, (M\7)-
module follows the same basic plan as the proof of Proposition 9.7, using Proposition 9.4 to com-
pute the stalks of IH,(M) at a nonempty flat F' of M\i in terms of the stalks of IH;(M) at flats
Gedé I(F)c LM).

We cannot apply Proposition 9.4 to TH,(M) directly, because it is not closed under multiplication
by v, so it is not an H(M)-module.”” But we have shown that 8 IH;(M) is the direct sum of

2por instance, one can easily check that 1 € Rbut y; ¢ R.
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IH,(M) = IH;(M) n R and IH;(M) n P, and P is annihilated by all y; for j € E\i. Thus for any
nonempty flat F' of M\i, we have

IH;M)p = (0f IH;M)r = P TH; (M) g[rkap,; F — rky G
Ges—1(F)

by Proposition 9.4.

Now the proof that IH;(M)r vanishes in degrees strictly greater than (crk F)/2 follows exactly
the proof of Proposition 9.7, using the above equation in place of Proposition 9.4, and omitting the
case G = @, since F is assumed to be nonempty.

Thus IH] (M) satisfies the stalk conditions for perversity. To see that the costalk conditions hold,
we note that Poincaré duality gives an isomorphism IH;(M)* =~ TH/(M)[d] of graded H,(M\i)-
modules, and so Lemma 5.8 implies that the costalk conditions follow from the stalk conditions.

10.3. Proof of Proposition 10.4. The map (10) is a composition of an injection followed by a sur-
jection, so it will be an isomorphism if and only if the induced map from the cokernel of the first
to the kernel of the second is an isomorphism. So consider the short exact sequences containing
our maps:

0 — IH;(M)o — (67 TH;(M))o — (IH;(M) n P)o — 0

N Tg@ TH; (M)
YMTH, (M)
The first sequence is exact because 6} TH(M) =~ IH;(M) @ (IH;(M) n P) as H(M\i)-modules.

— (6 TH;(M))z — IH;(M)g — 0.

By Proposition 5.11 and Lemma 10.2, the first term of the second sequence is isomorphic to

1Y, THi (M) g IH; (M)

TV TH,(M) TV TH; (M)

~ IH, (My)o = IH(My;).

So Proposition 10.4 is equivalent to showing that the lower row of the following diagram is an
isomorphism.

TH(M;) PO g TH(M) — " TH,(M) A P = o(IH(My))

%) %)
J/‘PM{,L-} le\i lg
¢ T
HMgy) —— (07 H;(M))g —— (IH;(M) n P)g
Here 7 is the orthogonal projection onto IH;(M) n P, since IH;(M) n P and IH;(M) n R are orthog-

onal complements inside IH;(M). The map 7y is the induced map on stalks at @ € £L(M\i), and the
third vertical map is an isomorphism because y; P = 0 for j € E\i. The map ( is the unique map
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making the left square commute. It exists because the kernel of gof’/[m is generated by elements y;a,
where a € IH(My;,) and j € E\i, and we have

e (Vi (W30)) = @5, (Y5 ¥y (a) = 0.
Since 7 is an orthogonal projection, it is defined by the property that, if ¢ € 6} IH(M), then

degyi(c - o(a)) = degy(m(c)o(a))
foranya e m(M{i}).

Now take any b € IH(My;) and suppose that b = gpﬁ{i}(b) for b € IH(My;,). Then m((b) =
cpf/[\i(mp{i}(b)), and so we want to show that the map sending b to 7(1(;;(b)) is an isomorphism.
This element is characterized by the following equation, for every a € IH(Mg;; ):

degy (m(¢ (D)) - 0(a)) = degy (Y43(0) - o(a))

= degy (1/1{z'}(b) A a® 1)) definition of ¢

= degyyy,, <b Pl P (a® 1)) by Lemma 2.14
= degyy,, (b @ZJM{ ,(a ) by Lemma 2.19 (4)
= degy, (b-a) by Lemma 2.6.

Thus the required isomorphism follows from PD(Mg;, ).

10.4. The Hodge-Riemann relations. To prove HR;(M), we need to understand the Poincaré pair-
ing on the direct summands of IH, (M) provided by Corollary 10.5. In order to do this, we first con-
sider the Poincaré pairing on the summands of IH}(M). Our first result says that these summands
are rigid, in the sense that their only endomorphisms as graded H,(M\i)-modules are multiplica-
tion by scalars.

Lemma 10.10. Let M be a loopless matroid on a nonempty ground set E. Suppose that CD(Mp),
PD(Mp), and NS(Mf) hold for all proper flats F', and that HL(M) holds. Then an endomorphism
of IH,(M) as a graded H,(M)-module that induces the zero map on the stalk IH,(M)r =~ Q must
be zero. In particular, the only endomorphisms of IH.(M) as a graded H,(M)-module are multi-
plication by scalars.

Proof. Take an endomorphism f of IH,(M) which induces the zero endomorphism on IH,(M)g.
Then following the argument of Proposition 6.4, but using Lemma 6.2 (2) in place of Lemma 6.2 (1),
we see that f vanishes on yr IH, (M) for any nonempty flat F', and so it induces a homomorphism

[+ THo(M)g — THo (M)
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Corollary 7.6 gives an isomorphism
TH. (M) = ¢? (IH,(M)) = TH(M).

By Lemma 5.4 and Corollary 7.7, we have an isomorphism

THo(M)[g) = {wg) N THo(M) = 97 (IH(M)) = IH(M)[-1].
Using these isomorphisms, we can write f as a map IH(M) — IH(M)[—1] satisfying f = ¢° f¢?.

Both ¢ and )? are homomorphisms of H,(M)-modules, where 24 acts on IH(M) as multiplica-
tion by ¢?(z5) = —p. Since ¥” is injective and ¢? (IH,(M)) = IH(M) by Corollary 7.6, we see that
f commutes with multiplication by 3, or in other words it is a homomorphism of H(M)-modules.

Take an element a € IH*(M), and first suppose that a is primitive, so 37~?*a = 0. This gives
0= f(84%a) = g2 . f(a).
But f(a) € TH*~1(M), and so HL(M) implies that
(84-2K+1. ) THE=1(M) — THEF (M)

is an isomorphism, which gives f(a) = 0. Then f(8‘a) = B‘f(a) for any ¢ > 0, and since the
classes fa span IH(M), we conclude that f = 0, and so f = 0 as well. O

Now we can proceed with an analysis analogous to the one at the beginning of Section 9.4. Let
F be a nonempty flat of M\i of even corank, and suppose we have an inclusion

Fi TH, (M\)F) [~ (crk F)/2] — TH(M)

of Hy(M)-modules. We have two pairings on IH,((M\i)%') that are a priori different: the one in-

duced by the inclusion of TH,((M\i)%') into CH((M\i)¥"), and the one induced by the inclusion of
TH, ((M\i)F)[—(crk F)/2] into TH}(M).

Lemma 10.11. These two pairings on IH,((M\i)!) are related by a constant factor ¢ € Q with

crk F

(—1) 2 ¢>0.

Proof. This proof is essentially the same as the proof of Lemma 9.10. Both pairings are compati-
ble with the H,(M\i)-module structure in the sense that (n¢, o) = (¢, no) for any n € Ho(M\i) and
¢,0 € TH,((M\i)F). Thus both pairings are given by isomorphisms IH, ((M\#))* =~ TH,((M\i)!)[rk F]
of graded Ho(M\i)-modules. By Lemma 10.10, the H,(M\i)-module TH,((M\7)!") has only scalar
endomorphisms, so any two such isomorphisms must be related by a scalar factor c € Q.

To compute the sign of ¢, we pair the class 1 € TH,((M\i)!") with the class yr € TH,((M\i)).
Inside of CH((M\i)""), they pair to 1. Since 0,(yr) = yj, by Proposition 2.13, Proposition 2.15,
Lemma 10.2 (c), and Lemma 6.2 (2), the pairing of their images in IH;(M), or equivalently in

crk F

CH(M), is equal to the Poincaré pairing of ¢z (f(1)) with itself inside of IH 2 (Mp). The class
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©p(f(1)) is annihilated by y; for all j € E\F, so it is primitive, and therefore the sign of its Poincaré
crk F

pairing with itself is equal to (—1) 2 by HR(Mp). O

Taking stalks at the empty flat @ € £L(M\i) and using Proposition 10.4, the inclusion f induces
an inclusion

£+ TH((M\) )~ (erk F) /2] < TH,(M) 5 = TH, (M)

of H(M\i)-modules. All of the summands of IH;(M) provided by Corollary 10.5 are images of
maps of this form.

There are two pairings on IH((M\i)¥") that are a priori different: the one induced by the inclusion
of IH((M\i)¥) into CH((M\i)¥"), and the one induced by the above inclusion f.

Lemma 10.12. These two pairings on IH((M\i)%') are related by the same constant factor ¢ € Q as
in Lemma 10.11 with (—1)“3" ¢ > 0.

Proof. We need to compare the Poincaré pairings in the Chow rings and the augmented Chow
rings. Given two classes 1, ¢ € TH,((M\i)¥'), we denote their images in IH((M\i)¥') by n,{. By
Propositions 2.5 and 2.7, we have

M, ©cu(airy = s La&)cn (i F)-
On the other hand, we have
)y fF(E)enan = F), zaf(€))cnan = f(0), (0:(zz) —z@) f(§))cnnny = (f (), f(za8))cnn),

where the last equality follows from the next lemma and f being an H,(M\¢)-module homomor-
phism. Thus, the two pairings are related by the same constant factor ¢ as in Lemma 10.11. O

Lemma 10.13. For any p,v € R, we have (i1, 73V )cro) = 0.

Proof. By [BHM 22, Lemma 3.9], for any F € 8;\{@}, we have

Since R is the direct sum of CH; and xr; CH; for all ' € 8;\{@}, it follows that TR =
r(;y CH(;) = P, which is orthogonal to R with respect to the Poincaré pairing of CH(M). Thus, the
lemma follows. O

Corollary 10.14. The statement HR;(M) holds.

Proof. This follows from Corollary 10.5, Lemma 10.12, and HR((M\i)¥) for @ # F e L(M\3). O
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11. DEFORMATION ARGUMENTS

This section is devoted to arguments that establish hard Lefschetz or Hodge-Riemann proper-
ties by considering families of Lefschetz arguments. We assume throughout that F is nonempty.

11.1. Establishing HR<2 (M).
Proposition 11.1. We have
d
HL(M), HL;(M), and HR Z(M) = HR<2(M).

Proof. Giveny = > ¢jy; with every ¢; > 0, to show that IH(M) satisfies the Hodge-Riemann
relations with respect to multiplication by y in degrees less than d/2, we consider

Yo =1 ciyi + Z Y5
jeE,j#i
By HL(M) and HL;(M), IH(M) satisfies the hard Lefschetz theorem with respect to multiplication
by y; for any ¢t > 0. Therefore, for any k < d/2, the Hodge-Riemann form on TH* (M) associated
with any y; with ¢ > 0 has the same signature. Given the hard Lefschetz theorem, the Hodge-
Riemann relations are conditions on the signature of the Hodge-Riemann forms [AHK18, Propo-
sition 7.6], thus the fact that IH(M) satisfies the Hodge—-Riemann relations with respect to multi-
plication by g implies that it satisfies the Hodge-Riemann relations for any y; with ¢ > 0. O

11.2. Establishing HR(M). The purpose of this section is to prove Proposition 11.4, which gives
us a way to pass from HR;(M) to HR(M). If i has a parallel element, then the statements HR=* (M)
and HRS*(M) are the same. So, without loss of generality, we may assume that i has no parallel
element, or equivalently that {i} is a flat. To simplify the notation we will denote this flat without
braces in this section, so we write x; instead of Ty, " instead of ¥4, etc.

For any t > 0, consider the degree one linear operator L, on IH,;(M) given by multiplication by
B —tz;. We will assume CD(M) throughout this section, so that we have IH,(M) = IH(M) ® K, (M),
soif k < (d —1)/2 we have decompositions

IHF(M) = IH* (M) @ ¢'(J* 1 (M;)) and IH{"H(M) = IHT (M) @ ' (3772 (M),

where we use the fact that i has rank one, so CH(M?) = Q, to suppress the second tensor factor in
the source of ".

Lemma 11.2. The map
L2 THE (M) — T ()

is block diagonal with respect to the above direct sum decompositions.
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Proof. Since § = Ziﬂ; 4o TG, we have Bx; = 0. Since the image qf Yl is equal to the ideal of CH(M)
generated by z;, multiplication by 5 annihilates the image of 1)'. Thus, we have

L2 Ly (1 (M) € a2 Lyt (351 (M)

=y (SQ g2kl gk 1(Mz)) by Lemma 2.9 (4)

= Z;Qz( G L 1)) since oy = 0

=y (ﬁf/[ Z=11HR L (M )) by the definition of J
= ' (IR (M) by the definition of J.

Thus L2~ maps ¢ (J¥71(M,)) to ¢ (J97*2(M)).
On the other hand, by Proposition 3.5 and the same argument above, we have
2 M) - (1) ) = A - (' (a2 2 ()
— (M) - (152 00))
= 0.
Since IH(M) is the orthogonal complement of ¥*(J(M;)) in IH,; (M), it follows that
242K 1R (M) < THE R (M),

But (8 — tz;)472k=1 = (B)4=2k=1 4 (—tx;)9"2k~1 and IH(M) is preserved by multiplication by 3,

so this shows that L¢~2*~! maps IH* (M) to IH?~*~1(M). O
Lemma 11.3. Let k < (d — 1)/2 be given, and suppose that the statements HR, (M) and HLSF(M)
hold. For any 0 < ¢ < 1, the map

L;ikafl: mk(M) N md_k_l(M)

is an isomorphism.

Proof. First note that the statement for ¢ = 1 holds by Lemma 11.2 and HR;(M). For 0 < ¢ < 1,
assume for the sake of contradiction that 0 # 7 € IH*(M) and

<ﬁd_2k_1 + (7txi)d—2k—1>,r] = 0. (11)
Multiplying this equation by 3 and by z; gives
B4 %*n =0 and 2¢%n = 0.
Thus 7 is a primitive class in TH* (M) with respect to 8 — x;. By HR;(M),

(—1)degyy ( (8421 + (—2) 21} > 0.



SINGULAR HODGE THEORY FOR COMBINATORIAL GEOMETRIES 87
But by an application of (11), this inequality is equivalent to
0 < (—1)k®gM< gi—2k=1 4 (_txi)d—%—l _ (_txi)d—%—l n (_xi)d—%—l>n2)
— (1) degy (( = (~ta) "2+ (—ay) 7))
_ (_1)d—k—1®gM <m§l—2k—1(_td—2k¢—l n 1)772)_
Since 0 < t < 1, this inequality reduces to
(=) degy (x> 'n?) > 0.

On the other hand, by Lemma 3.3 (3), we know that ! (IH(M)) < IH(M;). Since (8y;)¢ %*n = 0 and
©'(By) = By, it follows that (8, ) 2¢¢(n) = 0. In other words, ¢(n) € IH*(M,) is a primitive
class with respect to 3);,. Thus, by Proposition 2.9 and Proposition 2.11, we have

0 < (~1)"degy, (842" (n)?)

— (—1)*degy, (' (4% 22) )
(—1)"*degy; ('’ (@72 22) )
= (1) dogy (a2 1p?).

Now, we have a contradiction between the above two sets of inequalities. O

Proposition 11.4. For any k£ < (d — 1)/2, we have
HR(M;), PD(M), HR;(M), and HLS*(M) = HRSF(M).

Proof. By induction on k, we may assume HR<F (M). To prove ﬂk(M), it suffices to prove that the
Hodge-Riemann form on IH*(M) with respect to L, has the expected signature. More precisely,
by the proof of [AHK18, Proposition 7.6], it suffices to show that

sigy, IH(M) — sig, IH*"'(M) = (~1)* (dim IHF (M) — dim mk—l(M)) :
where sigLO denotes the signature of the Hodge—-Riemann form associated with L.

By Lemma 11.3 and PD(M), the Hodge-Riemann form associated with L, is non-degenerate for
all0 <t <1, and by ﬂgk(M), the Hodge-Riemann form is also non-degenerate when ¢t = 0.
Thus, both sigy, IH*(M) and sig,, IH*1(M) are constant as t varies in the closed interval [0, 1].
Therefore, it suffices to show that

sigy,, THF (M) — sig, IH" ' (M) = (~1)* (dimmk(M) — dim mk—l(M)) . (12)
By Lemma 11.2, we have

sigr, IHF (M) = sigr, IH*(M) + sigg, o' (3" (Mj)). (13)
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Forany n,{ € J' k=1(M;), since § annihilates the image of ¥, we have

LT (@ ) - 2'(€)) = (—a) ™1 (' () - £'(9)),
and hence
degyr ({21 (& (n) - 1/(€)) ) = degay ((—2)" 1 (&'(n) - £/(€)) ) = degys (41852 n) - £/(€))
By Lemma 2.18 (2) with F' = {i} and the fact that o;;; = 0 for degree reasons, we have

degy ('(815 %7 n) - '(€)) = —degyy, (8457 n¢)
Combining the above two sets of equations, we have

sigy, ¥ (171 (M)) = —sigg, I (M) = —sigy THETH(M).

i

Therefore, by HR(M;), we have
sigr, ©'(JV7 (M) — sigy, (I (M) = (=1)F (dim e (3 (My)) = dim ' (3" (M) )
By HR; (M), we have
sigy, THE (M) — sigy, THEL(M) = (—1)* (dim THE (M) — dim IHEL (M)

The above two equations together with Equation (13) implies the desired Equation (12). O

a
11.3. Establishing HL,(M) and HR; 2 (M). We now use similar arguments to those in the previ-

d
ous subsection in order to obtain the statements HL, (M) and HR; 2 (M). Fix a positive sum

Y= ¢y

JjeE
For any ¢ > 0, consider the degree one linear operator L; on IH,(M) given by multiplication by
y — txy. We will assume CD<% (M), so that for any k£ < d/2, we have a direct sum decomposition

THF(M) = IHF(M) @ ¢? (J¥1(M)) and IHI*(M) = TH**(M) @ 2 (I (M)).
Lemma 11.5. For any ¢ > 0, the linear map
LI~ THE(M) — THY (M)

is block diagonal with respect to the above decompositions.

Proof. Since yxzy = 0 and y annihilates the image of ¢?, we have
Ld-2k 2 (lk:—l(M)) _ iy (Jk—l(M)) ()4 2R (g ) 2hyP (lk—l(M))
= ()R () 2y P (Jk—l(M))
_ g2y (ﬁdf%lkfl (M))
_ td—kag (Qd_k_l(M)),
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which is equal to ¢ (J**~1(M)) if t > 0 and 0 if ¢t = 0. In either case, we have
LE=2k 4 (JFL(M)) < 42 (3R ().
By the above inclusion, for any 5 € IH*(M) and ¢ € %2 (J¥~!(M)), we have
degyy (L{7(n) - €) = degpg (n-L{72H(€)) = 0.

Notice that the graded subspace IH(M) < IH,(M) is the orthogonal complement of 17 (J(M)).
Thus, we also have
LI72F THF (M) < THY (M), O

Proposition 11.6. We have

<d72

CD<2(M), HL<2° (M), and HL(M) — HL,(M).

Proof. By Lemma 11.5, we need to show that LY 2% induces isomorphisms TH*(M) = THY*(M)
and 2 (JF1(M)) =~ ¢?(J¥*1(M)) for some ¢t > 0. In the proof of Lemma 11.5, we have
shown that when ¢ > 0 the induced isomorphism 2 (J*7}(M)) = 2 (J4"*~1(M)) follows from
HL=5" (M)

The statement HL(M) implies that Ld~2%: TH*(M) — TH?"*(M) is an isomorphism. Therefore,
for sufficiently small ¢, the map L¢2*: TH*(M) — TH?~*(M) is also an isomorphism. O

Proposition 11.7. We have

d—2 d
2

HL=<“2*(M), and HR<"2 (M) = HR:?(M).

CD<2 (M), HL(M), HR<2(M), HL<

Proof. For k < d/2, we prove HR¥ (M) by induction on k. It is clear that TH,, (M) satisfies the Hodge—
Riemann relations in degree zero with respect to L; for ¢ sufficiently small. Now fix 0 < k < d/2
and suppose that HRS*(M) holds. We need to show that, for ¢ sufficiently small,

sigy, THE (M) — sigp, THF"1 (M) = (—1)* (dim THE (M) — dim IH’g—l(M)) .
By Lemma 11.5, we have

sigr,, THF (M) = sig, IHF(M) + sigy,, 2 (JF71(M)).

For n, ¢ € Qkil(M) = JHF! (M), since each y; annihilates the image of ¢)?, we have

L{2 (02 () -9 (€)) = (—tae) 2 (07 (n) - °(9))

and hence
degay (L2 (47(n) - 97(€)) ) = degys ((—tzo) w7 (n) -7 ()
— 1 degyy (47(8 %) -7 (9))
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By Lemma 2.18 (1) with F' = @ and the fact that ayjo = 0 for degree reasons, we have

degyy (47 (87 %n) -9 (§)) = —degy (872 1ne)
When t is positive, by the above two sets of equations, we have
sigr, 97 (I (M) = —sigg JU (M) = — sigg IH* 1 (M),
and therefore
sigr,, THE (M) = sigy, TH"(M) — sigz THY*(M).

By HL(M) and H R<2 (M), the Hodge-Riemann forms on TH*(M) and TH*~1 (M) associated with L
are non-degenerate. Thus, for ¢ sufficiently small, we have

sigr, THF(M) — sigy, T (M) = sigy, THF (M) — sigy, TH* (M)
= (-1)* (dimIH’“(M) - dimIH’f—l(M)) ,
We also have

sigs THF (M) — sigy THF2(M) = (=1) <dim IHF1 (M) — dimmk_Q(M))

by HL=%" (M) and ﬂ<% (M). Combining the above three sets of equations, we have

sigy, THE (M) — sig, THY (M)
= (—1)* (dim TH* (M) — dim IH’“%M)) —(—1)k1 (dim IH1(M) — dim mH(M))

= (—1)* (dim THE (M) — dim 1H§*1(M)) . O
12. PROOF OF THE MAIN THEOREM

Sections 12.1 and 12.2 are devoted to combining the results that we have obtained in the pre-
vious sections in order to complete the proof of Theorem 3.17. In Section 12.3 we prove Proposi-
tions 1.7 and 1.8, thus concluding the proof of Theorem 1.2.

12.1. Proof of Theorem 3.17 for non-Boolean matroids. We now complete the inductive proof of
Theorem 3.17 when M is not the Boolean matroid; the Boolean case will be addressed in Section
12.2. Let M be a matroid that is not Boolean, and assume that Theorem 3.17 holds for any matroid
whose ground set is a proper subset of E. Since M is not Boolean, we may fix an element i € E
which is not a coloop. If i has a parallel element, then all of our statements about M are equivalent
to the corresponding statements about M\i, so we may assume that it does not.

We recall the main results in the previous five sections. By Corollary 7.4, we have PD,(M),
PD(M), CD,(M), and CD(M). By Proposition 8.11, we have

NS=<“3* (M) holds.
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By Corollaries 10.6 and 10.14, we have
both HL;(M) and HR;(M) hold,

and by Proposition 9.9 and Corollary 9.11, we have

[SI[oH

d
CD<%(M) = HL 2(M) and HR;(M).

Proposition 12.1. We have

da—2

NS<“Z° (M) and HR,(M) — HL<Z (M).

Proof. Given 1 < k < d/2, let n € IH*~1(M) be a nonzero class such that
ﬁd72k+1n =0.
Recall from the proof of Lemma 11.2 that ﬁx{i} = 0, and therefore
(8= i)™ (Bn) = 0.
In other words, the class 37 is primitive in IH? (M) with respect to multiplication by 3 — z(;y- By
N75<% (M), we have gn # 0. Now, HR;(M) implies that

0< (—1)k®gM ((ﬁ - 9'3{1'})&%71 : (@7)2> = (—1)k®gM (ﬁdi%ﬂ : 772)-
This contradicts the assumption that g4=2k+1y = 0. O

Proposition 12.2. For any k£ < d/2, we have
PD<*"'(M) and HLSF"'(M) = CD<*(M).

Proof. By CD,(M), the statement CD<*(M) is equivalent to the direct sum decomposition
THSH (M) = THSF(M) @ 42 (I (M)).

By definition, IH(M) is the orthogonal complement of ¢ (J(M)) in IH,(M). Thus, the above direct
sum decomposition is equivalent to the statement that the Poincaré pairing of CH(M) restricts to
a non-degenerate pairing between 2 (JSF~1(M)) and 2 (JZ4F~1(M)).

By Lemma 2.18 (1) with F' = @ and the fact that ayje = 0 for degree reasons, we have
degyy (47 (1) - 97 (v)) = —degy (8 - pv)
for yu,v € CH(M). Thus, by PDSF=1(M) and HLS¥~(M), the Poincaré pairing of CH(M) restricts
to a non-degenerate pairing between ¢? (J<"1(M)) and 42 (JZ¢+"1(M)). O
By Proposition 7.8, we have

CDo(M) and CD<2(M) = NS<Z(M).
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Proposition 12.3. We have

HL<“"(M) and NS<2(M) —s HL(M).

Proof. Given positive numbers c; for j € E, we lety = >, ¢;jy;. Suppose 1 € TH*(M) satisfies
y*~ %1 = 0. For any rank one flat G, we have ¢ (y) = 6 ¢j95 € CH!(Mg). Since y?=2Fn = 0,
we have

pa(y) - pa(n) = 0.
By Lemma 3.4 (1), we know that ¢ (n) € TH*(M¢). Thus, the class (1) € TH*(Mg) is primitive
with respect to ¢ (y). By HR(Mg), Proposition 2.13, and Proposition 2.15, for every rank one flat
G we have

0 < (1) degn, (w6 )57 oam)?) = (=) degy (ve -y "n?).

and the equality holds if and only if ¢ (1) = 0.

d—2k

On the other hand, since ¥ n = 0, we have

0= (1) degy; (y" 2 ?)
= (—1)* degy <( > ijj> : yd2k1772)
JjEE
= (=" Y eydegy (5 -y ?),
V)
where {j} denotes the closure of {;j} in M. Since each c¢; > 0, the above two sets of equations imply
that p(n) = 0 for every rank one flat G. Thus,
yan = va(eq(n)) = va(0) =0

for every rank one flat G. By NS<2 (M), it follows that n = 0.

We have proved that multiplication by y%~2* is an injective map from TH*(M) to TH*(M). To
conclude it is an isomorphism, it is enough to know that these spaces have the same dimension.
We know that PD,(M) holds, and since IH(M) is the perpendicular space to ?(J(M)) in IH, (M),
it is enough to know that dim J*~*(M) = dim J~*~1(M). This follows from HL=" (M). O

Proposition 12.4. We have
HR,(M) = NS,(M).

Proof. Lety = > ;cpy;- By HRo(M), we can choose € > 0 such that [H,(M) satisfies the Hodge-
Riemann relations with respect to multiplication by y — exg. Suppose that 1 is a nonzero element
of the socle of TH®(M) for some k < d/2. By HR,(M), we have

(—1) degy; ((y — ewa)292) > 0. (14)
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Since 7 is annihilated by every y;, Lemma 5.2 implies that 7 is a multiple of z. On the other hand,
since 7 is annihilated by x5, Lemma 5.2 implies that 7 is in the ideal spanned by the y;. Thus we
have n? = 0, which contradicts Equation (14). O

Proposition 12.5. We have
NSo,(M) = NS(M).

Proof. Suppose that k < d/2 and n € IH*~1(M) is an element of the socle, that is, 51 = 0. By Corol-
lary 7.7, it follows that ¢/ (1) is a multiple of x4, and hence annihilated by each y; by Lemma 5.2.
Furthermore, by Proposition 2.5, we have

wo?(n) = 7 (¢?(za)n) = 7 (=Ln) = 0.
Thus, 1% (n) € TH* (M) is annihilated by each y; and x. Then NS, (M) implies that ¢?(n) = 0, and
the injectivity of ¢/ implies that n = 0. a
Proposition 12.6. We have

HL=<“2"(M) and NS(M) = HL(M).

Proof. When d is odd, the statements i<% (M) and HL(M) are the same. When d is even, the
only missing case is HL (M), which is exactly the same as NS“F* (M). O

From Corollary 7.4, we have PD,, PD, CD,, and CD of M. Following Figure 1, we have obtained
CD, NS, NS,, HL, HL,, HL, HR, HR,, and HR. The statement PD follows from HL and HR. The
statement NS is proved in Proposition 12.5. So we have completed the proof of Theorem 3.17
assuming M is not the Boolean matroid.

12.2. Proof of Theorem 3.17: Boolean case. Suppose M is the Boolean matroidon E' = {1,2,...,d}
with d > 0.

Proposition 12.7. The canonical decomposition CD(M) of CH(M) holds. We have IH(M) = H(M),
and the space J(M) is spanned by 1, 3, ..., 3972

Proof. Let J'(M) be the subspace of H(M) spanned by 1, 3, . .., 372, We have H(M) < IH(M), since

) S
IH(M) is an H(M)-module that contains 1. Since 392 is not zero, we have J'(M) < J(M).

Thus if we can show there is a direct sum decomposition

CHM)=HM® &P i (J'(Mr)®@CHM")), (15)

O<F<E

the proposition will follow.
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For a Boolean matroid M, CH(M) admits an automorphism
The automorphism 7 exchanges a and 3. It is then easy to see that the decomposition (15) is the
result of applying 7 to the decomposition (D) of [BHM*22].

Alternatively, one can use the basis of CH(M) given by Feichtner and Yuzvinsky [FY04, Corol-
lary 1]. Their basis is given by all products

M1 .Mz | Mk Mkt
To, T, To, o ,

where G < Gy < -+ < Gy is a (possibly empty) flag of nonempty proper flats and we have
my <1kG1, m; <tkG; —rkG;—q for 1 <i <k, and my4; < crk Gj. Applying T gives
ﬁmk+l(ka)mk T (xF1>m17

where F; = E\G;. If k # 0 this is in %* ((QMFk)mk ® CH(M®*)), while if k = 0 it is in H(M). The
direct sum decomposition (15) follows. O

Since IH(M) is isomorphic to H(M), which is spanned by 1,3, 3%,..., 3%}, we immediately
deduce NS(M) and HL(M). Notice that the involution 7 induces the identity map on CHY~(M).
Therefore, deg);(39™1) = degy;(a®"!) = 1, and we have PD(M) and HR(M).

The proof of Proposition 12.2 also works for the Boolean matroid, so from HL(M) and HR(M)
we get CD(M). By Lemma 5.2 and Corollary 7.6, we have an isomorphism of graded vector spaces

TH. (M) = ° (IH.(M)) = TH(M).
Since ¢?(8°) = ¥?¢0?((—xp)") = (—1) (z5)"*!, it follows that 12 J(M) is spanned by x4, ..., 2% L.
Since z4y; = 0 for any j € E, we have an isomorphism of vector spaces
(¥7I(M)) , = $ZJ(M).

Since IH(M) has total dimension d and J(M) has total dimension d — 1, the stalk IH(M)4 is one-
dimensional, and hence TH(M), = IH(M) = Q. Therefore, ITH(M) is generated in degree zero as a
module over H(M). Equivalently, IH(M) is isomorphic to a quotient of H(M).

On the other hand, since M is the Boolean matroid, HM) = Q[v1,...,y4]/(v3,...,y3) is a
Poincaré duality algebra. Since THY(M) is one-dimensional, the quotient map H(M) — TH(M)
is an isomorphism in degree d. Therefore, the quotient map must be an isomorphism, that is,

TH(M) = H(M) = Q[y1, .-, yal/ (47, - -, y2)-

Now, it is a well-known fact that H(M) satisfies Poincaré duality, the hard Lefschetz theorem, and
the Hodge—Riemann relations. The statement PD, (M) follows from PD(M), PD(M), and HL(M).
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By Lemma 11.2, the statement HL, (M) follows from HL(M) and HL(M), and the statement HR. (M)
follows from HR(M) and HR(M).

12.3. Proofs of Propositions 1.7 and 1.8. Recall from Section 1.2 that the proof of Theorem 1.2
relies on Theorem 1.6, which we have already proved as part of Theorem 3.17, as well as on
Propositions 1.7 and 1.8. In this subsection, we will prove these remaining two propositions.

Proof of Proposition 1.7. As parts of Theorem 3.17, we have already obtained PD(M) and NS(M). By
PD(M), the socle of IH(M) is equal to the orthogonal complement (m IH(M))* in IH(M). By NS(M),
we know that (mTH(M))* = 0 in degrees less than or equal to d/2. Thus, mIH(M) = IH(M) in
degrees greater than or equal to d/2, or equivalently, IH(M)g = 0 in degrees greater than or equal
to d/2. O

Proof of Proposition 1.8. Choose an ordering F1, ..., F, of £L(M) refining the natural partial order as
in Section 5.3 with the further property that ¥, = {F},,..., F.} = L2?(M)and X, = {F,,...,F} =
L£>P+1(M). By definition, we have
TH(M)s
PIH(M)/mPT TH(M) = — =2 1
We claim that there exists a canonical isomorphism
IHM)>p _HM)s

= - 17
Feg—LB(M) IH<M)>F IH(M)EV ( )

In fact, the natural maps
IHM)sp . IHM)s
IHM)>r  THM)g

©w

induce a surjective map
IH(M)EF IH(M)EM

FeLG?(M) IHM)-p IHM)y,

To show that the above map is an isomorphism, it suffices to show that both sides have the same

dimension. By Proposition 5.11 (1), we have
IH(M IH(M
dim <()E“> = > dim <()Zk> = > dimIHM)p = Y. dimIHOM)p.
IH(M)EV u<k<u—1 IH(M)Ek+1 u<k<u—1 FELP(M)
Thus, the isomorphism in Equation (17) follows.
By Lemma 5.7 and Lemma 6.2 (1), for any flat F', we have canonical isomorphisms

IH(M)>
IHM)-p
Now, the proposition follows from Equations (16), (17), and (18). O

~ (IH(M)[- 1k F]) , = (yr TH(M)), = (IH(Mp)[- 1tk F]) . (18)
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12.4. Proof of Theorem 1.4. By Theorem 3.17, all of our statements hold for M and Mp, and so
in particular Lemma 6.2 says that ¢ restricts to a surjection IH(M) — IH(Mp). Because we are
assuming that yr is fixed by the action of I', this surjection is I'-equivariant. Since ¢ is a ring
homomorphism which sends the maximal ideal m of H(M) to the maximal ideal mz of H(Mp), it
follows that we have a I'-equivariant surjection

TH(M)y — TH(Mp)o.

The result now follows by taking I'-equivariant Poincaré polynomials.

APPENDIX A. EQUIVARIANT POLYNOMIALS

The purpose of this appendix is to give precise definitions of equivariant Kazhdan-Lusztig
polynomials, equivariant Z-polynomials, and equivariant inverse Kazhdan-Lusztig polynomials.
We also prove an equivariant analogue of the characterization of Kazhdan-Lusztig polynomials
and Z-polynomials that appears in [BV20, Theorem 2.2].

Let I be a finite group, and let VRep(I") be the ring of virtual representations of I' over Q with
coefficients in Q. For any finite-dimensional representation V' of I, let [V] be its class in VRep(I').
IfI"actsonaset Sand x € S, we write I';, < I for the stabilizer of z. We use the following standard
lemma [Pro21, Lemma 2.7].

LemmaA.l LetV = P, ¢
by a finite set S, and suppose that I acts linearly on V' and acts by permutationson S. If v-V, = V.,

V. be a vector space that decomposes as a direct sum of pieces indexed

forall z € S and v € T, then
Tz |

T Ind} [V;] € VRep(D).

V=@

zeS

Let M be a matroid on the ground set F, and let I be a finite group acting on M. In other words,
the set E is equipped with an action of I" by permutations that take flats of M to flats of M. We
define the equivariant characteristic polynomial

rkM
xu(t) = Y (=1)F[OS*(M)] M € VRep(I)[¢],
k=0
where OS¥(M) is the degree k part of the Orlik-Solomon algebra of M. The dimension homo-
morphism from VRep(I')[t] to Z[t] takes the equivariant characteristic polynomial x};(¢) to the
ordinary characteristic polynomial xy;(t); see [OT92, Chapter 3]. The following statement appears
in [GPY17, Theorem 2.8].

Theorem A.2. To each matroid M and symmetry group I', there is a unique way to assign a poly-
nomial PY;(t) with coefficients in VRep(T') with the following properties:
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(a) If the ground set of M is empty, then P};(t) = 1 (the trivial representation).

(b) For every matroid M on a nonempty ground set, the degree of Py (t) is strictly less than rk M/2.

. _ r
(c) For every matroid M, we have t'*M Py (1) = Z |’FJ‘7| Indh - (Xiﬁ (t)Pl\SI? (t))
FeL(M)

The polynomial Py;(t) is called the equivariant Kazhdan-Lusztig polynomial of M with respect
to the action of I'.

The following definition appears in [PXY18, Section 6].

Definition A.3. The equivariant Z-polynomial of M with respect to the action of I is

P I
Zy(t) = > ||I{”|’1nd£F (P{dg (t)) t™F e VRep(I)[¢].
FeL(M)

A polynomial f(t) € VRep(I')[t] is called palindromic if t4°¢/®) f(+=1) = f(t). The fact that the
equivariant Z-polynomial is palindromic is asserted without proof in [PXY18, Section 6]; a full
proof appears in [Pro21, Corollary 4.5].

Lemma A.4. For any polynomial f(¢) of degree d, there is a unique polynomial g(t) of degree
strictly less than d/2 such that f(¢) + ¢(t) is palindromic.

Proof. We must take g(t) to be the truncation of t?f(t~1) — f(¢) to degree |(d — 1)/2]. O

The following proposition is an equivariant analogue of [BV20, Theorem 2.2].
Corollary A.5. Let M be a nonempty matroid, let P};(t) be a polynomial of degree strictly less than
rkM/2 in VRep(T')[¢], and let
5T (. pl Trl or r rk F
24 =Pty + ) o Ik, (PMI; (t)) prkF
o#FeL(M)

If Z};(t) is a palindromic polynomial, then Py (t) = PL(t) and Z};(t) = Zi;(t).
Proof. By definition of Z1,(t), we have

I'p .
Zu(t) = Pyt) + )] ‘m’IndFF (P{A;(t))th.
@#FelL(M)

The corollary then follows from Lemma A.4 and the palindromicity of Z},(t). O
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When the rank of M is positive, by [GX21, Theorem 1.3], the inverse Kazhdan-Lusztig polyno-
mial of M satisfies
S (=)™ Pyr (0Qui (1) = 0.
FeL(M)
We use the recurrence relation to define an equivariant analogue of Qi (?).

Definition A.6. The equivariant inverse Kazhdan-Lusztig polynomial of M with respect to the
action of I" is defined by the condition that Q}(t) is equal to the trivial representation if the ground
set of M is empty, and otherwise

r
> ot mal, (P ook @) = o
FelL(M) |F|

Equivalently, we recursively put

A-— Y (_Drkﬂ'rlf"deF (PLEMQY.(1)) & VRep(D)[1].
@#Fel(M)

For equivalent definitions of P (t), Z1;(t), and Q%;(t) in the framework of equivariant incidence
algebras and equivariant Kazhdan-Lusztig-Stanley theory, we refer to [Pro21, Section 4].
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