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The derived category of a ring

@ Object of interest: the derived category
D(ModR) = C(ModR)[quasi-iso~'] of a ring R.
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@ Object of interest: the derived category
D(ModR) = C(ModR)[quasi-iso~ '] of a ring R.

@ D(ModR) is triangulated, the suspension functor
Y : D(ModR) — D(ModR) shifts complexes

X: oo X T X0 x5

to the left and changes sings of the differentials.

@ D(ModR) is compactly generated. There is a set C of objects of
D(ModR) such that each C € C is compact (that is,
Hom(C, —): D(ModR) — Ab preserves coproducts) and for each
0 # X € D(ModR) there exists 0 # f: C — X with C € C. For
instance S = {R[n] | n € Z}.

e If Ris commutative, (D(ModR), ®k, R) is a symmetric monoidal
category, where ®LR denotes the left derived functor of the tensor
product. The functor — ®k% — is exact in each variable.
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Types of localization

@ We would like to understand the structure of D(ModR).
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Types of localization

@ We would like to understand the structure of D(ModR). It is

hopeless to classify objects, but we may classify kernels of various

triangulated functors.
@ We have

Coproduct preserving Verdier localizations
D(ModR) — D(ModR)/L

U
{ Bousfield localizations L: D(ModR) — D(ModR) }

U
{ Smashing localizations L: D(ModR) — D(ModR) }

U

Compactly generated localizations
L: D(ModR) — D(ModR)

Classifiable!
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Thomason’s classification of finite localizations

Theorem (Thomason, 1997)
Let R be a commutative ring.
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Thomason’s classification of finite localizations

Theorem (Thomason, 1997)

Let R be a commutative ring. Then there is a bijection between
@ compactly generated localizations L: D(ModR) — D(ModR);
© Thomason subsets of Spec R.

Definition
A subset U C Spec R is a Thomason set if U is a union of Zariski
closed sets of Spec R with quasi-compact complements.

Example

Let R be a valuation domain with Spec R: 0 =pg S p1 S -+ S pp=m.
Then the Thomason sets are simply upper sets with respect to C. The
corresponding localization for {p;, pj1,...,pn} € Spec Rwith j > 1is

Ry, ®r —: D(ModR) — D(ModR).

v
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Smashing localization

Definition
A functor L: D(ModR) — D(ModR) is a smashing localization if it
preserves coproducts.
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complex S.
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Smashing localization

Definition
A functor L: D(ModR) — D(ModR) is a smashing localization if it
preserves coproducts.

Facts

@ If Ris commutative, this is equivalent to L = S @k — for some
complex S.

© Every compactly generated localization is smashing.

Remark

The term smashing comes from the stable homotopy category, where
the role of ®,Lq is taken by the smash product A.
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@ For a homological epimorphism we further require that
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Homological epimorphisms

@ A ring epimorphism is an epimorphism in the category of rings.

@ A ring homomorphism f: R — S is an epimorphism if and only if
u:S®p S — Sis anisomorphism.

@ For a homological epimorphism we further require that
Torf(S,S8) = 0 for all i > 1 (due to Geigle and Lenzing). We can
write that compactly as S®kL S = S.

@ If R has weak global dimension < 1, we only need to check
Torf(S, S) = 0.
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Result for rings w.gl.dim. < 1

Theorem (Bazzoni-S.)
Let R be a ring of weak global dimension at most 1.
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Result for rings w.gl.dim. < 1

Theorem (Bazzoni-S.)

Let R be a ring of weak global dimension at most 1. Then there is a
bijective correspondence between

@ smashing localizations L: D(ModR) — D(ModR) and
© homological epimorphisms f : R — S of rings.
The bijection is given by f — L = S ®k —.

Remark

This generalizes an earlier result with Krause, where the same was
proved for hereditary rings.
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Idea of the proof

@ Nicolas and Saorin related smashing localization of D(ModR) to
homological epimorphisms of differential graded rings.
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Idea of the proof

@ Nicolés and Saorin related smashing localization of D(ModR) to
homological epimorphisms of differential graded rings.

@ A dg-ring is a Z-graded ring R with a differential 9: R — R of
degree 1. Thatis, 9> =0and 9(x - y) = 9(x) - y + (—1)¥Ix - a(y).

@ In fact, the correct context to work with homological epimorphisms
of dg-rings is the homotopy category of dg-rings:
Ho(DgRings) = DgRings[quasi-iso~'].

@ Given a smashing localization of D(ModR), we have a hom. epi.
R — S in Ho(DgRings).

o If Ris of w.gl.dim. < 1, then have Kinneth’s theorem relating
H"(S @k S) to H'(S) ®g H/(S) and TorR(H/(S), H(S)). This
allows to prove that S is quasi-isomorphic to an ordinary ring.
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Outline

© A classification for valuation domains
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Why valuation domains?

Theorem (Glaz)
Let R be a commutative ring. Then the following are equivalent:

@ R is of weak global dimension at most 1,
@ R, is a valuation domain for each p € Spec R.

Corollary

Suppose that R is a valuation domain, f : R — S is a homological
epimorphism (so that w.gl.dim. S < 1) and m € mSpec S.

Then Sy, = R, /i, where i? =i C p are primes in R. That is, for each
m € mSpec S we have a formal interval [i,p] in (Spec R, C) withi
idempotent.

Ifm # w’, then [i,p] and [V, p’] are disjoint.
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The classification

Theorem (Bazzoni-S.)
Let R be a valuation domain. Then there is a bijection between

@ homological epimorphisms f : R — S and
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The classification

Theorem (Bazzoni-S.)
Let R be a valuation domain. Then there is a bijection between

@ homological epimorphisms f : R — S and

@ collections T = {[ia, pa] | @ € A} of disjoint intervals with i = i2
such that

@ Z has “no gaps’,
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The classification

Theorem (Bazzoni-S.)
Let R be a valuation domain. Then there is a bijection between

@ homological epimorphisms f : R — S and

@ collections T = {[ia, pa] | @ € A} of disjoint intervals with i = i2
such that
@ Z has “no gaps’,
@ T is nowhere dense.
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The classification

Theorem (Bazzoni-S.)
Let R be a valuation domain. Then there is a bijection between

@ homological epimorphisms f : R — S and

@ collections T = {[ia, pa] | @ € A} of disjoint intervals with i = i2
such that
@ Z has “no gaps’,
@ 7 is nowhere dense.

(irrelevant if Spec R is finite)
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Example

@ Let R be a valuation domain with Spec R = {0, m}
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R = { ; aéxe}

(Puiseux series ring).
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R = { IZO aéxe}

(Puiseux series ring).
@ Let Q be the quotient field and k = R/m the residue field.
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R= { ; aéxe}

(Puiseux series ring).
@ Let Q be the quotient field and k = R/m the residue field.

@ Then there are 5 homological epimorphisms:
Q@ R-0O,
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R= { ; aéxe}

(Puiseux series ring).
@ Let Q be the quotient field and k = R/m the residue field.

@ Then there are 5 homological epimorphisms:

Q@ R—O,
Q@ R—Q
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R= { ; aéxe}

(Puiseux series ring).

@ Let Q be the quotient field and k = R/m the residue field.

@ Then there are 5 homological epimorphisms:
Q@ R-0
Q R-Q
Q@ R- R,
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R= { ; aéxe}

(Puiseux series ring).

@ Let Q be the quotient field and k = R/m the residue field.

@ Then there are 5 homological epimorphisms:
Q@ R-0
Q R-Q
Q@ R- R,
Q Rk,
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R= { ,Z; aéxe}

(Puiseux series ring).

@ Let Q be the quotient field and k = R/m the residue field.
@ Then there are 5 homological epimorphisms:

Q@ R-0,

Q@ R-Q

Q@ R— R,

Q Rk,

Q@ R— Qxk.
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R= { ,Z; aéxe}

(Puiseux series ring).

@ Let Q be the quotient field and k = R/m the residue field.
@ Then there are 5 homological epimorphisms:

Q R0,

Q@ RrR-Q

Q@ R— R,

Q Rk,

Q@ R— Qxk.

@ Only the first three correspond to compactly generated
localizations of D(ModR).
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Example

@ Let R be a valuation domain with Spec R = {0, m} and m = m?,

For instance -
R= { ,Z; aéxe}

(Puiseux series ring).

@ Let Q be the quotient field and k = R/m the residue field.
@ Then there are 5 homological epimorphisms:

Q R0,

Q@ RrR-Q

Q@ R— R,

Q Rk,

Q@ R— Qxk.

@ Only the first three correspond to compactly generated
localizations of D(ModR). Equivalently, an ordinary localization
with respect to a multiplicative set.

Jan Stovigek (Charles University) Smashing localization for w.gl.dim. 1 June 17, 2014 15/16



A hint for the telescope conjecture?

@ There are valuation domains R with Zariski spectrum

SpecR: 0Gp1Cp2SpaG---Gm
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A hint for the telescope conjecture?
@ There are valuation domains R with Zariski spectrum
SpecR: 0Gp1Cp2SpaG---Gm

For instance those with the value group (Z{), <ie).
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A hint for the telescope conjecture?

@ There are valuation domains R with Zariski spectrum
SpecR: 0Gp1Cp2SpaG---Gm

For instance those with the value group (Z{), <ie).
@ We do not know which p;’s are idempotent, but m must be such!
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A hint for the telescope conjecture?

@ There are valuation domains R with Zariski spectrum

SpecR: 0Gp1CpaGp3G---Sm

For instance those with the value group (Z{), <ie).

@ We do not know which p;’s are idempotent, but m must be such! In
particular, there certainly are smashing localizations of D(ModR)
which are not compactly generated
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@ We do not know which p;’s are idempotent, but m must be such! In
particular, there certainly are smashing localizations of D(ModR)
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for D(ModR)).
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A hint for the telescope conjecture?
@ There are valuation domains R with Zariski spectrum

SpecR: 0Gp1CpaGp3G---Sm

For instance those with the value group (Z{), <ie).

@ We do not know which p;’s are idempotent, but m must be such! In
particular, there certainly are smashing localizations of D(ModR)
which are not compactly generated (the telescope conjecture fails
for D(ModR)).

@ This is the same as Balmer’s spectrum of (SHp, A, S9), the stable
homotopy category of p-local spectra.
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A hint for the telescope conjecture?

@ There are valuation domains R with Zariski spectrum
SpecR: 0Gp1CpaGp3G---Sm

For instance those with the value group (Z{), <ie).

@ We do not know which p;’s are idempotent, but m must be such! In
particular, there certainly are smashing localizations of D(ModR)
which are not compactly generated (the telescope conjecture fails
for D(ModR)).

@ This is the same as Balmer's spectrum of (SH,, A, SP), the stable
homotopy category of p-local spectra. So compactly generated
localizations of SH,, are formally the same as those of D(ModR).

Jan Stovigek (Charles University) Smashing localization for w.gl.dim. 1 June 17, 2014 16/16



A hint for the telescope conjecture?
@ There are valuation domains R with Zariski spectrum
SpecR: 0Gp1CpaGp3G---Sm

For instance those with the value group (Z{), <ie).

@ We do not know which p;’s are idempotent, but m must be such! In
particular, there certainly are smashing localizations of D(ModR)
which are not compactly generated (the telescope conjecture fails
for D(ModR)).

@ This is the same as Balmer's spectrum of (SH,, A, SP), the stable
homotopy category of p-local spectra. So compactly generated
localizations of SH,, are formally the same as those of D(ModR).

@ Itis not known whether there are non-compactly generated
smashing localizations of SH,.
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A hint for the telescope conjecture?
@ There are valuation domains R with Zariski spectrum
SpecR: 0Gp1CpaGp3G---Sm

For instance those with the value group (Z{), <ie).

@ We do not know which p;’s are idempotent, but m must be such! In
particular, there certainly are smashing localizations of D(ModR)
which are not compactly generated (the telescope conjecture fails
for D(ModR)).

@ This is the same as Balmer's spectrum of (SH,, A, SP), the stable
homotopy category of p-local spectra. So compactly generated
localizations of SH,, are formally the same as those of D(ModR).

@ Itis not known whether there are non-compactly generated
smashing localizations of SHp. Another hint for the failure of the
telescope conjecture in stable homotopy theory?
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