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Introduction

Theory of error—correcting codes investigates codes that enable communication
over noisy channel. During the transmission of data some errors may occur. At
first the codes need to detect these errors. Then the received word is decoded
to a codeword. The decoding algorithm decodes the received word to the closest
codeword. This technique gives an upper bound on the number of errors that
can be corrected. The best codes for practical use are those with high number of
correctable errors, small size of alphabet and high dimension.

In 1981 Valery Denisovich Goppa presented his discovery of relation between
coding theory and algebraic geometry. It turns out, that this new class of codes
has almost the highest number of correctable errors. In addition, this codes
use smaller alphabet than Reed-Solomon codes to achieve the same number of
correctable errors.

To make the thesis understandable for those who are not familiar with algebra-
ic geometry we sum up all definitions and propositions from algebraic geometry,
which are necessary to understand algebraic geometry codes, in the first chap-
ter. The algebraic geometry codes and terminology of error correcting codes are
presented in the second chapter.

To have a code convenient for practical use, there has to be efficient way to
encode and decode. In the third chapter we introduce one method of encoding
and one method of decoding of algebraic geometry codes. For both of these
methods we need extensions of some algorithms. In 1965 Bruno Buchberger
introduced theory of Grobner basis for ideals. For purpose of encoding we will
present extension of Grobner basis for submodules. As decoding algorithm we
present syndrome decoding of one point algebraic geometry codes. It is possible
to decode only from syndromes that we can get from a received word, however
this type of algorithm does not correct up to the half of the lower bound of the
minimum distance (called Feng-Rao distance or order distance). We present a way
to calculate unknown syndromes using majority voting. Then, using extension of
Berlekamp-Massey algorithm to N dimensions, we can correct errors up to the
half of Feng-Rao distance.

In the last chapter we present important class of algebraic geometry codes
— Hermitian codes. Hermitian curves have the maximal number of affine points
with respect to genus of curve. Hence the Hermitian codes have maximal possible
length of codeword and that positively effects the number of correctable errors.
We also present methods of encoding and decoding on example of Hermitian
codes.



1. Algebraic Geometry

At first, we have to sum up some basic definitions from Algebraic Geometry.
Throughout the thesis we assume that we have an arbitrary field called K and
every ring is commutative.

1.1 Basics from Algebraic Geometry

All definitions and theorems in this chapter are taken from [Stic09].

Definition 1.1.1 (Local ring). R is a local ring if and only if there is a unique
nonzero maximal ideal.

A ring R is local if and only if R\ R* is nonzero ideal. Let us assume that R
is principal domain, F'is a quotient field of R and M = aR is maximal ideal of
R. Then for every b € F™* there exists unique i € Z, that b € a'R* = a'R\ ' ™' R.
According to that we can define mapping

v:F — ZU{oo}

v(b) = iebedR\d"'R
v(0) = oo
Definition 1.1.2 (Discrete valuation). Let F' be a field. Then v : F — 7 U {co}
satisfying
1. v v(z)+v(y), Yo,y € F;

(zy) =
v(iz+y) > min{v(z),v(y)}, Ve,y € F;
() =00 & x=0;

(

2.
3. v
4. v(a) =1, Ya € R that R\ R* = aR.
15 discrete valuation.
Proposition 1.1.3.
v(z) # v(y) = vz +y) = min{v(z), v(y)}

Proof. W.lo.g v(z) < v(y). We assume that v(z) < v(z + ).

v(z) =v(z+y—y) > min{v(z +y),v(-y)}
and that is contradiction with our assumption because v(—y) = v(y) > v(z). O

Definition 1.1.4 (Algebraic function field). For a field K let us have a field
extension K C F, such that there exists an element x € F' that is transcendental
over K and [F : K(x)] < co. Then F/K is an algebraic function field. An
algebraic closure K of K is called field of constants.

Definition 1.1.5 (Valuation ring of the function field). A valuation ring of the
function field F/K is a ring O C F with the following properties:
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1. KSOGF, and
2. Vz € F we have that z € O or 27t € O.

If we consider P = O\ O*, it is obviously nonempty subset of O (otherwise
would be O = F). For x € P and z € O is xz € P. In addition, for every
x,y € Pis % or £in O. W.Lo.g we assume that % € O. Then

1eO:>§+1eO:>x+y:y(g+1)eP.

Hence P is an ideal of O. As proper ideal can not contain 1, P is unique maximal
ideal.
If we have P we can uniquely determine
Op={z€F;z7' ¢ P}.
Op is called the valuation ring of the place P.

Definition 1.1.6 (Place). A place P is every set that satisfies P = O\ O* for a
valuation ring O of an algebraic function field F/K. A set of all places of F/K
is denoted by Pr k.

Let us have a field F' and its valuation ring O. If O is integral domain and
there is a discrete valuation v such that

O ={z € Flv(z) > 0},
then we say that O is discrete valuation ring.
For a place P = O\ O* = {z € F;v(z) > 0}, we consider
m = min{v(z),z € P}
a € P v(a) =m.
Hence P D aO. Let us have b € P\ aO. Then
bO 2 a0
and
a=bo,o ¢ O".
However that means, that v(o) > 0 and v(a) > v(b). That is a contradiction and
it means that P is principal ideal of discrete valuation ring O. In fact, the same
proof we can get for every ideal of O, so O is a principal domain. An element
t € O that tO = P is called prime element.
For every place P € Pr/k and ¢t € O, that is prime element of P we define a
discrete valuation vp:
vp(z) = vp(t'u) = i,¥z € F,
where i € Z,u € O*. This definition does not depend on the choice of ¢:
P =10 = s0, so t = sw for some w € O and w"u € OF.

Every vp gives an alternative definition a of place and a valuation ring:

Op ={z € F,vp(z) > 0},
Op ={z € F,vp(z) =0},
P ={z¢€ F,vp(z) > 0}.



Example 1.1.7. Let us have = transcendental over K. Then K(x)/K is function
field (of rational functions). For an irreducible polynomial p(x) € K|z] is

cm@:{ﬂﬂﬁwxmweKmm@wm@}

g9()

valuation ring. Mazimal ideal of Oy is

%mZ{%gGQmm@Hﬂ@}

It is clear that p(x) is prime element of P,y and valuation related to Py is
VP, (2) =k < k=max{i € ZU {0};p'(z) | 2}
In addition to O, there is another valuation ring
On = {223 100, 010) € Klol degt10) < deglate)}
with mazimal ideal
P~ {28 0 s10) < degtsta) .

and related valuation

M—e x)) —aegl\fjl\x
o (LE0) = deatate) - deg( 1)

Let us have a place P € Pp/x and an element z € F. We say, that P is
a zero of z of order m if vp(z) = m > 0 and it is a pole of z of order m if
vp(z) = —m < 0. If z is constant it does not have any poles or zeros.

Proposition 1.1.8. Let F/K be a function field and let Py, ..., P, be zeros of the
element v € F. Then

> v (@) deg(P) < [F: K(x))

Proof. See [Stic09], Proposition 1.3.3. ]

From Proposition follows that every nonzero element x € F' has only
finitely many zeros. As we can apply the same proposition on z~!, there is only
finitely many poles of x.

Definition 1.1.9 (Residue class field and degree). Let P € Pp /.

e Fp:=Op/P is the residue class field of P. The map x — x(P) from F to
Fp U {0} is called the residue class map with respect to P.

e deg(P) := [Fp: K] is called the degree of P.



Places of degree one of rational function field K(z)/K correspondent one-
to-one to elements of K U oco. Hence in algebraic geometry is K(x)/K usually
interpreted as projective line over K. In coding theory we use terminology that
a place of degree one

Pa - P:E—a
is rational point.

Definition 1.1.10 (Divisor). Free Abelian group with basis Pp/x is called a di-
visor group of F/K and it is denoted by Div(F). The elements of Div(F) are
formal sum

D = Z apP with ap € Z and almost all ap = 0.
PE]PF/K

Two divisors are added coefficientwise.

The zero element of group is zero diwvisor with ap = 0,VP € Pp/k.

A divisor with all ap > 0 is called positive (or effective).

A divisor with exactly one nonzero coefficient ap is called prime divisor.

Definition of a degree of a place can be used to define a degree of a divisor as

deg(D) = Z ap - deg(P).

PE]P’F/K
This gives us a homomorphism
Div(F) — Z.

As we mentioned before, every nonzero z € F has only finitely many zeros
and poles. If we set ap = vp(2) it satisfies condition that ap = 0 for almost all

P so
(2) := Z vp(z)P

PGPF/K

is divisor. Divisors defined like that are called principal divisors. The set of
principal divisors is subgroup of Div(F/K) denoted by Princ(F).
The factor group

CIU(F) := Div(F)/Princ(F)
is called the divisor class group of F//K.

Definition 1.1.11 (Equivalence relation and partial ordering). Two divisors
D,Q € Div(F) are equivalent (D ~ Q) if

D=Q+ (x)

for some x € F'\ {0}.
A partial ordering on Div(F') is defined by

D < Q& ap <bp,VP € Ppk,

where D =Y apP and Q =) b,P.



Definition 1.1.12 (Riemann-Roch space). For a divisor A € Div(F) we define
the Riemann-Roch space associated to A by

L(A):={zx e F (x) >—-A}U{0}.

Let A € Div(F). Riemann-Roch space £(A) is a vector space over K and its
dimension is denoted by I(A).

Definition 1.1.13 (Genus and index of specialty). The genus g of F'//K is defined
by

g = max{deg(A) — I(A) + 1, A € Div(F)}.

An integer
i(A)=1(A)+g—1

15 called index of specialty.

The genus of F'/K is always non-negative integer.

Definition 1.1.14 (Adele). An adele of F/K is a mapping

. ]P)F/K —>F,
Fye™ =),

such that f(P) € Op for almost all P € Pg/i. The valuation vp(x) is naturally
extended to Adele(F/K) by setting vp(f) = vp(fp), where fp = f(P) is the
P-component of the adele f. The extended valuation s denoted by ¥.

Let A € Div(F). Then we define

A(A) ={f € Adele(F/K);0(f) + A > 0}.

For every x € F and P € Pp/ix we have constant mapping c,(P) = z, which
is adele. It is very common to take c, as element of F'. That give us inclusion
F C Adele(F/K). Adeles are important structure in algebraic geometry with a
lot of interesting properties.

Let A,B € Div(F/K),A<B:

o A(A) is vector space over K and A(A)NF = L(A),
o A(4)C A(B),
e dim (A(B)/A(A)) = deg(B — A).
Definition 1.1.15 (Weil differential). A Weil differential is a linear form
w: Adele(F/K) — K,
that vanishes on A(A) + F for some divisor A € Div(F).
Notation:
o Op:={w|wisa Weil differential of F'/K},
o Op(A) :={w € Qp | w vanishes on A(A) + F},
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o M(w):={A€ Div(F)|weQr(A)}.
Proposition 1.1.16. Qr s a one-dimensional vector space over F.

Proposition 1.1.17. For every nonzero Weil differential w exists exactly one
divisor W = (w) € M(w) that A< W for all A € M(w).

Definition 1.1.18 (Canonical divisor). A divisor W that is equal to (w) for some
w e Qp,w # 0 1s called canonical.

e (w) is, in class group of F'/K, uniquely determined divisor,

e w vanishes on A((w)) + F,

e if w vanishes on A(A) + F for some divisor A € Div(F/K) then A < (w),
o (w)= EPE]PF/K xpP, we set vp(w) 1= zp.

Theorem 1.1.19 (Riemann-Roch Theorem). Let F'/K be a function field of
genus g. Then we have:

(i) For all divisors A € Div(F/K),

I(A) > deg(A)+1—g.

(i) There is an integer c, depending only on the function field F/K, such that
I(A) = deg(A) +1—g,
whenever deg(A) > c.
Proof. See [Stic09], Theorem 1.4.17. O

Theorem 1.1.20 (Alternative of Riemann-Roch Theorem). Let F'/K be a func-
tion field of genus g, A € Div(F) and every x € F'\ K is transcendental over K.
If I(A) > 29 — 1 then I(A) = deg(A) + g — 1.

Now we just mention the basic knowledge about the extension of algebraic
function field. For more information about this topic see [Stic09], Chapter 3. In
the rest of this section we assume that K is algebraically closed and that K is
full constant field in F, i.e. Vo € F'\ K is transcendental over K.

Definition 1.1.21. We say that an algebraic function field F'/K' is a field exten-
sion of an algebraic function field F/K if F C F' and K C K'. It is an algebraic
extension if F' is an algebraic field extension of F.

Definition 1.1.22. Let F'/K' be an algebraic extension of F/K. We say that a
place P' € Py is over a place P € Pr/k if P = P'NF. We denote it by P'|P.
In this case Op = Op: N F.

Definition 1.1.23. Let P'|P.

e Then there is a unique integer e that satisfies vp/(x) = evp(x),Vx € F. An
integer e(P'|P) := e is called the ramification index.

8



3

Figure 1.1: Elliptic curve y? = 23 — x over R.

o An integer f(P'|P) = [Op//P’" : Op/P] is called the relative degree of P’
over P.

Example 1.1.24. Let us have projective line over R, i.e rational function field
F/K =R(x)/R. We consider field extension

FI/K = R@)y)/R; y* = 2 — .
This extension correspondent to projection of elliptic curve y?> = z3 — x on axis
x.

We consider places of degree one—rational points. For every rational point P
on the projective line, there are at most two rational points P’ on the elliptic curve
such that P'|P. We consider the rational point P' € Pp i, P’ = P(’O o) Which s
over Py:

2
. Y _ 2 2 _ _
VP(IO,O) (:L’) - VP(IO,O) (m) o VP(IO,O) (y ) o VP(IO 0)(x o 1) =2-0=2,
vp,(x) =1

Hence e(P(’O’O)|P0) = 2. There are other three points on projective line, that has
ramification index 2-P_1, P| and P,,. The relative degrees are 1. On the other
side, if we take for example the rational point Py € Pr/k, from the Figure we
see, that there are two points P, Py € Ppi /i, which are over P,. The point P, is
unramified and f(P/|P) = 1.

Theorem 1.1.25. Let F'/K' be an algebraic extension of F/K. Then for each
P € Pp/k there exists an integer m > 1, such that there is evactly m places
P,....,P € Pp/k over P. Then

m

=> e(P/|P)- f(P/|P).
i=1
Proof. See [Stic09], Proposition 3.1.11 and Proposition 3.1.7(b). O

Proposition 1.1.26. Let F'/K’ be an algebraic extension of F/K. Then for
every place P' € Ppi g there is exactly one place P € Pp/k, such that P = P'NF.
From the other side, for every P € Pp i there is finitely many places in Ppr g
which are over P.



According to Proposition [1.1.26]it makes sense if we define mapping
Div(F/K) — Div(F'/K')
like this:

Definition 1.1.27 (Conorm). For a place P € Pp/x we define mapping:

Con: P — Z e(P'|P)P'.
P|P

The Con can be extended to a homomorphism:
Con: Div(F/K) — Div(F'/K")
ZPEPF/K apP — ZPE]P’F/K ap Con(P).

Lemma 1.1.28. Let F'/K’ be an algebraic extension of F/K and let us have
places P' € Ppijgr and P € Pp/i that P'|P,. If f(P'|P) < oo then

deg(P")[K" : K] = f(P'|P)deg(P).

Proposition 1.1.29. Let F'/K’ be an algebraic extension of F/K. For each
A€ Div(F/K) is

[F' . F]

deg (COnF’/F(A)) = [K/ . K]

deg(A).

Proof. Tt is sufficient to prove it on the set of generators of Div(F/K), i.e. on
]P)F/K-
Let P € Pp/k and we assume that P[,..., P/ are all places lying over P. Ac-
cording to Lemma [1.1.28

f(E|P)

deg(P/) = Wdeg(P),

for every i € {1,...,m}. From Theorem [.1.25| we get:

deg (Conp/p(P)) =Y 6“32"‘[];(), ';’}?'P )deg(P) = mdeg(P).

As we define the extension of algebraic function field, we can also define an
extension of Adele(F/K).

Definition 1.1.30. Let
Adelep /p = {a € Adele(F'/K") | apr = g whenever PPN F = Q' N F}.
The trace mapping I’ — I can be extended to an F-linear mapping

TrF’/F : AdeleF//F — Adele(F/K)
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by setting
(TI"F//F(O./))]D = TrF’/F,

where P’ is any place lying over P. Definition is correct because ap = g
whenever P’ and @’ lie over P.

By [Stic09], Theorem 3.4.6 for every Weil differential w of F' there exists a unique
Weil differential w’ of F'/K' such that

Tr k(W' (a)) = w(Trpr(a)),
for all a € Adeleprp.
Definition 1.1.31. Using notation above we define Cotrace of w in F'/F as

COtI'F//F(W) = (,LJ/.

1.2 Derivation and Differential

We describe the derivations and the differentials of an algebraic function field with
analogous properties as derivations and differentials in mathematical analysis. We
show how they are related to the Weil differentials. That gives us the tools to
work with Weil differentials.

In Chapter 2| we will see how we can use Weil differentials to work with
algebraic geometry codes.

In this section we assume that we have algebraic function field F//K as we
defined in previous section. Throughout the section let K be perfect field and let
K be full constant field in F'.

Definition 1.2.1 (Derivation). Let M be a module over F. A mapping
0:F—M
is said to be derivation of F/K into M, if 0 is K-linear and the product rule
d(u-v)=u-6(v)+uv-i(u)
holds for all u,v € F.

Following lemma shows analogy to a derivation defined in mathematical anal-
ysis.

Lemma 1.2.2. Let § : F — M be a derivation of F/K into M. Then we have:
(i) 6(a) =0 for each a € K.
(ii) 6(2") =nz""t for 2 € F and n > 0.
(i1i) If charK = p > 0, then §(zP) =0 for each z € F.
(iv) 0(x/y) = (yd(x) — xd(y))/y? for x,y € F and y # 0.

Definition 1.2.3 (Separating element). An element x € F is separating element
of F/K if F 2 K(x) is separable algebraic extension, i.e. for every element
a € F, the minimal polynomial of a over K(x) has distinct roots.

11



Lemma 1.2.4. Suppose that x is a separating element of F/K and that d1, 0, are
the derivations of F/K into M with 61(x) = d(x). Then §; = 0.

Proof. Let f(z) =3 a;z' € K[z]. From Lemma([l.2.2]follows that the derivation
of f(z) is
8;(f(x)) = O iaa'™") - §;(x), for j € {1,2}.

Therefore the restrictions of §; and dy to K[x] are equal. If restrictions to K{[z]
are equal then using Lemma (iv) we get equality of restrictions to K (x).
Now we consider an arbitrary element y € F’ and its minimal polynomial m, over

K(x). |
my(T) =Y uT" € K(x)[T).

As F 2 K(x) is separable extension, Y iu;y'~! # 0.
For j € {1,2} :

0 = (00 =6;0> Ju’) = (i 6;(y') + v - 6;(ui))
= (Z iuiyi_l) S () + >yt 8(w),
) = s S ),

Since u; € K(z) and we already proved equality of restrictions of 41, dy to K(z),
we have that 0;(y) = d2(y). O

Definition 1.2.5 (Module of derivation). (a) Let x be a separating element of
the function field F/K. The unique derivation 0, : F' — F of F/K with
the property 6,(x) = 1 is called the derivation with respect to x.

(b) Let Derp :={n: F — F|n is a derivation of F/K}. For ny,ny € Derp and
z,u € F we define

(m +m2)(2) == m(2) + n2(2) and (u-m1)(2) = w-m(2).

It is obvious that Derp is an F-module. It is called the module of derivation

of F/K.
The existence of 0, follows from [Stic09], Proposition 4.1.4. (b):

If x € F is a separating element of F/K and N O F' is some field, then there
exists a unique derivation § : ' — N of F/K with property 6(x) = 1.

Lemma 1.2.6. Let x be a separating element of F/K. Then the following hold:
(a) Derp is a one dimensional F-module.

(b) (Chain rule) If y is another separating element of F/K, then

5, = 8,(x) - 5. (1.1)

(c) Fort e F we have

0.(t) # 0 <t is a separating element.

12



Proof.  (a) Consider the definition of ¢,. Then

(n(@) - 0z)(x) = () - 0z (x) = ().
As x is a separating element, n(x) - §, = 7.
Set n = §, and it follows from (a).

If ¢ is a separating element, then from the definition of §; and the chain rule
we have

1= 6,(t) = 6,(x) - 5,(1).

Hence 9,(t) # 0.

Now we assume that t is not a separating element.

For K with characteristic 0 we have that ¢ € K (otherwise ¢ is transcen-
dental over K so [F : K(t)] < oo and t is separating because every finite
extension of perfect field is separable) and that implies J,(t) = 0 from defi-
nition of derivation.

If char(K) = p, then ¢t € FP (for proof see [Stic09], Proposition 3.10.2(d))
so t =uP,u € F. Hence 6,(t) = 0 by Lemma [1.2.2]

[
Definition 1.2.7 (Differential). (a) We define a relation ~ on the set
Z :={(u,x) € F x F'| z is separating}
by
(u,x) ~ (v,y) ©v="u-0,(z). (1.2)

(b)

(c)

We denote the equivalence class of (u,x) € Z with respect to the above equiv-
alence relation by udx and call it a differential of F/K. The equivalence
class of (1,z) is simply denoted by dx. Observe that by[1.9 is

udr = vdy < v =u-§,(x). (1.3)

Let
Ap = {udr |u € F, and x € F is separating }

be the set of all differentials of F//K. We define the sum of two differentials
udz,vdy € Ap as follows: Choose a separating element z. Then

udx = (u - 0,(x))dz and vdy = (v - 9,(y))dz,
by (1.3, and we set
udx + vdy = (ud, () + vd,(y))dz (1.4)

This definition is independent of the choice of z by the chain rule. Likewise,

we define
w - (udzx) := (wu)dx € Ap

forw € F and udx € Ap. In this manner, Ar becomes an F-module.
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(d) For a non-separating element t € F' we define dt := 0 (the zero element of
Ap); thus we obtain a mapping

d- F —>AF,
t —dt.

The pair (Ar,d) is called the differential module of F/K (for brevity we
shall simply refer to Ap as the differential module of F/K ).

Remark. An useful proposition is proved by Stichtenoth in [Stic09], Proposition
6.4.1:
If we consider function field F' = K(x,y) equal to quotient field of ring

Fo/(y +c-y— f(2)),

where ¢ € K*, f(z) € K[z] and ¢ = p* > 1 for some prime p then the divisor of
the differential dx s
(dz) = (29 — 2) Pwo.

As in mathematical analysis also in algebraic geometry we can define a limit
of a sequence and a Cauchy sequence. Let us have a field K and discrete valuation
v defined on K (we call pair (K,v) a valued field).

Definition 1.2.8 (Limit and Cauchy sequence). We define x as a limit of a
sequence (x,)n>o0 in field a K if for every ¢ € R there is an index ny € N such
that

v(x — x,) > ¢ whenever n > ny.

We say that the sequence (x,,)n>0 i convergent.
As well we can say that (x,)n>0 is a Cauchy sequence if for every ¢ € R there
15 an index ng € N such that

(T, — X)) > ¢ whenever n,m > ny.
From the definition of discrete valuation follows that
viz) =00z =0,

hence the definition of limit is really very close to one in mathematical analysis.
Equivalently, we can define a convergence of series. Let (z,),>0 be a sequence
in a valued field (K, v) and let s, be its partial sums, i.e.

Then, as in mathematical analysis, we say that series is convergent if the sequence
of its partial sums is convergent. In that case we write:

o0

g z; = lim s,,.
m—0o0

1=0

Definition 1.2.9 (Completion of valued field). Suppose that (K,v) is a valued
field. A completion of K is a valued field (K, v) with the following properties:

14



(o) K C K, and v is restriction of U to K.

(b) K is complete, i.e. every Cauchy sequence in K is convergent, with respect
to the valuation v.

(¢) K is dense in K, i.e. for each z € K there is a sequence (2,)nso in K with
lim,, oo T, = 2.

Proposition 1.2.10. For each valued field there exists a completion. It is unique
up to a field isomorphism.

Proof. See [Stic09], Proposition 4.2.3. ]

In an algebraic function field F/K we usually calculate with the discrete
valuation vp related to a place P (as described in Section [1.1]). Therefore it is
convenient to have a completion of F' with respect to the valuation vp. This
completion is called the P-adic completion of F. We denote it by (Fp,vp).

Theorem 1.2.11. Let P € Pr/x be a place of degree one and let t € F be a

prime element of P, i.e. P = tOp. Then every element z € Fp has a unique
representation of the form

z:Zaiti withn € Z and a; € K. (1.5)

i=n

This representation is called the P-adic power series expansion of z with respect
to t.

Proof. We have to prove the existence and the uniqueness. We start with the
existence proof:

For z € Fp we choose n € Z, that n < vp(z). F is dense in Fp, so every element
of Fp is a limit of some sequence in F'. Therefore from the definition of a limit
we can find an element y € F with vp(z —y) > n.

vp(y) # vp(z) then vp(z —y) = min{vp(z),vp(y)}
vp(y) = vp(2) } = vp(y) > n.

Hence
vp(yt™) > 0=yt " € Op.

As P is a place of degree one, we have Op = K + P, therefore there is an element
a, € K that yt™" —a,, € P.

vp(z —ant"™) =vp ((z —y) + (y — ayt™)) > n.

In the same manner, we can find a,,1, a,12, - € K such that
m
vp(z — Zaitl) > m for all m > n.
=n

This shows that

o

i

z = E a;t’.
i=n

15



We will prove the uniqueness by contradiction:

Assume that - -

W.lo.g. n=m (if n <m then b, =--- =b,,_1 =0).
We assume that there is j with a; # b;, we choose a minimal one. Then for all
k>j

Up (Z aiti — Z bztz> = Up ((aj — bj)tj + Z (CLZ‘ — bz)tz>

i=j+1
=min{j,j+1,...,k} =J.

Also
k k k k
) ) ) k I
> min{vp(z — Z a;t’), v(z — Z bit')} 22 .
That is a contradiction with j € Z for all k > j. O

From the definition of a differential and the definition of a derivation with
respect to a separating element ¢ we have:

d
& (y) = d_?; for all y € F.

The quotient is always defined because
dz # 0 < z is separating.

Proposition 1.2.12. Let P be a place of F/K, deg(P) = 1 and let t € F be
a prime element of P. If z € F has the P-adic expansion z = Yy .o a;t" with
a; € K, then

o0

% = Z iaitifl.

Proof. t is a separating element of F//K, because it has vp(t) = 1 and every
element whose valuation is not multiple of the characteristic of K is separating.
For the proof of this proposition see [Stic09), Proposition 3.10.2(a).

From note above the proposition we have

dz
We define a mapping 0 : Fp — Fp by
5(2 ct') == Z dcit' L.
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Obviously ¢ is K-linear. We have 21, 29 € F '» and its P-adic expansions Z;’in a;t’
and Y2 b;t/. W.lo.g. n=m.

(i Clztz) (i bjtj> = i i nftyaibjt”j,
i=n j=n

j=n i=n

and ¢ is K-linear hence

5(21 . 22) = Z Z(Z + j)ajibjtifjil

Jj=n i=n
— i i iabit 1 + i i jabit!
j=n i=n j=n i=n

o0 o0 oo oo
S S it 4 S gt
j=n 7 i=n j=n

i—n,

=20(21) + 210(22).

0 satisfies the product rule = § is derivation.
d(t) =1 =6;(t) and t is separating element 27 5(2) = b(z) = %. O

Definition 1.2.13 (Residue). Suppose that P is a place of F/K of degree one and
t € F is a prime element of P. If z € F has the P-adic expansion z =Y a;t'
with n € Z and a; € K we define its residue with respect to P and t by

respy(2) == a_.

As the definition of a limit also the definition of a residue is close to one in
mathematical analysis (in this case in complex analysis), where the residue is
defined as a coefficient a_; of the Laurent series.

We set iy, := min{i|a; # 0}.

If 4 < 00 then vp (Zf:n aiti> = lmin for all & > iy As 2=
find k that

)
i=n

a;t', we can

k
Vp(Z — Zaltl) > Ymin-
i=n

Therefore

k k

k k
vp(2) =vp(z =Y ait' + Y ait’) = min{vp(z = Y ait"),vp(Y | ait’)} = imin.

i=n i i=n i=n

In case iyin = 00, a; = 0 for all i so z = 0 and vp(z) = 00 = imyin-
Conclusion of this is:
vp(z) > 0 = respy(z) = 0.

Proposition 1.2.14. Let s,t € F be a prime element of place P,deg(P) = 1.
Then

resps(z) =respy | 2 ds
P,s - Pt dt .
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Proof. See [Stic09|, Proposition 4.2.9. O

Definition 1.2.15. Let w € Qp be a differential and let P € Pr/k be a place of
degree one. Choose a prime element t € F of P and write w = u dt with u € F.
Then we define the residue of w at P by

resp(w) := respy(u).

According to Proposition [1.2.14] the definition is independent of the choice of
a prime element ¢.

1.3 Residue Theorem

In following section we describe relation between differentials and Weil differen-
tials. Main goal of the section is Residue Theorem. From complex analysis we
know Residue Theorem as:

Let us have an open set Q C C, a finite set M C §Q and a cycle graph
@ : [a,b] = Q\ M. We assume that every function g, that is holomorphic over
Q, satisfies fwg = 0. Then every function f, that is holomorphic over Q\ M,

satisfies
/ f=2m Z res, f - ind,a

aeM

1
where ind,a = 5 f

Definition 1.3.1 (Local embedding and local component of Weil differential).
Let P € ]P)F/K

(i) For x € F let o(x) € Adele(F/K) be the adele whose P-component is x,
and the other components are 0.

(ii) For a Weil differential w € Qp/ we define its local component
wp . F—- K

by
wp(z) == w(e(x)).

As a Weil differential is a K-linear mapping, clearly a local component wp is
also a K-linear mapping.

Proposition 1.3.2. Let w € Qp and o € Adele(F/K). Then wp(ap) # 0 for at
most finitely many places P, and

w(a) = Z wp(ap).

PePr K

Proof. For w = 0 it is obviously valid.
We assume that w # 0. We set W = (w) = ZPE]P,F/K xpP and

Sl = {P S IP)F/K’JIP 7é O}
Sy = {P € ]P)F/K’VP(OéP) < 0}

18



From the definition of a divisor is S; finite, and from the definition of an adele is
Sy finite (vp(ap) <0< ap ¢ Op). Hence S = S; U S, is a finite set.

Define adele 3 by
I for P ¢S,
P~10 for Pes.
Then g € A(W), hence w(f) = 0. From the definition of g is
o=+ Z tp(ap).
Pes
so from the linearity of a Weil differential and Definition [I.3.1]
w(a) = pr(ozp).
Pes
For P ¢ S is tp(ap) € AW) = wp(ap) =0. O
Conclusion 1.3.3. For every Weil differential w is ZPePF/K wp(l) = 0.

Lemma 1.3.4. For the function field K(z)/K there exists a unique Weil differ-
ential n with divisor (n) = —2Ps and local component np_(x~') = —1 where Py,
is pole of x in K(z).

Proof. We can choose Weil differential w that (w) = —2P,. From definition it
vanishes on the space A(—2Py,).

—2P,, > —P = w does not vanish on A(—P,,).

From properties of adeles dim(A(—Fx)/A(—2P)) = 1 and z has a pole of order
one at P, = x~! has a zero of order one at P.,. Hence

vp (271) € A(—Py) \ A(—2P%).

If
ci=wp () #£0
then we can set n:= —c™ " w and 7 clearly has desired attributes.
If »* has the same properties then  — * vanishes on A(—Py) = n—n*=0. O

1

Definition 1.3.5. Let F/K be an algebraic function field. We define a mapping

F — Qp,
Q/“{x S b

as follows: if v € F'\ K is a separating element of F'/K we set
Y(x) := Cotrp/k)(n),

where 1 is the Weil differential of K(x)/K characterized in Lemmall.3.4 For a
non-separating element x € F we define

P(z) = 0.
Y(x) is called the Weil differential of F/K associated with x.
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Lemma 1.3.6. Let F//K be an algebraic function field with K algebraically closed.
Suppose that x is a separating element of F/K, Py € Pr(q)/k s unramified place
in F/K(z) and Py is not the pole of x in K(x). Then for u € F':

Y(x)p(u) =resp(udr) VP € Pp/k) that P|Fy.
Proof. See [Stic09], Lemma 4.3.5. O

Proposition 1.3.7. Suppose that F'/ K is an algebraic function field over a perfect
field K and x € F 1s a separating element. For every y € F' we have

dy
U(y) = I ().
Conclusion 1.3.8. Weil differential associated with x is derivation.

Theorem 1.3.9. Suppose that F'/K is algebraic function field over a perfect field
K and x € F is separating element. If P is a place of F/K of degree one and
w=z-Y(x) € Qp for some z € F, the local component of w at P is given by

(z-Y(z))p(u) = resp(uz dz).

Proof. We divide the proof into two parts. In the first part we will assume that
K is algebraically closed and in the second part we will not have any additional
assumption on K.

First part:

At first we get the places Py, Ps, ..., P, € Pp/i such that £, = L(Pi+Py+-- -+ D)
is strictly larger than Lo = L(P, + -+ + P.). Then from the definition of a
Riemann-Roch space:

Vit € El, VP € IP)F/K I/P(t) Z —]_,
hence if an element has a pole in F' then it is a pole of order one. Specially
Vt € Ly \EQ, 0> Vpl(t) > —-1= l/pl(t) =-1

and P is a pole of t of order one in F. If we set T := ¢! then 7T is a prime element
of P, so it is a separating element of F//K. Then Py := P, N K(T) € Px(r)/k is
not a pole of T"in K(7T') and

T € Pyand vp, (T) =1 = P, is unramified in F//K(T)

Assumptions of Lemma [1.3.6| are satisfied so:

(2 (), (u) =" (Z . :ll_; ' WT)) () =¥(T)n (uz%)

Py

- d
JreSP1 (uzd—;dT> = resp, (uz dr).

Second Part:

We consider field extension F = FK, where K is algebraic closure of K. If
[K : K] < oo, then according to Proposition |1.1.29, a place P € Pp/k of degree
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one has exactly one extension P € Pz /i and we can use what we already proved
in the first part:

(2 (@) p(u) = () p(2u) = $(x) p(zu) = resp(zu da)

As P|P and P is unramified, every prime element of P in F'is also a prime
element of P. Hence from Definition

resp(zu dx) = resp(zu dx).

In case [K : K] = oo we can use [Stic09], Corollary 3.6.5: )
Let P € Pp/i be a place of F/K of degree r and let F' = FK be the constant
field extension of F/K with the algebraic closure K of K. Then

Congyp(P) = P+ -+ P,

with pairwise distinct places P; € Pr/k-
Hence P is unramified place and the rest of the proof is the same as in case
(K : K] < 0. O

Directly from Proposition [1.3.2] Conclusion [I.3.3]and Theorem follow:

Theorem 1.3.10 (Residue Theorem). Let F'/K be an algebraic function field,
K is a perfect field. Let w € Ap be a differential of F/K. Then resp(w) # 0 for
at most finitely many places P € Pp i and

Z resp(w) = 0.

PEPF/K
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2. Algebraic Geometry Codes

2.1 Basics from error-correcting codes

Error-correcting codes enable communication over a noisy channel. Many com-
munication channels are subjected to channel noise, and thus the errors may
appear during a transmission from a source to a receiver. The errors can be de-
tected. Moreover, if the amount of errors is limited (we will describe later what
exactly mean limited), the errors can be corrected.

Let us have a finite field IF, with ¢ elements and we consider the n-dimensional
vector space Iy over . The elements of this vector space are n-tuples (a1, . . . , a,).

Definition 2.1.1 (Hamming distance and weight). For two elements a,b € F}
1s Hamming distance a function

d(a>b) = ’{Z ’ a; 7é bm?’ € {177n}|
The weight of an element a is defined as
w(a) :==d(a,0) = |{i |a; #0,i € {1,...,n}.

Definition 2.1.2 (Linear code). A code C over the alphabet F, is an [n,k]-
linear code if it is a linear subspace of By of dimension k. The elements of C' are
called codewords, n is the length of C (i.e. a length of a codeword) and k is the
dimension of code.

The minimum distance d(C') of a code C' is

d(C) :=min{d(a,b) | a # b and a,b € C} = min{w(c) | 0# c € C}.

An [n, k] code with minimal distance d is denoted by [n, k,d].

t:= {MJ
2

If w € Fy and d(u,c) < t for some ¢ € C then c is the only codeword with
d(u,c) < t. Therefore using code C' we can uniquely correct all errors if number
of errors is less than or equal to t.

We set

Definition 2.1.3 (Generator matrix). Let C' be an [n, k]-code. A generator ma-
triz of C'is a k x n matriz whose rows are a basis of C' (as F,-vector space).

Definition 2.1.4 (Dual code). If C' C F} is a code then

ct .= {u e FY| <u,c>:ZuicZ—:0f0r all c € C}

=1

15 called the dual code of C.

e dim(C) + dim(C*) = n.
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e A generator matrix of O is called a parity check matrix for C. It satisfies

Ve e C; c~Ggl:q.

Proposition 2.1.5 (Singleton Bound). For an [n, k,d]-code C holds
d<n-—k-+1.

Example 2.1.6 (Reed-Solomon codes). Let F# = {a,a?,..., a7} be a multi-
plicative group, where ¢ = p” for a prime p and an integer r and o is a primitive
element of F,. For an integer k < n = (¢ — 1) we consider the set

L =A{f € Fylz] | deg(f) < k}.

Then we define Reed-Solomon [n, k|-code as

RSqp = A{(f(a), f(&®),..., f(@™")|f € L}.

As each polynomial has at most k—1 zeros, from d > n—(k—1) and the Singleton
Bound follows that RS, reach the Singleton bound.

MDS codes (maximum distance separable codes) are codes with d = n—k+1.
From the Singleton bound is obvious that if we want a code with high minimum
distance we need a code with high length of the codewords. As a length of the
codewords is limited by a size of the alphabet, the alphabet grows with it. One of
the reason for the interest in algebraic geometry codes is that for the fix alphabet,
they have longer length of the codewords than MDS codes. The penalty of this
improvement is lower minimum distance. However we will see that this penalty
is at most equal to the genus of the algebraic curve, that we used to construct
the code.

2.2 Goppa Codes

Algebraic geometry codes (AG codes) are in general a linear codes constructed
by using an algebraic curve. Such codes were introduced by Valerii Denisovich
Goppa. That is why AG codes are often called Goppa codes. Some authors divide
AG codes into two groups:

e geometric Reed-Solomon codes
e Goppa codes.

In this thesis we will also use this division as presented in [HghoLintPell11].

Let X be a non-singular projective curve defined over a finite field F,. We
consider the algebraic function field defined by X as quotient field of coordinate
ring

FlX] =T,/ (X),

where (X) denotes ideal generated by defining equation of the curve X. We
denote this algebraic function field by F(X).
In the following we use notation:
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e P, ..., P, are distinct rational points on X, i.e. places of degree one,
e divisor D € Div(F(X))is D =P+ -+ Py,
e divisor G € Div(FX)is G = ZPGPF(X) gp - P, that gp, =0 for 1 <i <n.
Then:
Definition 2.2.1. The linear code C(D,G) of length n over IF, is defined by
C(D,G) ={(z(Pr), -, z(F)) | v € LIG)}.
Codes of this type are called geometric Reed-Solomon codes.

Example 2.2.2. Consider Reed-Solomon code RS, and let L be as in Ezxample
2.1.6. We set
L:={f(z/y)| [ €L}

Then for the projective line X = PY(F,) is L a set of polynomials that have a
pole only at point in infinity P, and order of a pole is less than k. Hence by
setting D = Py + -+ + B, where P, = (o', 1) for a prime element a of F, and
G = (k —1) - Px we constructed geometric RS-code

C(D,G) ={(f(Pr), -, f(P)If € LY = {(f(P1),-, f(P))|f € LIG)}
that is equivalent with RS,,.
Proposition 2.2.3. C(D,G) is an [n, k, d|-code with
(i) k= 1(G) — (G — D),
(ii) d > n — deg(G).
Proof. Consider a mapping

e: L(G) —TFy
£ =P, f(R)

(i) e is surjective from L£(G) to C(D, G). By linear algebra
[(G) = dim(Im(e)) + dim(Ker(e)) = k + dim(Ker(e))
and

Ker<e>:{f’(f(Pl)v"'vf(Pn)):(Ov"'70)}
={flvp(f) >0,1<i<n}
— L(G - D).

(i) w(e(f)) =w > d. Then there exist n — w points that
Vpij(f) >0, 1<j<n-—w.
Hence f € L(G— (P, +---+Fi,_,)).

L(G—(P,+-+P, ) #0< deg(G) — (n—w) > 0.

n—w
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]

Theorem 2.2.4. Let C(D, Q) be an [n, k,d)-code defined on curve X of genus g
and deg(G) < n. Then:

(i) k=1G)andd>n—k+1—g.

(i) A generator matriz of C(D,G) is given by

f(P) o AP
Mo . . .

fe(Pr) oo fi(Pn),
where f1,..., fr is an F-basis of L(G).
o Specially if deg(G) > 2g — 1 then k = deg(G) + 1 — g.

Proof. (i) If deg(G) < n then deg(G — D) < 0 and (G — D) = 0. Hence
k = I(G). By Riemann-Roch Theorem

k=I1(G)>deg(G)+1—g
and by Proposition [2.2.3]

d>n—deg(G)>n—k+1—g.

(ii) Let 17y, ..., be rows of M. We assume that S | a, - 17i; = 0,a; € F,.

Then
k

k
Zaz"fi(Pl):"':Zaz"fi(Pn):Oa

=1

that implies Y | a; - f; € L(G — D) and so a; = 0,Vi. The rows of M are
linearly independent over IF;, so M is generator matrix.

(iii) follow directly from (i) and Theorem [1.1.20}

Remark. Putting together Singleton bound and Theorem we get
n—k+1l-g<d<n-Fk+1.

Therefore for curves with genus g = 0 is C(D,G) MDS code. Otherwise we
construct code with almost maximum d, the penalty that we have to pay is g.

Definition 2.2.5. A linear code C*(D,G) of length n over F, is defined by
C*(D,G) = {(resp,(w),- - ,resp, (w)) | w € QG — D)}.
the codes of this type are called geometric Goppa codes.

Proposition 2.2.6. C*(D, G) is an [n,k*,d*|-code defined on curve of genus g.
Then

o i* = i(G—D)—i(G),
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o d* > deg(G) —2g + 2.

Specially if deg(G) > 2g — 1 then k* > n+ g — 1 — deg(G) with equality in case
deg(G) < n.

Proof. Consider a mapping

Res: Q(G—-D) — C*D,G)

w — (resp (w),...,resp, (w)).
Res is a surjective linear mapping. As w € Q(G — D) & vp(w) > vp(G — D):

vp(w) > —1 Vied{l,...,n}
vp(w) > 0 weQG),Vie{l,...,n}

S0
w e QG) & (resp,(w),...,resp,) = (0,...,0)

and Ker(Res) = Q(G). Using linear algebra k* = i(G — D) — i(G).
Now consider a codeword ¢*(w) of a weight w. Then

weQG— (D= P)
j=1
by previous ideas. Then

QUG — (D= _P)#0=deg (G—(D—Zl%j)> <29 -2
=1 =1
according to Theorem [1.1.20] Hence
29 — 22 deg(G) — (n — (n — w)) = deg(G) — w,
d* > w > deg(G) — 29 + 2.

In case deg(G) > 2g — 2 is i(G) = 0 by Theorem [1.1.20| and k* = i(G — D). In
addition if deg(G) < n then (G — D) = 0 and k* = n+ g — 1 — deg(G) from
definition of index of specialty. O]

The lower bounds for minimum distances d and d* are called Goppa distance
of AG code.

Theorem 2.2.7. The codes C(D,G) and C*(D,G) are dual codes.
Proof. According to Proposition [2.2.3] and Proposition [2.2.6]

k+ k* =I(G) — I(G — D) +i(G — D) — i(G)
=I(G) — (G- D)+ I(G— D) —deg(G — D)—
1+g—U(G)+deg(G)+1—g
=deg(D) = n.
Let c = e(f) € C(D,G) for some f € L(G) and ¢* = Res(w) € C*(D, G) for
some w € Q(G — D). Consider the divisor (fw):
(fw) = (/) + (@) = (=G) + (G = D) = (=D),
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so fw € Q(—D). This implies that fw can have a pole only in Py, ..., P, and
it would be a pole of order one. For ¢; a prime element of P; we consider the
P,—adic expansion of f and w.

= o Q- tF
w = z dt;; j,; = ZZZ{_Ol b],: ) t?; } resp, (fw) = ag - b_y = f(P)resp,(w).

Using Residue Theorem [1.3.10| we get
<c ¢t >= Zf(Pi)resPi(w) = 0.
i=1

]

From previous Theorem we see dual codes of geometric Reed-Solomon codes
are Goppa codes. In practical situations is dual code often use to decide whether
the received word is or is not an element of the code. Moreover it could be used
in decoding algorithm. Therefore the following proposition could be very useful:

Proposition 2.2.8. Let n be a Weil differential with a simple poles at the P; and
resp,(n) =1 fori=1,...,n. Then

C*(D,G) = C(D, D — G+ (n)).

Proof. n has a simple pole at the P, = vp,(n) = —1. Then (n) = > pnp- P with
np =---=mnp, =—1=vp(D—G+(n) =0. Hence C(D,D — G+ (n)) is
properly defined code.

Consider a map

a: LD-G+(n) — Qp(G-D)
T — .

At first we have to check if & maps £(D — G + (n)) into Qp(G — D):
() = (@) + () 2 =D+G =)+ () =-D+G=ancQG-D).

Using the same ideas as in proof of Theorem [2.2.7] for x € L(D — G + (n)) we
have
resp,(zn) = x(P)res(n) = z(F).

Therefore if « is an isomorphism then C*(D,G) = C (D, D — G + (n)).

« is obviously injective. To prove, that it is surjective we have check if for every
w € Qp(G — D) there is a x € L(D — G + (n)) that w = xn. From Proposition
we see that w = xn for some x € ' =F (X) and

G—=D=(w)=(2n) = (x)+ () =z e L(D-G+ 1)
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3. Encoding and Decoding

For a code to be convenient for practical use, there should be efficient way how
to encode and decode. In the following chapter we introduce one method for
encoding and one method for decoding. However before we actually introduce
the method, we need to describe necessary algorithm.

3.1 Grobner basis

Grobner basis is useful algebraic tool introduced by Bruno Buchberger. It is used
to solve the ideal and the radical membership problem, the ideal equality problem,
the algebraic equations and they provide a basis for a vector space K|x]/I over
K. In this section we describe how we can construct a systematic encoder for
AG-codes using a Grobner basis. The most of the definitions and theorems are
taken from [Wink96| and [Mora(9].

Before we can describe the Grobner basis we need to define reduction relation.

Definition 3.1.1 (Reduction relation). Let M be a set and — a binary relation
on M. — is a reduction relation and we say that a reduces to b if (a,b) €—. We
will use notation a — b.

The basic attributes of reduction relation:

e composition: a -—' b < dc € M that a — ¢ —' b,

e inverse relation: a ="' b < b — a,

e i-th power: @ = b« Jecy,...,ci.1 € M thata — ¢, — -+ — i1 — b,
e symmetric closure: a <> b < a — b and b — a,

e transitive closure: —:= J;o, =7,

o reflexive-transitive closure: —*:=J*, —7,

reflexive-transitive-symmetric closure: <*.

The relation of reduction is analogous with division of polynomials. Hence it
is natural to say, that a is reducible if there exists b € M such that a reduces to
b. We say, that b is normal form of a, if b is irreducible and a is reduced to b.
This relation is denoted by

b=a.

As for polynomials we have a common multiply and a common divisor, in termi-
nology of reduction relation we define common successor

albs dee Mthata — c<b
and common predecessor

atb< dece M that a < c—b.
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We declare a commutative polynomial ring Klx1,...,7,] by K[X] and a
monoid of power products z{' ...z by [X]. The unit element in this monoid

is 1 =2a%...29% On [X] we define term ordering that is compatible with the

monoid structure:
o 1 <t,Vte X\,
o s <t=su<tu,Vs,tuec|[X].

Analogously we can define term ordering on [X] by a total ordering on N™.
In general we consider that (0,...,0) € N™.

e (0,...,0) < (ay,...,a,),Y(ay,...,a,) € N"

o (ar,...,a,) < (by,...,bn) = (a1,...,a,) + (c1,...,¢n) < (b1,...,b,) +
(c1,..ycn),¥(ar, ... ap), (by,...,bn), (c1,...,c,) € N™.

Let f € K[X], f =% a;z}" ... 2. Then the leading exponent of f is
() = max{(iv......i) | ai # 0,
the leading term of f is
t(f) := 2 ... 2i that (iy,...,i,) = le(f),
and leading coefficient lc(f) is coefficient of 1t(f) in f. Finally a support of f is

supp(f) = {(i1,...,4,) | a; # 0}.

A total ordering on a commutative polynomial ring K[X] induced by a term
ordering on [X] is defined as
Vf,g € K[X]\0

1. 0< f;
2. in case le(f) # le(g): f < g < le(f) <le(g)

3. in case le(f) =le(g): f" = f —1le(f) - 1t(f),q" := g — lc(g) - It(g) and
f<gef <4

Example 3.1.2. Lexicographical ordering is
(al,...,an) < (bl,...,bn) = Elz',ai < b; andaj = bJVJ > 1.

Hence

1<a:1<:L‘%<~~~<x2<x2x1<m2x%<--~<x§<....

Graded reverse lexicographical ordering (grevlex) is
(al,...,an) < (bl,...,bn) <a; + -+ ay <b1++bn

a+---+a,=b+---+b, and
Eii,az- <b,»,aj :bJ\V/] > q.

Hence
<o <X < <2, <TT<TTp < --- <22 < ...
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Definition 3.1.3 (Reduction with respect to subset). Let us have polynomials
f,9,h € K[X]|,F C K|X|. We say that g reduces to h w.r.t. f:
g —¢ h < 3s,t € [X] that s has nonzero coefficient ¢ in g, s = lt(f) -t and

c
h=g— .
le(f)
We say that g reduces to h w.r.t. F'< 3f € F such that g —¢ h.

tf.

Definition 3.1.4 (Church-Rosser property). The reduction relation — has the
Church—Rosser property if it satisfies

a+*b = al,b.

Definition 3.1.5 (Grobner basis). A subset F' of K[X] is a Grébner basis for
< F > if —p has the Church-Rosser property.

This definition is more convenient if we want to prove attributes of the Grobner
bases using attributes of reduction relation. The other point of view is to define
a Grobner basis as following:

Definition 3.1.6 (Equivalent definition). A subset F' = {f1,..., fx} of K[X] is
a Gribner basis of ideal I C K[ X]| if

< U(F), .. () >=< {W()|f €I} > .

In the following we show the most important attribute of Grébner basis, which
provide the way how to check if the set is a Grobner basis of an ideal that
generates.

Definition 3.1.7 (Critical pairs and S-polynomial). Let us have nonzero poly-
nomials f,g € K[X] and t = lem(lt(f ),lt(g)). Then

is the critical pair of f and g. The difference of the elements of cp(f,g) is the
S-polynomial S(f,q) of f and g.

Theorem 3.1.8 (Buchberger’s criterion). Let F be a subset of K[X].

(i) F is a Grébner basis if and only if g1 {3 g2 for all critical pairs (g1, g2) of
elements of F.

(i) F is a Grobner basis if and only if S(f,g) =% 0 for all f,g € F.
Proof. See [Wink96|, Theorem 8.3.1. O

Buchberger’s criterion also suggest an algorithm for constructing the Grébner
basis. As K[X] is noetherian ring, every ideal I in K[X] has finite basis. Let B
be a basis of I.

1. For all S-polynomials check if its normal form (w.r.t. B) is zero.

2. All nonzero normal forms add to basis B and check all new S-polynomial.
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If we do this until all S-polynomials reduces to zero, we get the Grobner basis.
In case we have a Grobner basis G for an ideal I C K[X], then for each f € K[X]

fels f—e0.

Now we consider a polynomial module K[X]™,m € N and its canonical basis

{e1,...,em}

According to the Hilbert’s Basis Theorem, K[X]™ is noetherian module.
Hence every submodule M C K[X]™ has finite basis. The question is if this
basis can be transform to the Groébner basis as in case B C K[X]|. We need to
extend few definitions.

If we combine total ordering on K[X| with an ordering on canonical basis
{e1,...,en} then we get total ordering on K[X|™, i.e. for f,g € K[X]™

= Zfieia 9= Zgiei, where f;, q; € K[X]
i=1 i=1

and

ey = max{e;|f; # 0},

e, = max{e;|g; # 0} with respect to ordering on canonical basis.
Then

f<rg&er<e,, or
ef = eg and fef <7 Ge,-

This type of ordering is called position over term ordering.
We say that m is monomial in K[X]|™ if m = te; for some ¢t € [X]| and
e; € {e1,...,en}. Hence

[(X]™ = {te;,t € [X],1 <i<m}.

Then every element f € K[X]™ can be written as

m m
=SSt =33 umi, tiy € [X)ey € K
i=1 j =1 g

and we define:
o lt(f) :=max{m,|c;; # 0},
° lC(f) =Gy that m;; :lt(f)

Definition 3.1.9 (Grobner basis for submodule). Let M be a submodule of
K[X]™. Then a finite set of polynomials G = {g1,...,9x} C M is a Grobner
basis for M if the submodule generated by the leading terms of polynomaials in M
15 equal to the submodule generated by the leading terms of polynomials in G, i.e.:

<Alt(m)lm € M} >=<lt(q1),...,t{gx) > .
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Let B = {fi,..., fr} be a basis of a submodule M. If it is not the Grébner
basis, then there exists a polynomial fr,1; € M such that

I6(frr1) €< {lt(m)m € M} > .
We put By = BU{fry1}. Like this, we can create an ascending chain
B=BSBiSBS...
and a corresponding chain of the submodules generate by the leading terms
<LT(By) >S <LT(B)>S....

m

However this chain has to stop at some point, as K[X]|™ is noetherian module.

Hence for every submodule M exists a Grobner basis.
Let G ={g1,...,qr} be the Grobner basis of a submodule M. Then

feM<s f—q0.
Definition 3.1.10. Let g € K[X]|™. Then
U(f) =my = trier, Ug) =my =lgie,
for some tp;, ty; € [X]. If ey = ey = e then S-polynomial of f and g is defined as

S : — ;0 Y9, - 0 "9,
V9= o) ¢ e elh)

f7

otherwise is S(f,g) = 0.

As in previous case, also now is valid Buchberger’s criterion, i.e.:
G is a Grobner basis < S(f,g9) =¢ 0, Vf,g € G,

and that give us an intuitive version of Buchberger’s algorithm for generating a
Grobner basis from some regular basis.

3.2 Systematic encoder

In this section we denote by P the polynomial ring in one variable and P™ is free
module with standard basis {e1,..., e}

At first we find some automorphism of a code, which maps the set of codewords
to itself. We only consider the permutation automorphisms.

Let us have a linear code C' that has a nontrivial Abelian group H of auto-
morphisms. We can assume that the group is cyclic and o is its generator.

Now we consider an action of H on the set of codewords. It divides positions
of codewords to orbits Oy,...,0,,. As H is cyclic, every orbit can be written as

07; = {Ci,jvj = 0, ey |Oz|}7 where Cij+1 = O'(CZ‘J‘)

and index j is computed modulo |O;].
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Let N = P™/((t% —1)e;;i =1,...,m). The mapping

®:C — N
m |O;]—1

(cij) — Z Z Cm‘tj e; mod <(t|oi| —Degsi=1,...,m)
i=1 \ j=0

shows us how we can represent the code C' as a subset of the quotient module N.
As @ is linear mapping, ®(C') is a vector subspace of N. In addition for ¢; ; € C

|O4]-1

m
_ j+1
t0(ciz) = Y " it | e
i=1 7=0
) m |O;]—1
J mo_d |0 j
= E E Ci,jflt €;
i=1 7=0

Hence ®(C) is a P-submodule of N.
Now we consider a submodule M (C) C P™ that is preimage of ®(C) under
the mapping

Ir:pP" — N
M(C) — ®(0).

Term module [X]™ is divided into two groups with respect to an arbitrary
term ordering < :

e module R(M(C)) generated by the set of leading terms of M (C')
o [(M(C)) = [X]™\ R(M(C)).

The elements of I(M(C)) are irreducible with respect to the Grobner basis of
M (C) and we called them standard terms. The elements of R(M(C')) are called
nonstandard terms. Nonstandard terms correspond to codewords and standard
terms are used to check parity.

The systematic encoder for code C"

1. Input: Grébner basis G for the module M(C'), nonstandard terms m;, in-
formation symbols ¢;

=) cmy,

normal form of f with respect to G,
f—=1r
3. Output: A codeword c.

c=f—f=f—-f=0=ce M(C). Therefore c is the codeword of C. f
contains only standard terms and R(M(C)) (N I(M(C)) = 0, hence coefficients of
nonstandard terms (information symbols) remain unchanged, what means that

the encoder is systematic.
From [Litt09], Theorem 1 follow how to get an automorphism of code C(D, G):

Q I~ =
T
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Theorem 3.2.1. Let X be a non-singular projective curve defined over a finite
field F,. Let o be an automorphism of the curve X that fizes divisors D and G.
Then o induces an automorphism of the code C(D,G).

Proof. o is a regular mapping X — & and it has a regular inverse. Naturally o
induces an F -automorphism X of the function field F(X') that maps f € F(X)
into foo™ € F(X). As G is fixed by o then X maps £(G) to itself. Considering
that (o= '(P1),...,0 Y (P,) for P, +---+ P, = D is permutation of (Py,..., P,)
(as o fix D) we get that

(f(Pr), -, f(Pa)) = (flo™H(P), - flo7 ()

define a permutation of the code C(D, G). O

3.3 Berlekamp-Massey-Sakata algorithm

At the beginning of the section we fix some notation:
e <7 denote a total ordering on N",
e <p denote a partial ordering on N, p <p ¢ < p; < ¢;Vi{l,...,n},
o ¥, ={z e Nz >pp},
o X ={2reNp<pz<rq},
o I'y={z e Nz <pp},
e 0=1(0,...,0) € N*, ¢’ is i-th element of canonical basis of N".

Definition 3.3.1 (n-dimensional array). An infinite n-dimensional array over a
field K is a mapping u from N into K. uP for p € N* denotes a partial array of
uw and uP = (uy),q <r p.

Example 3.3.2. As a term ordering we use graded reverse lexicographical order-
ing. The partial array uP of an 2 — d array over Zy for p = (3,1) is given by
table:

N\jl0 1 2 3
00 1 11
11110
2 10 0
310
411

S0 U(s’l) = (O; ].7 17 Ov 1a ]-7 07 07 O’ 17 1)

If we have the partial array u? of the array u, then we usually want to find
characteristic polynomial f = Zaempp(f) craX® of uP. It is a polynomial that
generate uP, i.e.:

1
Up = =" Z Cfa)tiath—d
D) aesupp()\(d}
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for each b € Eﬁ(f), S0

fluly = Z C(f,a)Ua—b+d = 0.

acsupp(f)

We consider f as valid characteristic polynomial also for p <7 le(f). The set
of all characteristic polynomials (considering all partial arrays «?, p € N") is an
ideal I(u) of the polynomial ring K[X], the ideal is called characteristic ideal of .
The goal of Berlekamp-Massey-Sakata (BMS) algorithm is to find the set F(p) of
polynomials with minimal leading exponential (with respect to partial ordering)
included in I(uP).

Let us assume that we have a fixed array u and its partial array «” and a
polynomial f, which is valid till ¢ <7 p, i.e. flu]l, =0,a € Efe(f) and flul, # 0.
At start we want to find a way how to generate a polynomial f* valid in Efjﬂ,
where ¢ ® 1 is the next point of ¢ with respect to the term ordering.

Proposition 3.3.3. Let us have ¢ >7 s, a polynomial f € K[X] valid till q and
a polynomial g € K[X] valid till s. If
fluly =dy, le(f) =d

g[u]s = dga le(g> =t
r =max(d,q — s +t),i.e. r; = max(d;, ¢; — s; + t;)

Then J
f+ — X?“—df o d_er—q-i-s—tg
q
has le(fT) = r and is valid in X9,

Proof. Asr—d+d=r>pr—q+s—t+t=r—q+swegetle(f)=r.

Xr—df _ Xr—d Z C(f, CL)Xa _ Z C(f, a)Xa-i-r—d

acsupp(f) acsupp(f)
Xr—q—i—s—tg — XTats—t Z 0(97 a)X“ _ Z C(f, a)Xa—i-r—q-f—s—t
acsupp(g) a€supp(g)
Thus
+ dy
[T uly = Z c(f, a)tatr—dib—r — 1 Z (9, @)Uasr—qrs—tb—r
a€csupp(f) g a€supp(g)
d
= Z c(f, a)uatp—a — d—f Z c(g, G)Ua+b—q+s—t
a€csupp(f) g a€supp(g)
= k

d<pr=%2C 3% and Vb € £ we have

g—s+t<pr<pb<q=t<pb—q+s<s=b-—q+sed;
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and

x =0 for b € 37

:df—%dg:()forb:q.
g

Remark. Value dy is called a discrepancy of the polynomial f.

Proposition [3.3.3 shows that next to the set of characteristic polynomials it is
sufficient to keep a set of "ex-polynomials", i.e. polynomials that were valid till
s <r q. As we always want to find polynomial with minimal leading exponent
we will keep set

G(q) = { ex-polynomials g valid till s <7 ¢, that s —le(g) is maximal } U {0}

and related set
Clg) ={s —le(9)[0 # g € G(q)} U Cx.

C4 correspondents to g = 0 and it contains n infinite elements
(—1,00,...,00),...,(00,...,00,—1).

If s —le(g) is infinite then r; = ¢; + 1 and r; = d;, 7 # j.
In the following proposition we describe condition given on the leading expo-
nent of polynomials from F(q @ 1)

Proposition 3.3.4. Let le(f) =d. If f € F(q) and f[u|, # 0. Then there does
not exist any f+ € F(q® 1) with le(f*) <p q—d. We say, that q <r p is first
point, where f fails to be valid.

Proof. For ¢ = d would be le(f*) <p 0 so f* is constant polynomial and it is
contradiction with minimality of f.
Let d <pq. As f € F(q)
—L Z C(f,a)Yatb—d = up, Vb € 23
D aesupp(H\{d}

1
T D Calated U
(f4) qesupp(f)\{d}

and fT € F(g®1),le(f") =d*t

1
_ Z C(f+7a)ua+b—d+ = ub’Vb c Eg?l
C(f+,d+) acsupp(fH)\{d+}

We assume that d <p ¢ — d hence

a—i—q—d Zp a+d+ Zp dt

_ q®1
atqg—d <p q¢ < q@l}:erq 4E g
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Therefore

1
N Z C(f,a)Uatq—d
(D) esupp(f)\{d}

1 1
T e >, E— D Ut n Ukt a-dt
(D) 4 esupp(H)\{d} 8 pesupp(F)\{d+}
1 1
= _c . Z C(f+.b) _C— Z C(f,a)Ua+(b+q—d+)—d
(f.d*) besupp(f+)\{d+} (#.d) a€supp(f)\{d}
= >k’
considering
b+q—d >p b+d >p d + q
bia—dt <p g =b+qg—d €.
we get
1
* = _C T C(f+,b)Ubtq—d+
FHAT pesupp(s+)\{d+}
= u(]
and it is a contradiction. O

Let us have a set

A= U Te

ceC(q), c is finite

Related to F'(q) we have the set D(q) = {le(f), f € F(q)}. According to Propo-

sition 3.3.4] is
A (U EdED(w) =0.

In fact, A(q) and (U Zaep(q) are not only disjoint sets. Union of this sets is the
whole N™ (for proof see [Saka90]). Hence Proposition gives a way how to
upgrade the polynomials that fail to be valid at some point of the iteration. We
sum up at least naive form of the algorithm.

1. At the start we have to initialize our variables:

e a := 0 (index of elements of u?)

e F(0):= {1}, D(0) = {0}
e G(0):={0},C(0) = Cy;

2. whileu, =0and a<rpa:=ad1;

3. using an infinite element of C'(0) in Proposition we generate n poly-
nomials of form XO0F(@i+1e’,

Fla®1) :{X0+a,-+1)ei 1<i§n},

D(ae® 1) :={(a; +1,0,...,0),(0,a2 + 1,0,...,0),...,(0,...,0,a, + 1)},
Gla®1):=G(0)U{l},
C( 3 ) :c( ) U {a}.
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4. while a <7 p and F(a) s = {f € F(a), flu], # 0} is empty do a :=a® 1,;
5. For every f € F(a)yqi,le(f) = d is valid one of the options:

(a) a —d € A(a). Then f will not bring any new element to A(a @ 1) so
r = d. To generate a polynomial f* we use g € G(a) such that related
s —t is greater (with respect to partial ordering) than a — d,
Fla®1):=F(a)\ {f} U [T, other sets stay unchanged;

(b) a —d ¢ A(a) however from Proposition a—de Ala®1). Thus
r = max(d,a — c) # d, for ¢ € C(a).
By checking every ¢ we generate set R, that contains all possible de-
grees r. Then for every r € R, that there is no " € R, such that
r" <p r and there is no d’ € D(a) \ Dyqu(a), that d' <p r, we generate
polynomial f* and upgrade all sets:

Fla@1):=F(a)\ fU{fT},

D(a®1):= D(a) \ dU{r},
Cla® 1) = C(a)\ {c € C(a),c < a—d} U{a— ),
G(a @ 1) := { polynomials related to elements of C'(a ® 1)}

a:=a®1,if a <7y p go to step [4
Example 3.3.5. We will generate F((3,1)) for array from Ezample[3.5.4

(1,0) First nonzero element.
F((0,1)) = {y.=*}, D((0,1)) ={(0,1),(2,0)},
G((0,1)) = {1,0}, C((0,1)) = {(1,0), (=1, 00), (00, =1) };

¢

(0,1) (y)[u](ﬂ 1) — 0 (0,1) 7é 0 and (0 1) (O’ 1) € A((O7 1))

= {y + z,2?}, other sets stay unchanged;
(2,0) (2* [U](z,O) = o) =0V

(1,1) (y + ZE)[U}(LU = u(171) + U(270) 7é 0 and (1, 1) — (0, 1) S A((l, 1))
[T=y+z+1
F((0,2)) = {y + x + 1,2}, other sets stay unchanged;

(0.2) (y+ 2+ Dlulog) = v + 1w + o #0 and (0.2) — (0.1) ¢ A((0,2)
R ={(0,2),(1,1),(0,3)},
r = (0,2) and ff = y(y+2+1) +y = y* + o,
ro=(1,1) and ff =x(y+x+1)=ay+22+ux,
F((3,0)) = {2*,zy + 2° + z,y* + 2y}, D((3,0)) = {(2,0), ( 1), (0, )}
G((3,0)) ={l,y + =+ 1,0}, C((3,0)) = {(1,0),(0,1), (=1, 00), (00, =1) };
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1%

X 3

(
(5’72)[] u@ny =0V,

(xy+x + )[ ]21)—U21)+u(30)+uQ0 =0v;
(v?

(

v +yn)lula = vap +Huey =07,

zy+a®+x)|ul(12) = uaz +uen +tuan # 0 and (1,2) —(1,1) € A((1,2)),
ff=ay+a2*+ua,

F((0,3)) = {22, 2y + 2* + x + 1,y + xy},other sets stay unchanged;

(0,3) (y* + yx)[ulo3) = wos) +vay =0V;

(4,0) (@)uliae) = o) # 1 and (4,0) — (2,0) & A((4,0)),

R ={(3,0),(4,0),(5,0),(2, 1)},

r=3,0)and ff=z-2>+(y+ao+1)=2*+y+az+1,
F((3,1) ={ay+ 2> +x,9* + oy, 23 +y +x + 1},

D((3,1)) ={(1, 1), (0,2), (3,0)},

G((3,1)) ={1,2%,0}, C((3,1)) ={(0,1),(2,0), (=1,00), (00, =1)};

1%

NG

From the construction we see that the minimal polynomial set F'(p) could be
a Grobner basis of ideal I(u), for an infinite array u. However it do not have to be
true, because if we generate infinite array from partial array «? using polynomials
f1, fo € F(p) it can happen that element generated by f; is not equal to element
generated by fa. One of the sufficient conditions was given by Sakata in [Saka91].

Theorem 3.3.6. Let us have a partial array ve. If it holds that for any p >7 q
and for every pair of distinct leading exponentials dy,dy € D(q), di,ds <p p exists
chain of leading exponentials d;,, ..., d;, <p p from D(q) that

dy =d;,,diy +diy <pp,...di_, +d; ,di, =ds <pp,
then F(q) is the Grobner basis of I(u) for some infinite array u, such that

U, = vy, Vp <7 q.
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Proof. We need to prove that for any p > ¢ we generate the same v, by every
f € F(q),le(f) <pp. For fi with le(f1) = dy is

1
w5 e
C(f17 1)
a€supp(f1)\{d1}

and f; is valid at p. If couple of leading exponentials dy,ds € D(p) satisfies
dy + ds < p then, according to Proposition both of related polynomials are
valid at p or they both fail at p. So we get fi[v], =0« f,[v], =0 --- =
flv], = 0Vf € D(q) that le(f) <p p. Hence v is properly generated infinite array
and F(q) C I(v). O

Example 3.3.7. According to Theorem the minimal set generated in Fi-
ample[3.5.5 is the Grébner basis for some infinite array if it works for us 1y and

U(g’z) .

way = a0 U Ty =1
(3,1) Uo,2) + U1,1) + Uo,1) = 1 v

U(22) = vy =1
2 ue) +uen +uany =0 X

However if we set w2 = 0 and we update polynomial y? + 2y we get
F((1,3)) = {zy + 2* + 29> + oy + 2%, 2° +y + o + 1},

Then there is an infinite array v, that v3 = (0,1,1,0,1,1,0,0,0,1,1,1,0) and
F((1,3)) is the Grébner basis of ideal I(v).

3.4 Syndrome decoding

In this section we show how to decode the one-point AG codes up to Feng-Rao
bound. This type of decoding was described by Sakata, Jensen and Hoeholdt
in [SakaJensHoho95]. We will consider plane curves, however the same decoding
algorithm works also for other curves.

Let us have some curve X defined over F,. The curve X is set of points | € Fg
such that f(l) = 0 for defining polynomial f € F,[z,y]. We consider an algebraic
function field F(X') defined as quotient field of coordinate ring

Fola, yl/(f).

The curve X has k distinct affine points and at least one point at infinity.
One-point code is AG codes C(D,G), where Py, ..., P, are places of degree
one corresponding to affine points on curve and P, is point at infinity.

D=P +---4P,, and G = mP,, for some m € NU{0}.

As P, is place corresponding to the point at infinity, we can consider generators
of L(mPy) as monomials

X € [X'] that ve (X)) > —m,
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where [X'] is set of all monomials X that X* € F,[X]/(f).
Related to valuation we can define order function

O:[X—-7Z
X = —v(X?).

Throughout the rest of the section we denote monomials X by f,.

Definition 3.4.1. For an element y € Fy and monomial f, € [X'] we define
syndrome of y as

Sa(y) = Z fa(P)y; = Z Ply;
i=1 i=1

Then from the definition of dual code we get
c€Ch & Su(0) = fulP)ei =0, fo € L(G).
i=1

Assuming that during the transmission there occurred at most L%j er-

rors, then for every received word r € F} there is a codeword ¢ € CH(D, Q)
that » = ¢ + e, where e is called error vector. We define an infinite array u by
Uq = Y € fo(P;) with the term ordering

fo <r fo ©0(fa) < O(fy)
O(fa) = O(fb) and i € {1, R ,n} that a; < bl, a; = bJ\V/j < 4.

We consider a variety of a characteristic ideal of u and a set of error locators
e = {P,|e; # 0}. For each f € I(u) with le(f) =d and p >p d is

n

0= Z o(f; a)uatp-d = Z C(f7a)zeifa+p—d(ﬂ-)

aesupp(f) acsupp(f) i=1

= Z C(fva)zeifa—l—p—d(ﬂ)
acsupp(f) P;ce

:Zeifpfd<Pi) Z C<f’a)f“<Pi)'

Piee a€csupp(f)

Each P; € e correspondents to distinct affine point on curve, let say o; = (o, @y ).
Then if we consider |¢| arrays defined as i) = af,a € N™ we have || arrays that
are linearly independent. Then - . = c(f,a)fa(F;) = 0. On the other side,
if we have a polynomial f that > . s c(f,a)fa(F;) = 0 for P; € € and we go
backward through the equations, then we get f € I(u). Hence ¢ = V(I (u)).

The situation is that we received the word r and we need to find a codeword
c € CH(D,G) that was sent, so r = c+e,wy(e) = t. The basic idea of decoding is
to get a Grobner basis of I(u) by BMS algorithm and calculate the error locators.
Then an error vector e is unique solution of

rH" = zHT,

where H is parity check matrix of C+(D,G) and x; = 0,Vi that P ¢ . To
calculate the Grobner basis of I(u) we need partial array u? for some sufficiently
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large p € N*. We could use all monomials f, € L(mP,) to calculate u, as
Sa(r) = Su(c+€e) = Su(e) = uy. Such a syndrome is called known syndrome and
up for b, O(f,) < m are unknown syndromes.

The question is how we could calculate unknown syndromes, i.e.

u, for f, € [X'] and O(f,) > m.

First, however, we will introduce some notation. Let us have an integer o
and aq, ..., a be all monomials in [X'] with order o. In that case ay, ...,y are
dependent, i.e.

a; = cja; + Z Cofs mod f, (3.1)
O(fa)<o
where all ¢, and ¢; belongs to ;. The same relations have to be valid for syn-
dromes corresponding to monomials, i.e.

u; = cju; + Z Callg. (3.2)
O(fu)<0

We define set X' as
Y ={aeN*|Vbe N2 Ofy) = Of,),a <r b}.

Let us have calculated all known syndromes and related minimal polynomial
set F'(a) of u®. We want to reduce F'(a) in a way that each degree belongs to
Y. It is possible according to the relation As a consequence in a similar
manner we reduce (e p, o) (Zie(s)) and A(a). Reduced sets will be denoted by
Yg(a) and Ag(a). This is a way how to distinguish between syndromes, which
are dependent and those that are independent.

We assume that aq, ..., ap are all possible leading exponentials of monomials
with order m + 1. We put a = min.{a;,1 <i < k} and define

K(a)={pe¥|3,1<i<kthat p<pa;and a; —p € ')}

If f € Fr(o) is not valid at « then it has to be updated. According to Proposition
this updating could mean that |[Ar(a @ 1) \ Agr(a)| > 0. In fact we will
show that f is valid at « if it would cause the largest change of the A-set.

Now, we only consider those f € Fr(«) that increase the A-set. Hence for each
f with le(f) = d, we check if there is an ¢ such that a; >p d and o; — d € Yg(a).
If it is a case then

Ki={pe K(a) |p <pa;—d}\ Ag(a)

is a set of new points in the Ag(a @ 1).

Such f gives a candidate for a value S,(e). We can compute the candidate
from f[u®] = 0 or from relation it depends on «; that we used.

Let s1,...,s; be all candidates given by Fr(«). We say that s; has x votes if

xr = Z |K4|, where sumation goes throught such f that give s; as candidate.

For f € Fr(a) that a —le(f) € A(a) we say that f gives candidate with zero
votes.
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Theorem 3.4.2. Suppose that the number of errors t that occurred during the
transmission satisfies
dFR -1

t< |,

where

dpp = i K(a)].
FR a62,7n51(1}a)>m| (a)]

Then the syndrome u, is equal to the candidate with the biggest number of votes.

drg is Feng-Rao distance. It is lower bound for minimum distance of code,
which could be better than Goppa distance. It satisfy

dzdFRzdganddFR:dGifmzélg—?,

where ¢ is genus of curve X. To show, that definition of drpr does not depend
on specific received word, we use proof from [SakaJensHoho95|. Before that we
define nongap:

A number s is a nongap for Py, < L(sPy) # L((s —1)Px).

Then
drr = min |{s is a nongap |3 nongap t : s+t =r}|.
r>m

Consequence of previous discussion is, that we have to modify BMS algorithm
in a way, that all points of the same order are treated simultaneously.

If we can prove Theorem we can compute the elements of the infinite
array u corresponding to the order m 4+ 1 and then, analogously, generate the
elements corresponding to the orders m + 2,m + 3,.... If we have all unknown
syndromes u,, f, € [X'], then related set of minimal polynomials is the Grébner
basis of I(u) and we can compute error positions.

Before we can prove Theorem [3.4.2] we need to show that the size of A-set is
always less or equal than ¢ and that

v > |K(a)| = 2|Ar(a)];
where v is amount of all votes, i.e. v =|U K.
1. Consider polynomial ring F,[X] and ideal I(u). Then
dimpg, (Fy[X]/I(u)) =t

as |V(I(u))] = t and equivalence class [f], for a polynomial with leading
exponential in the A-set, is nonzero. Inequality follow from the fact, that
the elements of A-set are independent.

2. Consider
p € K(a) \ (UKg) U Ag(a)).

Then 3i that p <p «; and a; — p € Ag(a). We get the injective mapping
from K(a) \ ((UK4) U Ag(w)) into Ag(a). Thus from linear algebra is

0> |K()] = (|U K| + [Ar(a)]) = [Ar(a)].
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Finally we have all tools to prove Theorem [3.4.2}

Proof. 1f u, is different from each candidate, than every polynomial f € Fgr(«)
with the leading exponential d such that a; —d € Xg(«) fails to be valid at o
and then

|Ar(a © 1)] > [Ar(a)| + | U K4| > |K(a)| — |[Ar(a)| > dpr —t > t.

So one of the candidates is right value for the syndrome u,,.
Let T be amount of votes for a right candidate and W amount of votes for the
wrong candidates. We get

1
tZAR(a@l)ZAR(a)+W:>W<§]W+T|

and so W < T'. Hence the right candidate is really the candidate with the largest
amount of votes.

]

Finally the decoding algorithm is:

1.

2.

Calculate the syndromes u,, O(f,) < m;
by BMS algorithm find set of minimal polynomials of partial array u%;

if it is necessary, reduce set of minimal polynomials (so the orders of leading
terms belong to ¥);

. find syndromes up to the pole order m + 2¢g + 2 by Theorem and

relation and upgrade the set of minimal polynomials;
calculate common zeros of minimal polynomials;

calculate error values.
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4. Hermitian Codes

In the last chapter we present specific class of AG codes and we show how to
encode and decode those codes by the methods described in previous chapter.
The codes that we are going to discuss are codes define by Hermitian curve

Xiyl+y—zt =0

over finite field F 2. Let us sum up some knowledge from [Stic09] about algebraic
function field F(X).
The genus of F(X) is
_qlg—1)
9= T
As equation
yq + Yy — aq+1
has for every a € F 2 exactly ¢ distinct solutions, there is ¢* affine rational points
on curve X. Hence there is ¢* + 1 places of degree one in F(X) (the affine points
P, 5 and the point at infinity P..).
Hermitian codes are one-point codes and we define them as:

HC;” =C(D,Qq),
where
D = Z P, and
BI4+L—adtl=0

G =m- Py, forsome m € Z.
In fact we have some additional conditions on integer m. If m < 0 then HC}" = ()
and in case m > ¢ +¢*> —q— 2 is HC = IFZ;. Hence we take only
0<m<¢+¢ —q—2
To introduce dual codes of Hermitians codes we consider Weil differencial
d(qu —r)  —dr

2 2 *
x4 —x x4 —x

2
q- __ —
As r = ZaquQ

we go back to curve X and its defining equation

(x — ) we get that it is a prime element for every P, 5. Now

y' +y— a2 =0.

If we want to transform equation to projective plane, we put y = %, T = % Then
we get
ZY1+ 7Y — X1 =0
and we see that Hermitian curve has only one point at infinity P,, = (0: 1 :0).
As
oNZ + 79— Xt
Z
oNZ + 721 — X)
X

=14+¢Z%'=1and

= _(Q+ 1)Xq = —X1
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a+1lf ° [ °

1¢

1 a a+l

Figure 4.1: Affine points on H, over Iy

then vo(X) = 1, vo(Z) = ¢+ 1 and so vy (z) = —¢q. Finally we can express
principal divisor of 27 + z as

(2

—x) = Z P,s+ vor? —axPy =D — ¢ P

Therefore (according to remark below definition canonical divisor (w) is
(W) =(¢"—q—2)P — D+ ¢*Px

and by Proposition is

(HC): = HeL Ho a2,

4.1 Example of encoding

With ¢ = 2 we get finite field Fy with primitive element o and o + a + 1 = 0.
Hermitian curve Ho defined by

v +y—a2°=0

has 8 affine points (a;, b;) on Hy over Fy, see Figure [4.1]
The projective equation of H is

ZY?+2Y - X° =0
that has 9 rational points-(a; : b; : 1),1 <4 < 8 and one point at infinity (0: 1 : 0).

Then we construct an HCj code where

8
D = Z P, » and
i=1

G =4P,.

According to Theorem is the length of code equal to 8, the dimension is 4
and the minimum distance d(C) > 4.
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We consider cyclic group of automorphisms with generator
o:(X,Y,Z) = (aX,Y, Z).

We see, from Figure that it is a permutation on rational points and that it
fixes divisors D and G. By Theorem [3.2.1] 0 induces an automorphism of the
code HCs.

o permutes points (a; : b; : 1),1 <7 <9 into four orbits:

O, ={(0:0:1)
Oy ={(0:1:1)
Os={(1:a:1),(a:a:1),(a+1:a:1)},

O, ={(1:a+1:1),(a:a+1:1),(a+1:a+1:1)}.

2
}

Y

To create the generator matrix M we use functions with different orders (so
they are independent)

1,X/Z,Y)Z,(X]Z)* € L(4Py,).

Then the generator matrix of code is (with respect to order of points given by
orbits)

1 1 1 1 1 1 1 1
M= 0 0 1 o a+1 1 « a+1

0 1 « e’ « a+1l a+1 a+1

0 01 a+1 « 1 a+1 o'

Let

fi= 1,1+t +12 14+t +12),

fo=00014+a t+(a+1)-*1+a-t+(a+1) 1),
fs=0Lata-t+a-t* (a+1)-(1+t+1t%)),
fi=0,01+(a+1)-t+a -1+ (a+1)-t+a-t?),
f5=(1+1¢0,0,0),

fo=1(0,1+1¢,0,0),

fr=(0,0,1410),

fs = (0,0,0,1 +t%).

The mapping ® from Section [3.2] create submodule

< f1, fas f3, fa >,

that represent code as a subset of the quotient module

Folt]) < f5. fo, fo, fs > -

For the systematic encoder we need Grébner basis of preimage ®(C') under the
mapping II from Section [3.2] hence Grobner basis of

< {f17f27f3>f47f5af67f77f8} > .
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Using position over term ordering we get Grobner basis

g =1, 14+t+31+t+1%),
g=01Lata t+a- -t} (a+1)(1+t+1%),
g3 =(0,0,1+¢1+1),

g1 = (0,0,0,14%).

As leading terms determinate the information positions, we see that the in-
formation positions are ej, e, tes and t?e;. For example if we want to encode
(o, + 1,1, ) we set

w= (o, +1,t+ at? 0),

we reduce w by g1, g2 and g3 and get normal form
(0,0, + 1, a + (o + 1)#%).
The corresponding codeword is

c=(a,a+1L,a+1,1,0,0,0, 0 + 1).

4.2 Example of decoding
Now, let us have ¢ = 4 and we consider an affine equation of Hermitian curve H,
y'+y—a2°=0

We can take code HCj’, which has the length of codeword 64 (See Table
where a is a primitive element of Fi6), the dimension 44 and the bound for
minimum distance 15. We can consider received words with 7 errors. At first we
have to calculate all known syndromes. The dual code of HC;” is HC2® hence we
consider monomials with order less or equal than 25.

Before we can consider any codeword we need to know relation between the
positions of codeword and affine points, i.e. order in which we evaluate affine
points. We use ordering denoted by Table [4.1]

Let us have received word

r=1(0,0,0,0,1,1,a,1,a®* +a+1,a®* +a+1,a*+a+1,a*+a+1,a*+1,
a4+ 1,0 +1,6° +1,6° +a,a® +a* a® +a* a® +a* a® +a® + 1,
G+adi+1,+a*+1,*+ad>+1,a*+a,d®> +a,a® + a,a® + a,
dGradd+a+l,d+dP+a+1l,dd+d*+a+1,+a®>+a+1,a+1,
a+1l,a+1a+1,6*+1,a®>+a*+a,a®+a* +a,a® + a* +a,d®,a®, d®,
a®,a® +a+1,a>+a+1,a,a*+a+1,d%d* d?* a* a® +a,a® +a,

3 3 3 2 2 2
a’+a,a’ +a,a’,a,a,a,a”+1,a°+ 1,0 + 1,a),

which has seven errors.
Table [4.2] consists of all known syndromes.
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0)

;@)
a +a +a+1a)
a’+a,a+1)
a?)
+a?,a?)
a2—|—1)
a Jra +a+1,a>+1)

a’)
a —|—1a)
a?+1,a®+1 )
a*+a®+a,a®+1)
a +a+1a +a)
aa +a?)
a®+a+1,a%+a?)
+1a —|—a—|—1)
ad+a+1,a®+a+1)
a —|—aa +a?+a)
aa + a? +1)
a®+a+1,a®+a%+1)
a?+1,a>+a®>+a+1)

, @
CL3
3

(3
(a®
(a®
(a®
(1
(
(a
(a®
(a?
(a®
(a?
(a®
(a?
(
(a®
(a
(a®
(a?
(
(a®
(a?
(a®

ad+a®+a,a®+a®>+a+1)

a®+a?+1,a°+a>+1)
a’+a,a®+a®>+a+1)

,ad +a? —I—a)

)

—|—aa)

a +a—|—1a +a+1)
a +1a + a? +a)
2+a,a® +a +a)
a +a+1a +a?+1)
+a+1)

a’ +1a +a?+a+1)

Table 4.1: The affine points of Hy

i\Jj 0 1 2 3 4 5
0 |a®+a a’+1 ad+a’+a+1 a® @ a+1
1 0 a’>+1 a’>+a a® 1
2 a? a’+a+1 a’+a 0
3 a a+ad’+1 ad+ad’+a
4 [a®+1 a?+1
5! 1 a’® + a?
6 a?
Table 4.2: Known syndromes

In the following table are all iteration of BMS algorithm on partial array u
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(a®1)

SIS LY

y+a®+a

2+ a®+1
y+a®+a

2> +a?+1
y+(a®+a*)z+a+a?

2 4a’+1
xy—l—(a +a?) 2? + (a® +
(a +a?) zy + (a® +

a)
a)

T+ xy
y+a®+1

+1Dx+a*+1

+ (a”
xy—l—(a —|—a)x2—|—(a2—|—a)x+xy
v+ (@ +a®)ay+ (a*+a)y+a®+ 1

(2,1)

??+a’y+ (a®+ad*)r+a*+a*+a

vy + (a® +a®) 2?2 + (a + 1)z

v+ (a®+a®)ay+ (> +a)y+a®+1

(1,2)

?+a’y+ (a*+a*)r+a*+a®+a
ry+(@®+a>)2®*+ (@ +1)y+ (> +1D)x+a+1

y2+(a3+a2)$y+(a2+a)y+(a3+a2+a+1):v+a3+1

?+a*y+(a®+a)r+ad+a’*+a
ry+ (a® +a®)2? + (a® + 1 y+(a +1)z+a+1
2+ (a® 4+ a?) zy + (@@ +a y+a +a+1

z* + a’zy + (a® + a?) 2
a:y—l—(a +a?) 2 + (a® +

+a*+1)x
y+(a +z+a+1

y 2+ (a® +a):cy+(a +a y—l—a +a+1

)
)
+ (a”
1)
)
(a®

z* + (a® +a) +a*ry+ (a* +a+1)y

(3.1) + (a® + a? +a—|—1)x+1
ay+(a+ )2t + (PP +1)z+a® +a
y* + (a? +a)xy—|—(a +a)y+a*+a+1
3+ (a® —I—a) tatry+ (a®+a+1)y
+(@+ad*+a+1)z+1
(2.2) Py+(a+ 1)+ (@ +a>+ 1) +ay+ (a®*+a*+1)x

+a3 + a?

v+ (a®*+a?)zy+ (a*+ 1) 22+ (a®+a®+ 1)y

+(a®+1)x + a?

3+ (a®+a®)2? +a’zy + (a*+a+ 1)y
+(@+a®+a+1)z+1

?y+(a+1)*+ (@ +a®>+1) 2> +ay+ (a®+a®>+1)x

+a® + a?

v+ afry+(a®+a* +a)a® + (a®+a® + 1)y

+(@+a+1)zr+1

50



(0,4)

>+ (a®+a®)2? + a*ry+ (a®* +a+ 1)y
+(@+a*+a+1)r+1

?y+(a+1)*+ (@ +ad>+ 1) +ay+ (a®+a*+ 1)
+a® + a?

zy® + a’2?y + (@ + a® + a) 2® + (@ + a® + 1) zy
+(@+a+1)a*+zx

P+ a2 + (4 a2 + a) 22y + (a® + a® + 1) 12
+(@+a+Day+ (@ +1Dy+(a®*+a)r+a*+1

P +ary+ (@ + 1)+ (@@ +Dy+(@+1)z+a*+a

?y+(a+1)*+ (@ +ad>+ 1) +ay+ (a®+a*+ 1)
+a® + a?

zy® + a®2?y + (@ + a® + a) 2® + (@ + a® + 1) zy
+ (@ +a+1)a*+zx

P+ a2y + (° + a2 + a) 22y + (a® + a® + 1) 12
+(@+a+Day+ (@ +1Dy+(a®*+a)r+a*+1

'+ (a® +a* +a)zy + a*x® + (a* + 1)y + a® + ax
+a® +a+1

?y+ (a+ )P +ar®+ (@®+a+1)y+ (P + 1)z +a*+1

zy® + a®2?y + (a® + a® + a) 2® + (@ + a® + 1) zy
+(@+a+1)a*+zx

W+ a2ay? + (@ + a2 + a) 22y + (a® + a® + 1) 12
+(@+a+Day+ (@ +1Dy+(a®*+a)r+a*+1

4+ (@ +a+ 1)y’ +(a®+a*+a+1)zy
taz?+ (a®+a+1)y+a*zr +a

22y + (a+1)2® + (a®> + 1) xy + (a® + a® + 1) 22
+(@+a+1)y+(a®+1)z+a?

ry? + a’rPy+ (@® +a* +a)2® + (@® +a®> + 1) 2y
+a+1D2? +(a*+a)y+ (a®+a+)ax+a®+1

v+ a’ry? + (a® + a® + a) 2’y + (@ + a® + 1) y?
+(@+a+Day+ (@ +1Dy+(a®*+a)r+a*+1

4+ (@ +a+ 1)y’ + (@ +a*+a+1)zy
taz?+ (a®+a+1)y+a*r+a

2y + (a+ 1)2® + (a® +a® + 1) y? + d’zvy + a® + (a®> + a + 1) 22
+(@+1)y+(@®+a*+a+1)z+1

xy? + a*ry + (@ + a® + a) 23 + (a® + a?) vy
+(@+a)y+(@®+a)z+a*+a®+a+1

v+ a’ry* + (a® + a® + a)2*y + (a® + a® + 1) y?
+(@+a+)ay+a®z?>+ (a®*+a®> +a+ 1)y +a® + a?

(1,4)

B4+ +a+ 1)y’ + (@ +a*+a+1)zy
taz?+ (a®*+a+1)y+a*xr +a

?’y+(a+ 1)+ (a®+a®>+ 1) y* +a’xy +a® + (a> +a+1)2?
+(@+1D)y+(@®+a*+a+1)z+1

vy’ +a?rPy+ (a®+a?+a) P+ (a®+a+1)y?
+(@®+a)zy+a*z® + (a® +a® +a+ 1)z +a?

v+ alry? + (a® +a® +a) 2’y + (@ +a® + 1) y? + ay
+ @+ +(@@+a®+a+)y+(@®+a+l)z+a?+1

51



(P +ad®+a+ 1) 2%y + (@ + a® + 1) 2y + ax?
+(@+a+Day+ad2®>+ (a®>+ 1)y + (a® +a® + 1) x + d?

?y+(a+ 1)+ (@®+a>+1)y* +a*zy +a® + (a®> +a+ 1) 22
+(@+Dy+ (@ +a*+a+1)z+1

zy? + a*rty + (a4 a® +a) 2 + (P +a+1)y?
+(@®+a)zy+a’z® + (> +a* +a+ 1)z +a®

v+ alry? + (a® +a® +a) 2y + (a® +a® + 1) y? + 2y
+ @+ D)+ (@ +a*+a+)y+ (@ +a+1l)z+a*+1

'+ (a® +a® +a+ 1) 2%y + (a® + a* + 1) zy? + ax®
+(@+a+ay+a*z® +(a®+1)y+(a®+a*+ 1)z +a?

P?y+(a+ 1)+ (@ +a>+1)y* +a’zy +a® + (a®> +a+1) 22
+ @+ y+(@®+a*+a+1)z+1

ry? + a’rPy+ (@® +a* +a)2® + (a® +a+ 1) y?
+(a*+a)zy +a2®> + (> +a®> +a+1)x + a?

v +ad’ry + (P +a*+a) Py + (@ +a)y* + (a® +a+1)zy
+(@+a*+1)?+(@®+ 1) y+ar+a®+a*+a

(@ +a®+ 1) zy* + (P +a* +a+ 1) 2%y
tar® + (a®+a+ D ay+ (@®+a*+a+ 1)+ (a*+ 1)y
+(@®+a*+a)x+a®+a

Py+ (@ +a+l)P+ (@ +a*+a+1)y? + (a*+ 1) zy

(5,1) +a*r? +ay+ (a®* + 1)z +a® +a

vy’ +a’rPy+ (@®+a?+a)d + (a®+a+1)y?
+(@®+a)zy+a*z® + (a® +a® +a+ 1)z + a?

v+ ad’ry* + (P +a? +a)*y+ (> +a)y* + (a® +a+ 1) zy
+(@+a?+ D)2+ (a®+ 1)y +ar+a®+d®>+a

(6,0)

(5,0)

We run algorithm from (0,0) to (5,1) and we get the set of minimal poly-
nomials for array of known syndromes. We denote the elements of F'((4,2)) by
fa0, fo1, f12 and fo3, with respect to the leading exponentials. To be complete we
mention ex-polynomials related to generators of the A-set, i.e. (3,0),(1,1),(0,2)
and their discrepancies:

gso(z,y) =2° + (®+a® + 1)y’ + (* +a® +a+ 1) ay+az®+ (®+a+1)y
+ad*r+a
dyyy =a* +a® +a+ 1;
gu(z,y) =zy+ (a+1)2° + (®*+a*+1) v+ a® +a
dg,, =a* + a;
go2(z,y) =y* + d’zy+ (® +a® +a) 2* + (®+® + 1)y + (®+a+ 1)z +1
dgy, =a* + a* + a.

Now we can calculate unknown syndromes:

e order 26:
a® +a+1by fa,

Uy = a® + 1 by fo,
a3—|—a—|—1by f12.
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As the change of fiy and f12 would not cause change of A-set, their can-
didates have zero votes, however the change of fy; would increase size of
A-set. Hence a® + a has one vote and it is the right candidate. We set

U(472) = CL3 + 1

and we update fio and fis:
d
fio =fawo + df40 gz =a"+ (¢’ +a® +1)ay’ + (¢’ +a® +a+ 1)y
902
+ax® + (a2—|—a)y2—|— (a3+a2)xy+ (a3+a2—|—1)$2
+ (a3—|—a2+1)y+x+a3+a2,

d
[ =f+ de2 cgs0 = xy’ + @’y + (® +a* + 1) 2°
930

+(a3—|—a2+a—|—1)y2—|—a2fﬂy+(a3+a2+a)x2
+ (@ +a*+a)y+ (a+1)z+a.

order 27:
a*+a+1by fo,

U3,3) = (12 +a+1 by fl—gv
a by fos.

a has zero votes and a® + a + 1 has two votes, hence we set
U(3,3) = CL2 +a+1
and we update polynomial fys3:

fa?,) ::y3+a2xy2—|— (a3+a2+a) x2y+ (a3+a2—|—a) 3+ (a3+a2) y2
+(a3+a2—|—a)xy—|—a:1:2+y+(a3+a2+a+1)x+1.

order 28:

a®>+a+1by fn
Upg =14 @+a+1by i uge =a®+1by fih.
a®+a+1by ff

The candidate for u,4) has three votes, on the other side the candidate for
u(7,0) has zero votes. Hence we set

U(2,3) = a+a+1
and we calculate w7y as depend syndrome:
= x2y4 + a:2y = U(7,0) ‘= U(2,4) T U2,1) = a? + a.
Update of fj :
o=t (P ) ey + (P +Ha+ 1) 2Py + (¢ +a?) 2P
+(@+a®)y’+ (P + 1) ay+ar®+ (a®+1)y+ (¢ +a*)z+a+1.
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If we consider syndromes corresponding to the pole order 29 or higher, we see
that the change of any polynomial would cause increase of the A-set. We know
that r has correctable number of errors (seven) and the size of A-set is already
seven. Then the polynomials would not change anymore and { 5", for, fi5, fos}
is Grobner basis of I(u). The common zeros of fii", for, f15, fo5 are

{(1,a+1),(a®a),(a®*+1,a%),(a®> +a,a® +a*+a+1),(a®>+a+ 1,6 +a),
(@®+1,a° +1),(a® + a* + 1,a* + a*)}.

Considering order of affine points the set of common zeros gives error positions
er, €17, €a7, €37, €47, €57 and egq.
By solving equation
r-H' =2 H' x; =0forj ¢ {7,17,27,37,47,57,64},
where H is parity check matrix of HC;” we get error vector

e =(0,0,0,0,0,0,a+ 1,0,0,0,0,0,0,0,0,0,a® + a,0,0,0,0,0,0,0,0,0,
a®+a%0,0,0,0,0,0,0,0,0,a®>+a~+1,0,0,0,0,0,0,0,0,0,a® + 1,0,0,
0,0,0,0,0,0,0,a* + a,0,0,0,0,0,0,a*> + a + 1)

and codeword

c=r—e=(0,0,00,1,1,1,1,a* +a+1,¢*+a+1,a*>+a+1,
Ara+l,a+1,a3+1,a®+1,a®+1,a® +d?, a® +
A+l +dd+d+1,+a®+1,a+a+1,
A+a+1,a*+a,a®*+a,a®>+a,a®>+a,a®+a*+a+1,
a3~|—a2+a+1,a3+a2+a+1,a3+a2+a+1,a+1,a—|—1,
a+l,a+1,a®+d>+a,a®+a®>+a,a®+ad*+a,a® +d* +a,
a6, a®,a®, > +a+1,a*+a+1,a>+a+1,a*+a+1,
a2,a2,a2,a2,a3+a,a3+a, a3—|—a,a3+a,a,a,a,a,
a®+1,a*>+1,a*> +1,a*> + 1).

As c is evaluation of polynomial 27 € £(49 - P..), it is really an element of HC3’.
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Conclusion

In this thesis we presented encoding and decoding of algebraic geometry codes.
For this purpose we described extension of Groebner basis and Berlekamp-Massey
algorithm.

We used the way of description that clearly shows right functionality of al-
gorithm. The both algorithms have various modification that are more efficient
for practical problems. If we use some of these modifications it can considerably
improve complexity of encoding and decoding.

The other way to improve complexity of syndrome decoding, is use of dif-
ferent calculation of error values. This method is described for example in
[SakaJensHpho95].

The basic idea of use of majority voting for calculation of unknown syndromes
came from G. L. Feng and T. R. N. Rao. However their algorithm is based on
Gaussian elimination. For Hermitian code of length n this means, that algorithm
by Feng and Rao has complexity O(n?), on the other side algorithm by Sakata
has complexity O(n3).
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