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STAR-LINEAR EQUATIONAL THEORIES OF
GROUPOIDS

P. bapri¢, J. JEZEK, P. MARKOVIC, R. MCKENZIE AND D. STANOVSKY

ABSTRACT. We prove that there are precisely six equational theories E of groupoids with
the property that every term is E-equivalent to a unique linear term.

1. Introduction

By a term we always mean a term in the signature of groupoids (algebras with
one binary, multiplicatively denoted operation). A term is said to be linear if every
variable has at most one occurrence in it.

The equational theory of order algebras, introduced and investigated in [4]
and [2], turned out to have the following interesting property: every term in at
most three variables is equivalent to precisely one linear term.

By a x-linear equational theory we mean an equational theory E such that every
term t is F-equivalent to a unique linear term, denoted usually t*. In the present
paper, we prove that there are precisely six *-linear equational theories of groupoids
(Theorem 13.1, see constructions in Sections 8,10,12), find finite equational bases
for four of them (Theorems 9.1 and 11.2), prove that the other two are inherently
non-finitely based (Theorem 14.7), describe all subvarieties of the six corresponding
varieties (Theorem 15.5) and find small generating groupoids for each of them
(Theorems 16.1, 16.2). As a corollary, we obtain all (two) equational theories of
semigroups such that every word is equivalent to a unique linear word (Theorem
17.3).

Every #-linear theory defines a locally finite variety. In fact, the universe of the
free algebra on m generators in that variety is bijective with the set of all linear
terms over z1,...,x,. On two generators, this means that the algebra has four
elements, on three generators 21 elements, on four generators 184.
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If F is a *-linear equational theory and, for instance, a 21-element groupoid G
on three generators belongs to the corresponding variety Mod(FE), then G must be
(isomorphic to) the free groupoid of rank three in this variety.

Observe that two comparable *x-linear theories must be identical.

Let S(t) denote the set of variables occurring in a term ¢ and let |¢| denote the
length of t, i.e. the total number of occurrences of variables in ¢t. Clearly, |S(¢)| < |¢|
with equality precisely when ¢ is linear.

In every #-linear equational theory S(¢*) C S(t). Indeed, suppose that there is a
variable x € S(t*) — S(t). Take a variable y not occurring in t* and denote by r the
term obtained from t* by substituting y for . Then ¢ & r is a consequence of ¢ =~ t*,
and thus t* ~ r in E. But t*,r are two different linear terms, a contradiction.

Consequently, xz =~ x in every *-linear equational theory.

More generally, by an n-linear equational theory (for a positive integer n) we
mean an equational theory E such that every term in at most n variables is E-
equivalent to precisely one linear term (which must be again in at most n variables).
If, moreover, F is generated by its at most n-variable equations, then we say that
FE is sharply n-linear. Of course, such an equational theory is uniquely determined
by its n-generated free groupoid.

We say that an equational theory E eztends a groupoid G, if G is its free
groupoid.

We need also the following concepts: A dual of the term ¢ (written ¢?) is defined
to be equal to t if ¢ is a variable, and if ¢ = tt5, then t? = t§t{. The dual of
an equational theory E would then mean the class of all identities ¢ ~ t3, where
t; = te in E. An equation s & t is called regular, if S(s) = S(t). An equation s ~ ¢t
is called left non-permutational, if the order of first occurrences of the variables
in s, counting from the left, is the same as the order in t. It is called right non-
permutational, if the dual equation is left non-permutational. An equational theory
E is called regular (left, right non-permutational, resp.), if all equations in E are
regular (left, right non-permutational, resp.).

In order to avoid writing too many parentheses in terms, x1x2x3 . ..z, will stand
for (((x1z2)xs)...)x, (the parentheses are grouped to the left), = - yz will stand
for z(yz), etc.

For notation and terminology not introduced in the paper we refer to the book
[6].

We close the introduction with an admission. We have used a computer program
(available at www.karlin.mff.cuni.cz/"~ jezek) as aid in our investigation. It has
the following capabilities: While entering the multiplication table of a groupoid, it
automatically completes all the consequences of an entry which are implied by a set
of equations previously typed in. If an entry is contradictory with the equations,
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the program informs the user of it, as well as where it happens. Also, when a full
multiplication table is entered, the program checks if a given set of equations is
satisfied in the groupoid, and finds an evaluation of the variables for which some
equation fails.

We have used this program extensively, but later found independent proofs for
most of the results. The only place where the reader could be challenged to verify
the validity of these results without resorting to the computer check are the Sections
5 and 6. And even in these two Sections, we feel that it is not beyond the ability
of a (very) patient reader to manually verify that the given groupoids are precisely
the 3-generated free algebras for all sharply 3-linear equational theories which have
Gg as their 2-generated free algebra.

All results obtained with computer aid were checked by an independent com-
putation using the automated theorem prover Otter [5] driven by a Perl script. It
took about one minute (on a Pentium PC) to compute all strictly 2-linear theories,
about two hours to find their strictly 3-linear extensions and several weeks to prove
that only Q;, Q5 and Q, may have a 4-linear extension.

2. Sharply 2-linear equational theories

Clearly, there is precisely one sharply 1-linear equational theory: that of idempo-
tent groupoids. The following lemma is an easy consequence of a result of J. Dudek
[1], where all theories of groupoids with two strictly binary terms are classified. We
include a proof in order to keep our paper self-contained.

Lemma 2.1. There are precisely twelve sharply 2-linear equational theories. Their
2-generated free groupoids are the following seven groupoids, plus their duals. (The
first two of the seven groupoids are self-dual.)

Gyl z v zy yz

T T Ty Yyr Yy
Y yry x xy
Y| Yy Yyr Y T
yri| ry r y yr

G| =z y xy yx Gal z y a2y yx Gs| » y axy yx

T T Yy TY X x T Ty TY Yx T T Ty TY YT
Y yr 'y 'y yx Y yr 'y Ty yx Y yr 'y Yy yr
TYy| x Y TY T xy| T Yy zYy Y| r Yy Y yx

yri yry y yxr yri r y y yx yri r 'y Iy yr
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Gyl =z y xy yx Gs| » y xy yx Gg| = y 2y yx

T T Ty T Y z T Ty T Y z T Ty TY TY
Y yr 'y yr 'y Y yr'y yr'y Y yr 'y yxr yr
TYy| Ty T TY T xy| Y TY TY XY Y| Y TY TY TY

yri y yxr'y yr yr| yr yx yr yr yr | yr yxr yr yr

Proof. Denote by G the two-generated free groupoid in the variety corresponding
to a 2-linear equational theory.

Case 1: zy - x =~ y. We are going to prove that in this case G is Gg. We have
x-yr ~ (yr-y)-yr ~y. Since (z-zy)xr = xy, (- xy)* cannot be any of the terms
x, y or xy, so that = - zy ~ yx. Since y(xy - y) =~ zy, we get similarly zy -y ~ yx.
Now zy-yx =~ (y-yz) -yr = yz -y~ x, 50 G is Gg.

Case 2: xy - ~ x. We are going to show that G is either G; or G or G3. We
have (zy - x) - xy = zy, i.e., v -y =~ xy.

Subcase 2a: - yxr ~ x. Then zy -y = a2y - (y-2y) =~ zy. U zy-yz = y
then © =~ (yz - z)(z - yz) = yzr -z =~ yz, a contradiction. If zy - yzr ~ zy then
rxay- -z~ (z-zy)(ey - x) =z zy = zy, a contradiction. If xy - yz ~ yx then
rrz-yr = (r-yz)(yr - z) = yr -z =~ yz, a contradiction. Hence xy - yx ~ x and
we get the groupoid G;.

Subcase 2b: x - yx ~ y. This subcase is not possible by the dual of Case 1.

Subcase 2¢: - yx &~ xy. Then z = zx ~ z(zy-x) = x - xy = ry, a contradiction.

Subcase 2d: - yx &~ yx. Then zy -y ~ (y-ay)y ~ y. If zy - yr ~ y then
rryr-x~ (x-yx)(yr-x) = yz, a contradiction. If zy - yx ~ xy then © ~ yzr -z ~
(x - yx)(yz - x) =~ = - yr ~ yz, a contradiction. So, we have either xy - yx =~ = or
Ty - yr & yx, i.e., we get either Go or Gs.

Case 3: zy - x ~ yx. We are going to show that G is the dual of either G, or
G5 or Gg. We have yx - xy ~ (xy - ) - 2y ~ z - vy. There are four possibilities for
x - xy:

Subcase 3a: x - xy =~ x. Then z ~ zz ~ (x - xy)x ~ zy -  ~ yzx, a contradiction.
This subcase is not possible.

Subcase 3b: x - zy ~ y. Then zy - (vy - y) = y implies that (zy - y)* cannot be
any of the terms z, zry, yz. Hence zy -y ~ y. By the duals of the cases 1 and 2,
(z - yx)* is neither x nor y. If - yx ~ zy then yr = zy -z =~ (z-yr)r R yzr -z ~ x,
a contradiction. Hence x - yx =~ yx and we get the dual of Gy.

Subcase 3c: - xy =~ xy. By the duals of the cases 1 and 2, (z - yz)* is neither x
nor y. If - yx =~ xy then zy =~ xy-xy =~ xy - (¢ x2y) = xy - = ~ yx, a contradiction.
Hence z-yx ~ yz. lf vy -y ~ x then zy ~ zy-zy =~ (z-2y) zy ~ x, a contradiction.
If xy -y =~ yx then zy = zy -2y = (z-zy) -2y ~ zy-x ~ yx, a contradiction. Hence
either xy -y ~ y or zy - y = xy, i.e., we get the dual of either G5 or Gg.
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Subcase 3d: x - zy ~ yx. We have z - yxr =~ z(x - zy) = zy -2 =~ yzr and
yr-r~z(r-yx) 2 x-yr ~yr. Now zy = zy -y ~ay- (¢ 2y) = -2y = yzx, a
contradiction. This subcase is not possible.

Case 4: zy - © = zy. We are going to show that G is either G4 or G5 or Gg or
the dual of either G5 or Gs.

Subcase 4a: = - yxr ~ x. By the dual of case 2, we get either the dual of Gy or
the dual of Gs.

Subcase 4b: x - yx ~ y. This is impossible by the dual of Case 1.

Subcase 4c¢: x - yx ~ xy. By the dual of Case 3 we get either G4 or G5 or Gg.

Subcase 4d: z - yx =~ yx. We have zy - (- zy) = = - zy, so that (- zy)* # z. We
have (z - zy)x ~ = - xy, so that (z - zy)* # y. We have (zy - yz) - 2y =~ zy - yz, so
that (zy - yx)* cannot be any of the terms z, y, yx, and we get zy - yx ~ xy. But
quite similarly zy - yxr =~ yx, a contradiction. This subcase is not possible. O

3. Extending Go, Gl, GQ, Gg, and G4

Lemma 3.1. We cannot have Gg as the free two-generated groupoid for a 3-linear
equational theory.

Proof. Let E be a 3-linear equational theory extending Gg and ¢ = (xy-zx)*. By the
substitutions y — x, z — x and z — y we get {(z,x,y) =~ L(z,y,z) ~ Ly, x,z) =y
in E. Clearly, in such a case, S(¢) = {z,y,2} and each of the 12 possibilities is
easily seen unsuitable. ([

Lemma 3.2. We cannot have G1 as the free two-generated groupoid for a 3-linear
equational theory.

Proof. Suppose that there is a 3-linear equational theory E with the free two-
generated groupoid G;. If E contains an equation with different leftmost variables
at both sides, then we can substitute for all the remaining variables one of these
two variables, and obtain an equation with the same property in just two variables,
which would yield a contradiction. So, every equation of E must have the same
leftmost variables and, quite similarly, also the same rightmost variables at both
sides. Thus a term both starting and ending with a variable £ must be equivalent
to a linear term both starting and ending with z, and therefore equivalent to x. So,
x-yz =~ (xz-x)(y(z - x2)) = zz in E, a contradiction. O

Lemma 3.3. We cannot have G or Gs as the free two-generated groupoid for a
3-linear equational theory.

Proof. Similarly to the previous case, any terms equivalent in a *-linear theory
extending Go or Gj3 must have the same rightmost variable. We will establish
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that, where t = x - xyz, t* cannot be any of the 7 linear terms in z, y, z ending with
z. The substitution y +— x shows that t* # z for both of these groupoids. The
substitution z +— y eliminates xyz and yxz and the substitution z — z eliminates
yz, x(yz) and y(zz). Finally, in G, the possibility ¢* = xz is eliminated by z — yz,
while in Gg, the same possibility is eliminated by z +— yz. ([l

Lemma 3.4. We cannot have G4 as the free two-generated groupoid for a 3-linear
equational theory.

Proof. Suppose that G4 serves for a 3-linear equational theory E. Since (as it is
easy to check) Gy satisfies zy - yz ~ x and there is no linear term ¢ except x for
which G4 would satisfy ¢ ~ z, the equation xy - yz =~ = belongs to E. Then also
(xy - yz) - yz = x - yz belongs to E. Now x = zy -y is a two-variable equation
satisfied in Gy, so it must belong to E. Consequently, xy = (zy - yz) - yz belongs
to E and we get that zy ~ = - yz belongs to F, a contradiction. a

4. Extending G5

In this section we suppose that Gs is the two-generated free groupoid for a
4-linear equational theory E. Thus we have in E the equations

T~ T,
TR T Ty,
TYRTY - TRTY YT Yr & IY - Y.
and, again, if u &~ v in F, then u,v have the same leftmost variables. We will use
the above facts without explicit quotations in this section.

Lemma 4.1. zy-zz =~ zy in E.

Proof. Put w = (zy - z2)*, so that u is a linear term starting with z. If either
u = x or u = xz, we get a contradiction by substitution z +— x. If u is either
xz -y or x -2y, we get a contradiction by substitution y — x. If u = x - yz, then
yr = (yxr-y)(yr - z) =~ yx -yz =~ y - xz, a contradiction. If u = zy - z, then
xy = ay-x(xz) =y -z~ zy -z, a contradiction. The only remaining possibility
is u = xy. (Il

Lemma 4.2. xyzz = xyz in E.

Proof. Put uw = (zyzz)*. If u is either = or xz or z - zy, we get a contradiction
by z +— x. If u is either zy or = - yz, we get a contradiction by y +— z. Suppose
u = xzy. Then xzy ~ ryzr ~ ryzrr ~ rzyr ~ ryz, a contradiction. a

Lemma 4.3. z(yz)z = zyz in E.
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Proof. Put u = (z(yz)z)*. If u is either = or zy or x - yz, we get a contradiction by
yr—x. If uis zz, or x - zy, we get a contradiction by putting z — =z.

By the way of contradiction, assume u = zzy (1), and by substituting z with yz
we get

z(yz)y =) ©(y(yz))(yz) = zy - yz. (2)
Let w = (z(yz)y)* = (zy - yz)*. w is not equal to xz, xyz, rzy, or z - zy, because
of the substitution z — y. Also, w # x because of the substitution y — z.

Case 1: w = z - yz. Then w2y =~ z(yz)z = wz = (vy - yz)z ~a) Tyzy, ie.
xzy ~ xyzy (3).

Now we consider t = (zy-zy)*. Clearly ¢ is none of z, xy, or x-yz because of the
substitution x — y, and it is not equal to xz or x - zy because of the substitution
Tz

Subcase la: t = xzy (4). Then xzy ~ xzyy ~u) (vy - 2y)y =) TYY2z = TYZ2.

Subcase 1b: ¢t =xyz(5). Then zzy =) xyzy =) vy(2Y)y =(2) vyy(2y)
A xy - 2y ~5) xyz. This proves that w = x - yz and u = xzy are contradictory.

Case 2: w = zy (6). Let v = (z(yz)(zy))*. Then v # x, because of the substitu-
tion y — z, v # zy and v # x(yz) because of the substitution x — y, and v # a2
and v # z(zy) because of the substitution z — z.

Subcase 2a: v = xzy. Then rzy =~ x2yy ~ vy = x(y2)(2y)y ~q) v(y2)yz ~@)
TYZz.

Subcase 2b: v = zyz. Then zyz =~ zyzz = vz =~ x(yz)(2y)z =) ¢(Y2)z =)
xzy. This final contradiction proves that w = xzy is not possible in a *-linear
variety extending Gs, so the only remaining possibility is © = xyz. O

Lemma 4.4. We cannot have Gy as the free two-generated groupoid for a 4-linear
equational theory.

Proof. Let £ be the unique linear term equivalent in E to x(yz)(wz). The proof
proceeds by showing that whatever the term ¢ is, either the equation x(yz)(wz) =~ £
fails in Gy, or else together with the two-variable equations from the beginning of
this section, this equation yields a nontrivial linear equation, i.e., an equation s &~ ¢
with s # t and both s, t linear.

We have z € S({), since it is the leftmost variable.

We have y € S(¢), else substituting y — « in x(yz)(wz), and also substituting
y +— z, yields zz - wz =~ x - wz and then substituting w — =z gives zz ~ * — a
non-trivial linear equation.

We have z € S(¢), else substituting z — yz in z(yz)(wz) yields z(yz)(wz)
~ zy(w - yz). Then substituting w +— y in this equation yields x - yz = zy, a
non-trivial linear equation.

We have w € S(¢), else substituting w +— z, and also substituting w — z(yz),
yields (z - yz)z =~ x - yz, which becomes zz ~ x after substituting y — x.
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Thus S(¢) = {z,y, z,w}. Write £ = ab.

Case a = x: Here b cannot be one of the terms y - zw, ..., w - zy, i.e., cannot be
right-associated. For if it were, then by identifying some two of y, z, w we would
obtain one of the equations xy-wy ~ vy, -yz ~ xy, (x-yz)z ~ xz. The first leads
to zw &~ x upon replacing y by x; the second is linear, the third leads to zy ~ z
upon replacing z by . Thus b is one of the left-associated terms yzw, ..., wzy. If b
begins with y then the substitution w — z,y — x gives zz =~ x. If b begins with z,
then w +— y gives x - yz = x - zy, which is linear. If b begins with w, then replacing
z by y gives zy - wy = x - wy, leading to xy ~ x when w is replaced by x.

Case b = y: Taking y — « yields ax ~ x - wz. Since a must be one of the terms
TWz,T2W, T - 2w, T - Wz, then ar =~ a. (See Lemma 4.2 and the equation zyx ~ xy
above.) Thus we have a ~ x - wz, so a is identically x - wz and the equation
z(yz)(wz) =~ ab is z(yz)(wz) ~ x(wz)y. Taking w — z gives z(yz)z ~ xzy.
However, this contradicts Lemma 4.3.

Case b = z: There are four subcases. a = = - yw is destroyed by taking w +— y.
a = x - wy is destroyed by taking w — 2. a = xyw and a = rwy are destroyed by
Y= T

Case b = w: There are four subcases. In every one, taking y — z yields either
TW R T - W2 OF TZW R X - W2.

The only remaining cases are where both a and b have two variables. Thus for
some e € {y,z,w}, a is ze and b is a product of the two members of S(¢) \ {z,e}. If
a = zz, then taking w — y yields x-yz ~ zzy. If a = zw, b = yz then taking y — x
yields z-wz &~ zw (by Lemma 4.1). If a = 2w, b = zy, then taking z — wz, x — wz
yields wzyw &~ wzw - wzy which produces wzy ~ wz (using Lemmas 4.1 and 4.2).
If a = zy, b = zw then y — x yields z - zw ~ = - w=z.

Only one possible value of £ remains. It is zy - wz. Thus, we have z(yz)(wz) =~
zy - wz in E. But then taking w — x gives = - yz = xy by Lemma 4.1. O

Remark 4.5. One can prove that there are precisely nine sharply 3-linear equational
theories extending Gs. According to the preceding lemma, none of them can be
extended to a 4-linear theory.

Theorem 4.6. Every *-linear theory is reqular.

Proof. According to Lemmas 3.1, 3.2, 3.3, 3.4 and 4.4, no -linear theory extends
any of the groupoids Gg, G1, Ga, G3, G4, G5 or their duals. Therefore, if any
exist, they must extend Gg or its dual. Since both of these are groupoids which
satisfy only regular 2-variable equations, it is easy to show that if the 2-variable
identities of an idempotent variety are all regular, then this variety satisfies only
regular identities. ([
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5. Extending Gg

., Qy, all with the same underly-

.,u}, all of them 3-generated (a =z, b=y, c= 2z, d =2y, e = xz,

Let us define seven 21-element groupoids Q..

ing set {a,b,c,..

f

Yz, g =yxr, h=zx,i =2y, j =xyz, k =yxz, | = xzy, m = zxy, n = yzz,

0=2Yr, p=T Yz, q=x -2y, r =Y -T2, S=Yy- 2z, t =2z -xY, u=2-yr), by the

multiplication tables below; the multiplication table of Qg is obtained from that of

Qs by setting ar =dr =p,at =et =q, bp=gp=r, bu = fu =5, cq = hq = t,

cS =18 = U.

S| ovnsaomcefonewEfonoe o 3 S| oveseomeefonesEtoact ue 3
v | vonasgzefonzsE2 oo v 3 wlmwasowgrfonrwfoave nw 3
o lan e~ foce~fonor o 3 o | aooastefonesEtoact we 3
Ll ace a2 fonesEfoanve ww 3 Ll me3amegefonesEtoact v 3
| verv o~ fonewE2oaoe v 3 | vefomeefonesE2oact we 3
a|lacr o~ fonewEtonoe o 3 2|l atsomeefonesEtoac wue 3
Q G.so.Jlnkmo.]klmnoPQTstu S a,nojlnkmojklmnov.qm:stu
g lagdamctefoneE2oanvt vw 3 g lagoamstefonesEtoanct vue 3
E|lonfamcgefonewEfoaove ow 3 E|lmowfomneefonesEtoact uw 3
~|mtvomgefone~Efoaovr vw 3 ~|~tfomeefone~E2oao uwe 3
¢ | aeseomcefoneEtonoe ow 3 O I R I I A
'~ ,]rtjlnkmo.]klmnopa‘rstu ~ jkt,]lnkmojklmnopqm:stu
B B R N O S o | o mme =2 i ne v E2oave vw 3
2 |l oot oot onsEfoaoe v 3 2|l oot ot ons oot v 3
S| vosvs~cofone~E2oaovr vw 3 s osvseeafont~Etoac we 3
Sl armceommtfoat~Eeonor uw 3 Sl ameoemefoioeofeoace wupe 3
Q erhjenkho.]klmnopa‘rstu %) erh,]enkho,]klmnopqm:stu
S | soes~tonfone~Efoaovr ww 3 S| voesv~etafonesEtoan v 3
Q efc,]efkh.z.]klmnOPQTstu ¥ efc,]efkhi,]klmnOPQ.rstu
o |So e mofene~Etoave 0w 3 s ltoe e mafeats oo v 3
S| sotm oot onks B2 oot o 3 S| sott oot onks S oan v 3
o <

(e SO UV U e ol E2 0o oe ow 3 c SO UV U= O e nZ e S 20w 0w 3
S|lowseawgxfonxwEeoave we 3 S|lowsawgefonvsE2oace ww 3
o | voeameefontwEcoave aw 3 v | coeowefone~Eeoavt ne 3
v | an3eowtefonesEfoanve vww 3 o | ao 3wt fonesEtoact v 3
Ll ac 3o fonesE2oaove vww 3 t|lacdemeefonesEtoant v 3
| verv o~ fonewEfonove o 3 | vevnomeefonesEtoac v 3
alacte o~ fone~feonor ow 3 alaceewgefone~feonon ne 3
Q QSuAJlnkmo.JklmnoPQTstu Q Qno,Jlnkmo,JklmnquM:stu
gl andemsefone~Efoaove vww 3 g lagommeefonesEtoanct v 3
E|lovorsomcsefonewEtonon w3 E|leowfoneefonesEtoaoe ne 3
~ | verv o~ fone~Etonor 0w 3 ~|~tfowgefone~fecaceaw 3
¢ lacdaowsefone~feonor ow 3 R R i e T S S~ AR I
S|l ates o~ fonesEtoavr ww 3 S| mtes e gefonewE2oave nw 3
R B R A S o | e mme =2 e ne~wE2oanve ne 3
2| oot vt o2 Efoaoe vw 3 O I T R R R R N R O
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The equational theory corresponding to Q; is the dual of the equational theory
based on the 3-variable equations of order algebras, described in [4].

Lemma 5.1. There are precisely seven sharply 3-linear equational theories with
the 2-generated free groupoid isomorphic to Gg; their corresponding 3-generated
groupoids are the groupoids Qq,...,Qx.

Proof. Let E be a 3-linear equational theory with the 2-generated free groupoid
isomorphic to Gg. For every term ¢ in the variables x,y, z we have S(¢*) = S(¢) and
the leftmost variables in ¢ and t* are the same. Hence, if x is the leftmost variable,
there are just four candidates for the term t*, namely, the terms xyz, zzy, = - yz
and x - zy. Unfortunately, all these four terms are identical on Gg. We are going
to distinguish four cases according to the four possible normal forms for the term
Ty - Yz

Case 1: (zy-yz)* = x-zy. By the substitution y — yz we obtain (using equations
of Gg) - yz = x - 2y, a contradiction. This case is not possible.

Case 2: (zy - yz)* = zzy. Then zyz =~ xy(vyz) ~ (v - zy)(vy - 2) = x2 - TY
and hence zyz & (zy - y)z = (zvy - 2)(zy - y) = (2 - 2y)(vy - y) = (vz - y)(vy) =
(vy-yz) - zy ~ vy -yz =~ xz -y, a contradiction. This case is not possible.

Case 3: (zy - yz)* = xyz. By running the program (cf. the introduction) we
obtain that, after the completion, all products are defined except for the products
of a variable with a term containing all the three variables.

Subcase 3a: (z(yzz))* = xzy. A contradiction can be obtained by the substitu-
tion y — yz, z +— y.

Subcase 3b: (z(yxz))* = x - zy. A contradiction can be obtained by the substi-
tution y — yz.
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Subcase 3c: (z(yxz))* = x - yz. With this equation, all products, except z(zyz)
(and those obtained by permuting x, y, z), turn out to be defined. If x(zyz) =~ z-yz,
we obtain the groupoid Q. If z(zyz) = xyz, we obtain the groupoid Q,. The
remaining two possibilities for (x(zyz))* turn out to be contradictory.

Subcase 3d: (z(yzrz))* = zyz. All products except z(y-xz) and x(y-zz) turn out
to be defined. If z(y-x2) &~ x-yz, we obtain the groupoid Q. If z(y-x2) ~ xyz, then
x(y - zx) = x - yz (the other three possibilities for (z(y - zz))* yield contradictions)
and we obtain the groupoid Q,. The remaining two possibilities for (z(y - 22))*
turn out to be contradictory.

Case 4: (zy-yz)* = x-yz. In that case we have zy - zy &~ zyz and zy - zz =~ zyz,
since the remaining three possibilities for zy - zy (and also for xy - zz) turn out to
be contradictory.

Subcase 4a: (z(y - zz))* = zyz. All products except x(y - zz) turn out to be
defined. We have z(y - zz) = z - yz, since the remaining three possibilities for
z(y - zz) turn out to be contradictory. We get the groupoid Qj.

Subcase 4b: (x(y - x2))* = zzy. This yields a contradiction.

Subcase 4c: (x(y - x2))* = - zy. This yields a contradiction.

Subcase 4d: (z(y - zz))* = = - yz. Now consider the term (x - yz)(zy). If it is
equivalent to either x - zy or zzy, we get a contradiction. If it is equivalent to = - yz,
we get the groupoid Qg. Finally, if it is equivalent to zyz, we get the groupoid
Q. O

Lemma 5.2. The sharply 3-linear equational theories extending Gg are left non-
permutational.

Proof. Easy to check (it is enough to check the lines a, d, j, p in the tables of
Q17 sy Q7) D

6. Extending Q;, Q5, Q4, and Q;

Lemma 6.1. There is no 4-linear equational theory with 3-generated free groupoid
isomorphic to either Qs or Q5 or Qg or Q5.

Proof. If there is such an equational theory, then every term in four variables must
be equivalent to a linear term in four variables, and that equation must be satisfied
in the 3-generated free groupoid. Now one can check that the term wzy(z - zw) is
not equivalent to any linear term for any of the groupoids Qs, Qg, Q. Also, the
term w(x(ywz)) is not equivalent to any linear term in the case of Qj. O

This leaves the groupoids Q;, Q, and Q, as the only candidates for a 3-generated
free groupoid of a x-linear equational theory.
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7. *-linear extensions of Q, and Q, are unique

Theorem 7.1. FEvery x-linear theory is left or right non-permutational.

Proof. For terms s,t, we write s ~, t, iff the equation s ~ t is regular and left
non-permutational. The relation ~, is an equational theory.

We show that a *-linear theory F extending Gg is left non-permutational (the
dual case can be proven similarly). Suppose there is an equation s ~ ¢ in F such
that s ¢y t. Thus there is a term ¢ such that ¢ 4y t*. Such a ¢ is not linear, and since
S(t) = S(t*) (by Theorem 4.6), we have that |¢| > |¢*| for such a t. Let n be minimal
so that there exists ¢ with |[¢| = n and ¢ £y t*. Choose a variable x so that x has
at least two occurrences in t. Replace all occurrences of variables in ¢ except two
chosen occurrences of x by occurrences of distinct new variables, creating a term s.
Thus z occurs exactly twice in s and all other variables in S(s) occur exactly once
in s. Hence |s| =n and |S(s)] =n — 1. If s ~4 s*, then substituting back so that
s becomes t, we obtain an equation ¢t ~ ¢ in E where [{| = n — 1. By minimality of
n, we have t ~y t ~; (£)* = t*, a contradiction. Consequently, s %, s*.

Now we can choose variables y, z so that y occurs before z in s* (counting from the
left) and the first occurrence of z in s is to the left of all occurrences of y in s. (We
do not know if z € {y, z}.) Now in s &~ s* replace all occurrences of variables other
than y, z by = and create an equation r = r’ in F where S(r) = S(r') = {z,y, 2},
[r| = n, |r'| =n—1 and r £y r'. By minimality of n, we have 7’ ~; (r')*. Thus
r oy 1’ ~¢ (r')* = r*, which contradicts Lemma 5.2. O

Theorem 7.2. Fvery x-linear equational theory is generated by its 4-generated free
groupoid.

Proof. Let E be a *-linear equational theory and F its 4-generated free groupoid.
By Theorem 4.6, E is regular and according to Theorem 7.1, we can assume it is
left non-permutational (the dual case can be proven similarly). We show that every
equation valid in F belongs to E.

Let F satisfy s = ¢, we can assume that s and ¢ are linear. To get a contradiction,
we assume that s # t.

We claim that the equation s = t is regular and left non-permutational. Indeed,
suppose that s, say, has a variable = that does not occur in ¢t. Replacing all variables
of s,t other than x by a variable y # z gives us an equation p ~ ¢, valid in F, where
p = p(z,y) has an occurrence of x while ¢ = ¢(y) has only the variable y. Since
F is the free algebra on 4 free generators, we have that p ~ ¢ belongs to E. This
contradicts our assumption that F is regular. Next, suppose that there are variables
x,y € S(s) = S(t) such that the unique occurrence of z in s is to the left of the
occurrence of y, while in ¢, the unique occurrence of y is to the left of the occurrence
of x. Replacing all variables except x,y by a third variable z, we obtain an equation
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p & ¢, valid in F, such that S(p) = S(q) contains {z,y} and is contained in {z,y, z}
and the unique occurrences of z, y in p have z to the left of y, while in ¢ it is y to the
left of x. As before, p = ¢ must belong to F, and this contradicts our assumption
that F is left non-permutational. The claim is proved.

Thus we can write s = s(xy1,...,2n), t = t(x1,...,2,), where S(s) = S(t) =
{z1,...,z,} and the i th occurrence of a variable (from the left) in s (and likewise
in t) is of x;. Finally, we can assume that n is minimal, that is, if s’ ~ t' is any
equation valid in F with |S(s")| < n then s’ ~ t' belongs to E.

Clearly, n > 4 and we have s = asbs, t = a;b;. Suppose first that as; and a;

do not have the same variables, say S(as) = {z1,...,2iy;}, S(ar) = {z1,...,2:},
7 > 0. Let z,y,w be distinct variables. Replace all the variables z1,...,x; by z,
replace x;41,...,%;4; by y, and replace the remaining variables by w. We get the
equation

as(z, ..., 2,y,...,y) - bs(w,...,w) = ap(x,...,x) be(y,...,y,w,...,w),

valid in F. Obviously, we have in F

as(xa"'axayw"ay) ~ xy7

bs(w, ..., w) w,
a(x,...,x) =
bi(y,...,y,w,...,w) = yw.

Thus the equation (zy)w =~ z(yw) is valid in F. But this three-variable linear
equation does not belong to E, so cannot be valid in F. Contradiction.

So we are reduced to the case where, say, S(as) = S(a;) = {z1,...,2;}, and
S(bs) = S(b:) = {xiy1,-..,2n}. There are two subcases. In the first subcase,
as # a¢. In this subcase, we replace all variables x;41, ..., 2, by a new variable u,
obtaining that as;u =~ a;u holds in F. In the second subcase, as = a; and bg # b;.
In this case, we replace all variables x1, ..., x; by v and obtain that ubs ~ ub; holds
in F. By minimality of n, we have ¢ = n — 1 in the first subcase, and ¢ = 1 in the
second subcase.

Now in the first subcase, write as = csds, a; = cpdy. If S(cs) # S(ct), then the
above argument gives that F satisfies ((zy)w)u ~ (z(yw))u; again, a contradiction.
Now just as above, if ¢; # ¢; then we obtain that F satisfies (csv)u = (civ)u where
v is a new variable. If ¢; = ¢; then dg # d; and we get that (vds)u = (vd;)u is valid
in F. Note that E must contain both the equations (zu)u ~ zu and (uz)u ~ ux
(since E extends Gg). Hence, thus substitution v +— u gives that F satisfies either
the linear equation csu ~ cyu with ¢s # ¢, or the linear equation uds ~ ud; with
ds # dy. Either way, we have a contradiction to the minimality of n. The argument
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in the second subcase is analogous, using that u(uz) ~ ux,u(xu) ~ uzx belong to
FE. This concludes our proof. O

Theorem 7.3. For each of the groupoids Qg, Q,, there is at most one x-linear
theory extending it.

Proof. Assume that E # E’ are *-linear theories extending Q € {Q,,Q,}. Then
E ¢ E' and by Theorem 7.2, there is a four-variable equation which belongs to F
and not to E’. Thus there must be a four-variable term s which is equivalent to
a linear term ¢ over E and to a linear term ¢’ over E’, where t # t’. Since F and
E’ have precisely the same three-variable equations, every three variable equation
obtained by a substitution from ¢ = t' holds in Q.

By Theorems 4.6 and 7.1, S(s) = S(¢t) = S(t') is a four-element and we can
assume that the variables of ¢t and ¢’ are w,z,y, z and they occur in alphabetical
order in both these linear terms.

Suppose that wzx is a subterm of ¢ (written wz < t). Then the three-variable
equation s(z,z,y,2) =~ t(z,z,y,2) belongs to F and s(z,z,y,2) is equivalent to
a linear term ¢ € {zyz,z - yz}. Hence t = l(wx,y,z). If also wx < ¢/, then
s(z,z,y, ) is equivalent to the same linear term ¢(x,y, 2) in E’, and we find that
t' = t, a contradiction. Thus wz cannot be a subterm of both ¢ and ¢'. Likewise
for xy,yz. But clearly, one of the terms wzx, zy, yz is a subterm of ¢, and one is a
subterm of t’.

Case wa < t, yz < t': (This proof also takes care of the symmetric case yz < t,

wz < t'.) Here, t & t' is one of the equations
we-yz ~ w(z(yz)) and wryz ~ w(z(yz))

(or one obtained by switching left-side and right-side terms in one of these equa-
tions). In the first equation, the substitution z — y yields wz - y &~ w - xy, and in
the second equation, the substitution y — x yields wzxz =~ w(x(xz)), which is in
any theory extending Gg equivalent to wzrz ~ w - xz. Both cases thus contradict
3-linearity.

Case zy < t, yz < t': (This proof also takes care of the symmetric case yz < t,
xy < t'.) Here, t = t’ is one of the equations

w(zy)z = w(x(yz)), wlry)z ~wz-yz,
w-xyz 2w -yz, w-zyz~w(x(yz)).

In the first equation, the substitution y — x yields wzz ~ w - zz, in the second
equation, the substitution w +— x yields zyz = x - yz, in the third equation, the
substitution z — y yields w - zy ~ wzy (in all cases, use again equations of Gg).
All three cases thus contradict 3-linearity. Finally, the substitution w — z in the
last equation yields z - xyz ~ x - yz, which is not valid in each of Q,, Q.
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Case 2y < t, wx < t': (This proof also takes care of the symmetric case wz < t,
xy < t'.) Since the case t' = wx - yz is already covered under the last case, we are
here looking at two possibilities for ¢ &~ ', namely,

w(zy)z = wryz and w - TYz X WLYz.

In the first equation, the substitution z — z yields w(zy)x =~ wzyz, which is not
valid in each of Q,, Q4. In the second equation, the substitution y — z yields
W T2 R WLZ. (I

8. Extending Q;

Let X be a countably infinite set of variables. We denote by T the free groupoid
over X, and by T its extension by a unit element, denoted by (). Put S(0) = 0, so
that S(¢) is now defined for all ¢ € T'. The length of ) is 0.

For every subset Y of X we denote by dy the endomorphism of T’ such that
dy(z) =0 for z € Y and dy (z) = x for x € X — Y. Clearly, for two subsets Y1, Y
of X we have dy, dy, = dy,dy, = dy,uy,. For a subset M of T” put dp;y = dy, where
Y =U{S(t): t € M}; for t € T put 0y = 4.

Denote by L the set of linear terms over X and put L' = LU {0}. Define a
binary operation o on L' by uov = u - §,(v). Let L = (L,0) and L' = (L', 0).

Lemma 8.1. Let Y be a subset of X. The restriction of dy to L' is an endomor-
phism of L.
Proof. Let u,v € L. Clearly, y maps L’ into L'. We have
Oy (wov) =dy(u-dy(v)) =0y (u) - dydy,(v)
and
5y(u) e} 5y(v) = 5y<u) . 55y(u)6y(v);

these terms are equal, since Y U S(u) = S(dy (u)) UY. O

Denote by ¢; the unique homomorphism of T’ into L’ with ¢;(x) = z for all
rzeX.
Lemma 8.2. Let f be a homomorphism of T' into L'. Then f{1(t) = f(t) for any
teT.

Proof. By induction on the length of t. If ¢ € X U{(}, then it follows from ¢; (¢) = t.

Let t = wv where u,v € T. By the induction assumption, f¢;(u) = f(u) and
fli(v) = f(v). We have

FO ) =f(i(u) o ba(v) = f(£r(u) - bulr(v))
=fli(u) o foul1(v) = f(u) - dpe)foulr(v)
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and

)= f(u)o f(v) = f(u) ) f(v) = f(u) S fla(v),
so it is sufficient to show that d(,)fdu = () f. But, applying 8.1, these are two
homomorphisms of T into L that coincide on X U {0}. O

Let us denote by £; the variety generated by L and by ~; the corresponding
equational theory.

Theorem 8.3. ~1 is a x-linear equational theory extending Q. It has a normal
form function £y, i.e., u ~1 v if and only if {1(u) = £1(v). The groupoid L is a free
L1-groupoid over X and the groupoid L' also belongs to L.

Proof. 1t follows from 8.2. ]

9. A base of equations of the variety £,

Theorem 9.1. The variety L1 has a base consisting of the following three equations:
(1) zz =z,

(2) z-yx~zy and

(3) a(oyz) ~ -y,

). Observe

Proof. Denote by E the equational theory based on the equations (1)—
that E is contained in ~4. Let us first list some consequences of (1)—(
(4) zy(yx) = ryy. Indeed, zy(yz) =(2) zy(y(zy)) ~2) Tyy.
(5) x(yxz) = - yz. Indeed, z(yxz) =3y v((x - yx)2) ~(9) x(2Y2) =(@3) T - Y2
(6) x - xy ~ xy. Indeed, = - vy =~y x(zy - Y) ~(3) T(Y - TY) R(2) T - YT X (2) TY.
(7) 2y - 22) ~ 3 2. Tndeed, aly - 02) ~s) 2(yye2)) ~e) 23 - (42)) ~o)
r(yrz) =) - yz.
(8) wyx ~ wy. Indeed, zyz =) xy(z(ry)) =) ry(ry) =aq) LY.
(9) zy(wz) = xyz. Indeed, zy(z2) ~(5) 2y(TYr2) ~3) TY(TYZ) ~(6) TYZ.
(

3
3

10) zy - yz ~ xyz. Indeed, zy(yz) ~@) xy(r - yz) =@ vy(x - xyz) =)
ry(Tyz) ~ ) TY2.
(11) zyy = y. Indeed, zyy =~y zy(yz) =10) TYT ~(8) TY.
(12) 2(y)z ~ @ - gz Indeed, o(y2)z ~ao) =(42)(wz2) ~an 242)w2) ~ay
3

(14) zyzy =~ wyz. Indeed, zyzy =3y 2Y(2Y)y R(12) TY - 2y R(13) TYZ-

We are going to prove by induction on the length of ¢ that ¢ = ¢;(¢) belongs to
E. If ¢ is a variable (or any linear term), this is clear. Let ¢t = t1t2. By induction
we can assume that tq,to are both linear. If they have no variable in common, then
t is linear and we are done. Take a variable x € S(t1) N S(¢2).
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Let t; # x and to # . Then ¢y« is shorter than ¢, so that ¢tz = £1(t;2) = t; by
induction. Similarly, xty is shorter than ¢ and hence xzty & ¢4 (xty) = 0, (t2). We
get t ~ 11w -ty m0) 1o - Tty = tx - 0. (t2) R(10) 11T - 0x(t2) = t1 - 2(t2). The
term t; - 0, (t2) is shorter than ¢, so that t; - 0, (t2) & £1(t1 - 0,(t2)) = ¢1(¢) and we
get t ~ £1(t).

Let t1 = x. If to = x, use (1). Otherwise, we can write to = to1tas. If to; =
then ¢t = x(x - tag) =) Ttoe = l1(xta) = £1(t). If x € S(t21) and to; # x then t =
x-tarlos A3y 2(atar -ta2) R (26, (ta1) ta2) R(3) 2(0x(t21)taz) = L1 (2 (04 (t21)t22)) =
él(t) If too = x then ¢t = l’(tgll') ~(2) xto] = £1(£L’t21) = gl(t) Ifz € S(tgg) and
tog # x then t = - tortae ~(7) w(ta1 - Tta2) = x(ta1 - 104 (t22)) =7y T(t210,(t22)) =
el(l'(tgl(sz(tgg))) = gl(t)

Let tl # x and t2 = x. Write tl = tlltlg. If x € S(tll) then ¢t = t11t12 TR
(tll.’t . tlg)x %(14) t112 -t =11t =t = gl(t) Ifr € S(tlz) then t = t11ti2 - =~
(t11 - t1ow)T = (12) t11 - tiow & tintin =t = £1(2). U

Corollary 9.2. There is exactly one x-linear theory extending the groupoid Q.

Proof. Since the equational theory ~; has a base consisting of equations in three
variables, any *-linear theory extending Q; must contain ~;. Hence, it must coin-
cide with ~1. O

10. Extending Q,

Let t be a non-linear term and consider a variable x occurring more than once
in ¢t. For 7 > 2, we denote p, ; the subterm of ¢ of the form

Pai =D (xp1p2 - pn),

where the occurrence of & above is the i-th one in ¢, n is a non-negative number (if
n =0 then p = p'z) and p’, p1,...,p, are terms.

Let ~3 be the equivalence on the free groupoid T generated by all pairs (¢, %),
where t is a term, x is a variable occurring at least i-times in ¢, ¢ > 2, and ¢t is
the term obtained from ¢ by replacing p, ; = p'(xp1p2 . .. pn) With p'pips ... py.

/

p P1

Theorem 10.1. ~y is a *-linear equational theory extending Q.
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Proof. We first prove that there is a unique linear term o (t) with ¢ ~g £5(¢t). To do
this it is sufficient to prove that (t®%)¥J = (t¥7)®% and that (t%%)%J~1 = (¢&9)®:1
for 2 <i < j. Let p=py; =p(zpip2...pn) and ¢ = py; = ¢ (Yq1q2 ... qm). If
neither of p and ¢ is a subterm of the other, then it is clear. So, let ¢ be a subterm
of p. Again, we have no problems if ¢ is a subterm of p’ or of one of the p;s. The
remaining case is if the jth occurrence of the variable y is the leftmost variable of
a subterm p;. Then we have that ¢ = xpips...p;—1 and p; = yq1q2 . .. ¢m. Now,
by the definition, the term p gets replaced by p'pips ... Pi—1G1G2 - - . ¢mPit1 - - - Pn in
both of the terms (#*1)¥ and (t¥/)®, so those two terms are equal. The other case,
(tm)@i=l = (#=3)2¢ for 2 < i < j, is dealt with analogously. Therefore we have
proved that we can transpose the order in which we cancel two different occurrences
of variables, so we get that, no matter what order we cancel the occurrences in, we
obtain the same linear term.

Now we see that the set of linear terms is a transversal of the equivalence ~5, so
two terms t; and ty are equivalent modulo ~q iff ¢5(t1) = la(t2). It is easy to see
that ~5 is a congruence of the term algebra.

Finally, we need to show that ~s is fully invariant. Let t(z,y1,...,yx) and
p be terms. It is sufficient to show that, if ¢ is the term obtained from ¢5(¢)
by substituting a variable x with p, then ¢5(t(p,y1,...,yr)) = €2(t'). Let y be the
leftmost variable of p. We consider an occurrence of the subterm p in ¢(p, y1, ..., yx)
obtained from the substitution of an occurrence of = in ¢ which is not the leftmost
one. Then each occurrence of any variable z of p within this subterm is not the
leftmost occurrence of z in t(p,y1,...,yx) (as at least one copy of the whole p lies
left of it), so it can be cancelled. We cancel first all the occurrences of variables of
p in this subterm, except for the leftmost occurrence of y. The parentheses were
affected only within the subterm, so we can replace the whole occurrence of the
subterm p with the variable y. Working this way, we reduce t(p,y1,...,yx) to a
term t” obtained from t by replacing the leftmost occurrence of x with p, while all
the other occurrences of x get replaced by y. Now, all of these occurrences of y
which replace x in " are not the leftmost ones, since y is a variable that occurs in p.
Therefore, all of them get cancelled in the precisely same way as the corresponding
occurrences of z get cancelled in ¢ when we reduce t to ¢5(t). Finally, we have
obtained ¢’ from t”.

We have proved that ~g is a *-linear equational theory. Clearly, Qg is its 3-
generated free groupoid. ([

We denote the corresponding variety Lo.
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11. A base of equations of the variety L,

Lemma 11.1. The variety Lo has a base consisting of the at most 3-variable equa-
tions that are given by the multiplication table of Q,, together with the equations

xy(zzu) = zyzu  and  zy(yzu) = cyzu.

Proof. Denote this set of equations by S.
Claim 1. S+ (yz)(zy1y2 - - - Yn) = YyTY1Y2 - - - Y. By using the identity z(zyz) ~
xyz (n — 2) times, we transform the left hand side to

Then we use the identity (zy)(yzu) =~ xyzu (n — 1) times to transform this expres-
sion to the right hand side. (Note that for n < 1 this proof does not work, but
these are just the identities zyy ~ zy and yz(z2) ~ yzxz.)

Claim 2. S F z(yy1y2...yn) =~ x(yzy1y2...Yyn). Again, using the identity
z(zyz) = zyz (n — 1) times, we transform the left hand side to

(y((w((y - W(yy)y2)) - )Yn—1))Yn))-

Then, because of the identity x(yz) &~ x(yxz), this expression becomes

z((yx) (Y- W(yy)y2)) - )Yn—1))Yn))-

Finally, using the identity (zy)(zzu) = zyzu (n — 1) times, we transform this
expression to the right hand side. (Again, note that for n = 0 this proof won’t
work, but that this is just the identity x(yx) =~ zy.)

Claim 3. S F y1(y2 .- (Yn—1(ynx))...) = (y1(y2 - .. (Yn—1(ynx))...))x. We use
the identity z(yz) ~ (z(yz))z (n — 1) times to transform the left hand side to

y1(y2 - Yn—2Un—1(ynz)x) ... )2)T,

and then the same identity (n — 2) times to obtain the right hand side from the
above expression.

Claim 4. Let t be a term and let an occurrence of the variable x lie immediately
to the left of an occurrence of the variable y in t. Let t' be the term obtained from
t by replacing this occurrence of y by yx. Then S+t = t'. In general, this means
that ¢ has a subterm of the form

(P1(p2- - (Pna(pn)) - ) (Yg1)g2 - )gm),

where n,m > 0, and x and y are the occurrences in question. In particular, n =
m = 0 means that we have xy as a subterm in this place. We obtain from this
subterm

((p1(p2--- (Pn—1(Pnz)) .- ))2)((-- - (Yq1)G2 - - - )qm)>
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by Claim 3, then

((PL(p2 -+ (Pn—1(pn)) - D) (2((- - (yqr)g2 - - )gm)),
by the identity (zy)z =~ (zy)(yz), and

((p1(p2--- (Pn—1(pnz)) ... ))2)(2((- . ((y2)q1)G2 - - - )qm))s

by Claim 2. We finish by again using (zy)z = (2y)(yz) and Claim 3 to cancel the
two occurrences of z in the middle and get

(P1(p2 -+ (Pr-1(Pn)) - N+ ((YT)q1)G2 - - - )qm)>

which proves our Claim.

Claim 5. Let t be a term and let an occurrence of the variable x lie to the left of
an occurrence of the variable y in t. Let t' be the term obtained from t by replacing
this occurrence of y by yxr. Then S + t ~ t'. We do this by an induction on k,
the number of occurrences of variables which lie between the occurrences of x and
of y in question. For k = 0, this is precisely the Claim 4. Otherwise, let & > 0
and assume the Claim is proved for k£ — 1. Let an occurrence of the variable z lie
in ¢t immediately to the left of the occurrence of y we are considering. Let t” be
the term obtained from ¢ by replacing this occurrence of z by zx and ¢’ the term
obtained from ¢ by replacing both of the considered occurrences of y and z by yx
and zx respectively. Then t ~ ¢” by the induction hypothesis, ¢ ~ " by Claim 4,
and t"”" =~ t' by the induction hypothesis.

We now finish the proof that S is a base of equations for £5. Let ¢ be a term
in which z occurs more than once and p,; = p'(xpip2...pyn), for some i > 2, be
the subterm of ¢ from our definition of ~s. Let y be the rightmost variable in p’
and let p” be the term obtained from p’ by replacing this rightmost occurrence of
y with yz. Then, since ¢ > 2, there must exist an occurrence of x in t to the left
of the considered occurrence of ¥ in p’, or at worst y = z. In both cases, ¢ can be
transformed to the term where p’ is replaced by p”, in the first case by Claim 5,
and in the second by idempotence. Furthermore, by Claim 3, Claim 1 and Claim 3,

StEp " (xpipa-..pn) ~ (p"x)(xp1p2. . .pn) = p Tp1Do ... pp = P P1D2 .. . P

and, finally, by Claim 5, or the idempotence, we can replace p”’ by p'. O

Theorem 11.2. The variety Lo has a base consisting of the following four equa-
tions:

(1) zox =~ z,

(2) x(yx) = xy,

(8) x(yzz) = x(yz) and
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Proof. By a careful analysis of the proof of Lemma 11.1, we see that the identities
actually used are the above four, together with these five: (5) z(y2)z ~ x(yz), (6)
xyy = xy, (7) zy(yz) = zyz, (8) z(ryz) ~ zyz and (9) zy(zzu) ~ zyzu. So, we
need to prove them from (1)—(4).

For (7), wy(yz) =) vy(y(ry)z =) vy(zy)z ~1) vy2.

For (8), x - wyz =1y o7 - Yz A4y TTYZ (1) TYZ.

For (6), zyy ~2) zy(y(zy)) =) zy(yx) =) vyr ~@s) v(zyz) =@) o(zy) =)
z(zay) =) TTY (1) TY.

For (5), 2(y2)2 ~r) 2(y2)(y22) ~e 252) () ~6) 2(y2).

Now, we prove that (10) zyz ~ zy. Indeed, zyz ~(9) z(yz)r ~(5) (yT) ~(2) Y.

Finally, for (9), zy(zzu) ~10) zyz(r2u) =) ryrzu =gy TY2U. O

12. Extending Q,

We start with a technical definition. For a term t, we define inductively the
left and the right sequence corresponding to an occurrence of a variable in ¢. If
t is itself a variable, both sequences are empty. Let t = t1t; and assume the
occurrence is in ¢1. Then the left sequence for ¢ is exactly that for ¢;, while the right
sequence is qi, ..., qn,ta, where qi,...q, is the right sequence for the occurrence
in ¢1. Analogously, assume the occurrence is in ¢5. Then the left sequence for ¢ is
t1,p1,...,Pn, where py,...p, is the left sequence for the occurrence in 5, while the
right sequence for ¢ is exactly that for ¢o.

Let ¢ be a non-linear term and consider a variable x occurring more than once
in ¢. For i > 2, we denote p,; = p,,;p, ; the subterm of ¢ such that p/ ; contains
the (i — 1)-th occurrence of the variable = in ¢ and p); ; contains the i-th occurrence
of x in t.

Let ~3 be the equivalence on the free groupoid T generated by all pairs (¢, %),
where ¢ is a term, x is a variable occurring at least i-times in ¢, i > 2, and t* is the
term obtained from ¢ by replacing p,; with (p}, ;(p1(p2(- .- (Pn—1Pn)))))@142 - - - Gm,
where p1, ..., py is the left sequence of the first occurrence of x in pg’i and q1,...,qm
is the right sequence of this occurrence in p;’,i.

P1 .- PnT q1 ... dm Pn—1DPn
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In the present section, we adopt a less formal notation. {g1¢2gs . .. ¢, } will stand
for the bracketing (((¢1¢2)¢3) - - - )qw, while [g1gz ... qu] will denote the bracketing
q1(g2(- - - (qu-14w)))- In this notation, the term pj; ; can be written as

{lp1.- APa+1---ps{app+1- ..y }HPy+1- - Pst. - Pt

(It means that pi,...,pg is the left sequence for the occurrence of z in p;’,i and
PB+1,---,Dw is the right sequence.) So t™' is obtained from ¢ by replacing the
subterm p, ; with {[p/, ;p1 ... pglpp+1-..po}. Anexample illustrating this definition
is pictured below.

tI,Q

First, we prove that for every term ¢ there is a unique linear term ¢5(¢) equivalent
to t modulo ~3 (clearly, there exists some).

Lemma 12.1. (p®")®Ji=1 = (p®J)®% for 2 <i < j.
Proof. Let

Poi = p;,i{[pl oo Apas1 - ps{epsri - Py P41 - D5} Do} and

Paj = Poilar - (a1 ap{zasir .- ay}aysr- g} qw )
In the case when neither of these two terms is a subterm of the other one, the
lemma is easy to prove.

If the term p, ; is a subterm of p, ;, then p, ; must be a subterm of p"%j because
the terms ¢, ..., gs do not contain an occurrence of the variable z. The lemma is
again easy to prove.

It remains to consider the case when p, ; is a subterm of p, ;. This case contains
two subcases.

First subcase: p, ; is a subterm of one of the terms pg41,...,p, (because j-th
occurrence of z is located to the right from the i-th occurrence of x). This case is
easy, too.

Second subcase: pg ; is not a subterm of any of the terms pgi1,...,po. (It
may be helpful to consider the following example, where i-th and j-th occurrences
of x are indicated, the (i — 1)-th occurrence is contained in a and the (j — 1)-th
occurrence is contained in d.)
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tm,i ta:,j (tw,j)w,i — (tw,i);ﬂ,j—l

Then the j-th occurrence of x in p is in a term ps, where § 4+ 1 < § < w.

w; and pi,  is the largest subterm of pj ; which does not contain the

occurrence of the term ps we took for pg’ ;» and does contain the i-th occurrence of

Then ps = p

z in p, i.e.
Py = APa+1---palaeppir - Py HPy41 - D51}
Then

Pei = Ppilpr - PPy {1 - [qors1 - qp{zqa i1 ay}] . Qo Y )Pt pu}-
The term p®7 is obtained from p by replacing p, ; with
p = p'l.,i{[pl .. .pa{l[p’w,qu Qa1 QBB 1 Gy e Qo VDS - D )
Since p;w- = {[pa+1---pa{zPg+1 .. Py }HDPy+1---Ds—1}, it follows that
P =0y iflpr- - e PLPatr - pa{zpssr - py Hpyer - po-1}

q ... Qﬂ']z%url e Qw’}1p5+1 Pt
The term (p™7)*? is obtained from p™J by replacing p’ with the term

P =A{phipr- - palps1 - Po—1lar - qalapat - QoD - Dot
On the other hand, the term p®* is obtained from the term p by replacing p, ; with
P =[PP PplPp+1 - Dy -D5—1}Ps - P}

SO (p;‘”’i);’j_1 = {[p}ip1---pslPs+1---Py-- P51}, and as p; is given above, it
follows that

P =A™ ey M G- ap{zger - ay Yayan - qo Y Pse - P
The term (p®?)*J~1 is obtained from p® by replacing p”’ with
P =" )1 - Gord1 Q@)A1 - Gy QDo - P}y
which can be written as

" = {(Pm’i)éc,j—l[% @ )aprr Qs - Pu s
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/!

ie. when we replace (p*™*), ; 1,

we get

1"

P =A{lp,.pr - palPps1 - Dy De-1lqr - Gplaar - Qo DE L - P

From above it follows that p” = p”, ie. that (p©!)®J =1 = (p=J)=:7, 0
Lemma 12.2. (p%%)¥%J = (p¥J)®i .

Proof. Without loss of generality, the i-th occurrence of x is located before (to the
right of) j-th occurrence of y in the term p. Let

Pai = P iilP1 - A[Pav1 - pplepssr - Dy Py41 - D5} D}
Py =Py itlar - Algars1---ap{yaps1. - gy Hay 1 as} - g}

If the subterms p, ; and p, ; are not subterms of each other, or if p, ; is a subterm
of pj, ; or of gy for some 1 <\ < W', or p, ; is a subterm of p;, ; or of py for some
1 < X\ < w, then the lemma is clearly true. Otherwise, consider the following cases.

First case: Let p, ; = py,;. (On the following picture, the previous occurrence of
x and y is contained in a.)

P =DPz,i = Py,j N o o
p (p=i)vd = (puid )i

Then pl, ; = py, j» Py.; = Py j» and the j-th occurrence of y in p is in the subterm
pa for some B+ 1 < A < w (since i-th x occurs before j-th y). Then p) is a

subterm of p) ; and px = {[gw - - {[qar41-- a3 {vap 1 @y }ay 41 qu}, and
also ¢./_1 is a subterm of p;//,j such that ¢, _1 multiplies py from the left and

=1 = {[Pr - A[Pat1---pa{Tpss1 - Dy }HPy41 ... pa—1}. It follows that

Pai =Pyj =Peillpr - ['Do- - Pro1(@wr—1P2)IP2g1 - Do }]" - D0}

where g,/_1 contains the i-th occurrence of x and py the j-th occurrence of y in p.
Then the term p®* is obtained from p by replacing Dg,i With the term

P = {[plz,ipl oo Dr—1Dk - - DBIPA+1 - PA—1DAPAYL - - - P}, 1€
/ /
P =A{PhiP1 - Pr1Dr - -DBIDB+1 - - PA-1

{l[qf-c’ oo Algars1 - (Iﬁ’{yQﬂ/+1 . qV’}]qW’+1 . -qu/}lpAH e Dut
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The term (p®?)¥7 is obtained by replacing p’ in p®! with the term p” which is equal
to
{[{[phip1 - palPB+1 - - PA-1}axr - 43 )43 41 - -Gy - QDAL -+ - P}
={[py.p1-- - palpps1 - PA 1w - aplaB 41 - Gy QDAL - D}
The term p¥+ is obtained from p by replacing the subterm p, ; with the term p”’
which is equal to
{[phiP1 - Pro1Gr/ 1w - Qar1 -+ Q3 ]AB 41 - Gyt oo G PAFL -+ Py - - Dus )

By replacing ¢./—1, from above we get
P = {01 Pea{ e Aot - pa{Eppta D Dy oA}

Q' 4B )43 +1 - QuDA+1 - - - Do }-

1111

The term (p¥7)®? is obtained from p¥ by replacing p’”’ with p””, which equals

{[plmyipl oo Pr - Pat1 - pﬁ]pﬁ+1 .. .p,), .. .p)\,l[q,i/ e qﬂ’]Qﬁ’+1 e q#/p)\+1 .. pw}

This means that p” = p””’, and then (p®*)¥J = (p¥9)®:.
Second case: Let p, ; be a proper subterm of p, ;. (On the following picture, the
previous occurrence of x is contained in b and the previous occurrence of y is in a.)

pyJ’ (p:cv)yj — (py,j)xﬂ'

Then the term g¢ contains the i-th occurrence of z for some 1 < ¢ < g/ (¢ =1
would mean that either p, ; = p, ; or that p, ; is a subterm of ¢;). The term g¢/ is

a subterm of p/ ; and equal to {[ps ... {[pat1---Ps{ZPs+1 - Py }Py+1---Pu )} The
subterm p;, ; is equal to some g/, 1 < p’ < ¢'. Therefore,

Poi={ap+1-- Alae - Algars1---ap{vap+1 - ay Haysr - a0} - oarr}
and p, 41 will be equal to

por1 = {lger41-- Aldor+1 - a8 {yas 11 a4y a1 Q)
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Then p, ; is equal to

Pl iflar - (@ {Map+1 - - qe—1{(@ePvs) @1 - a0} @ }) - qur }-

Here py, = qpyi, forall 1 <k < ¢p—1=¢ —p' —2 and pr, = ¢yqr—r—1 for all
r+l1<k<w.

The term p®? is obtained by replacing the subterm p, ; with the term p’ which
is equal to

Py llar - Alger - Plappr - - -palpssr - pobvsrdysr - ]G5} Gur )

The term (p®*)¥ is obtained from p®! by replacing the subterm p’ with

P ={l'ry ;01 Llaopr - -polpssr -2 P aea - qp ) ap g}

On the other hand, the term p¥7 is obtained from p by replacing Dy,j With

P =Py G )dpr Qs G )

For the term p¥7 it holds that (p¥7),; = [qy ...qe/lger+1-..qp]]. Therefore,
(p¥9)® is obtained from p¥~ by replacing the subterm p”’ with

" =A{lpy a0 lappr - pslpssr - polgea - ap ) s - gur)
={lp, jar---{"lapp1-- - PslPss1-- o} qers1- - qplapsr - g} =",

as desired.

Third case: Let p, ; be a proper subterm of p, ;. Let p, contain the jth oc-
currence of y in p, 8+ 1 < 9 < w. Let ¢t be the maximal subterm of p,; which
does not contain py,, but does contain the i-th occurrence of = in p. In other words,
t={pr---A{lpat1---pslwpps1 .. Py }Py+1- .. Py—1}. Since py is a subterm of py ,
it follows that py, = {[¢o’ ... {[¢ar+1--- a8 {vas+1--- @y }ay+1-..q~}. Consider
two subcases:

First subcase: p;’ ;=1 (On the following picture, the previous occurrence of x
is contained in a and the previous occurrence of y is in c.)

T,i J
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Then
Pai = Po i1 (Pa-1(Py py)) - - o}
The term p¥+ is obtained by replacing the subterm Pz,i in p with the term p’, which
equals

Peitlpr - (Pa-1{lPy ;90 - ap)apr+1 -+ a0y - arr}) - D}
The term (p?¥7)®% we get from (p¥¥) by replacing p’ with
P =A{[pp.pr- - pa—1Px - DaIPBE1 - Py—1ldor - qa A 11 G Dyt - D)

On the other hand, the term p®! is obtained from p by replacing p, ; with the term
p""’, which equals

{[PliD1 - PA1PA -+ Dokt - - PBIPB+1 -+ Dy - - Dy 1P Py 1 - - - Do }-
Now, (p™'),; = {[Pip1---Pa-1---Palpps1- - py—1}; it follows that (p)»7 is
obtained from p®* by replacing p””’ with

" = {[{eipr - pplPs1 - P13 - 45 - D Do}
={[py.p1-- - palPp+1 - - Py—1ldor - qpapr 1 GrDys1 - D} =D,

which is what we needed.
Second subcase: p;m’ = p,, for some 1 < p < A. (On the following picture, the
previous occurrence of x is contained in a and the previous occurrence of y is in b.)

py,j (pw')y,j — (py,j)wﬂ'

Pai = P i(D1 - Py Ppr1 - DAL (tD)Py41 - Do) - - D)
The term p¥ is obtained by replacing Pg,i in p with the term p’ which equals
p/m,i(pl . 'prl{[P;,jppH e DA=1tGor - qprlqpr 1 - Pyl - - Do tPot1 - - Dw)-

The term (p¥+7)®! is obtained from p¥7 by replacing the previous subterm with p”
which equals

{[P;;,ipl - -Pp—lp;,,jppﬂ o DlPE+1 - P—1[Gor - qp]AB 41 - QP - Pu
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On the other hand, p™* is obtained from p by replacing p, ; with the subterm
P = {[p;:,ipl . -pp—lp;,jppﬂ - DBlPB+1 - Py-1Py - P}

Sinqe now (pw’i);” = {[p'gzyipll < Dp—1D)y jPp+1---PplPB+1 - - -Py—1}, it follows that
(p®")¥7 is obtained from p®" by replacing the subterm p"”’ with p””” which equals

{[{[p;,im .- ~pp—1p;,jpp+1 - -pﬁ]pﬁﬂ .- -pw—l}qa/ - -(JB']%/H <G Py+1 - Pu )

Then this subterm equals

{Phip1 - Pp—1Dy jPpt1 - - - PBIPA+1 - Py—1lQor - B )31 -+ G Pyl -+ P}

which is what we desired to prove. ([

Theorem 12.3. Any term p is equivalent to a unique linear groupoid term {3(p)
modulo ~3.

Proof. Tt follows directly from Lemmas 12.1 and 12.2. (I
Next, we show that ~3 is a fully invariant congruence of the free groupoid T.

Lemma 12.4. ~3 is a congruence of T.

Proof. This follows obviously from the definition of ~3. (Il

Lemma 12.5. Let the term p, contain an occurrence of x. Then

Peilpr - Apa--Azps .- Dy} pot ~3 {[pep1 - Do pp-1lPB Dy P}

Proof. We use the induction on the number of terms py, 1 <9 < 3, containing at
least one occurrence of x.
Assume that only one term p, contains an occurrence of x. Let €3(p¢) =

{lar - Algor - Azap - gy Hayvr - qory and pypf[pyra - Alpa - {2zps .. py 3] - Py}
be a subterm of the left side expression. Then

pe{lpr - oo {'py{lpgir - Apa - Azps 0y} pi Y ps} e pu) s

pellpr - o1 {" Py ){[Pys1 - {Pa - {zps P} Dy} ps} o pw) s

pe{lpr g {1 Clar - Al - Azg gy ayin - g}
{lpys1 - {[Pa---{xpg .- .py Dy} s} Do}~

{[pap1 - -Py—1q1 - Qo ---ap—1]ap - Gy - G
Ppgsr - Ao {xpg . .p oy D5 D} ~3

{{*pepr - - Pyp—1G1 - Qs - - Qpr—1)aBr -y - Gur }
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DPipt1 -« -Pa---P3=1]PB - Dy -DPy---Ps---Pu}~3

{lpap1 - - - Pp—1C3(Pp)Ppt1 - - - Pa- - -PB3=1]PB - Dy Px---P5---Puw} ~3

{[peP1 .- - Py—1DpPy+1 -« -Pa- - -PB—1|DPB -+ Dy Dy v D6+ P
Next, assume that the claim is true for n — 1 terms. Suppose that n terms
Diys- - -»Di, contain an occurrence of z, 1 <43 <--- <4, <G —1. Then

pgg{[pl...(lpi1 e Diy - -Di, ...{[pa...{xpg...pv}]pv_,_l...)1...pw} ~3
(by the inductive assumption)

pe{lp1 .. {}[pi, ...piQ...pin...pa...pg_ﬂpg...p.yp,y_‘_l...}1...pw} ~3
(by the rule for cancelling, p, - x ~3 p;)

pelP1 - L Piy e Din - Dipy o Paee DB-1)TDG - DPyPytd -} e D} ~3

(by the base case from above)

{pzp1---Diy - Pig - Diry - P DE-1)PB -+ Dy D}

O
Lemma 12.6. Let x and y occur in the term p,. Then
pe{lp1-- {[Pa---{zps.. Dy} - DePet1 - Du} ~3
pa{lpr-- AP Azps- .- Py} peypes1- - pu}-
Proof. Using Lemma 12.5, we obtain the following:
Paflpr - APa - -{xps .. Dy} DePes1 - DL} 3
{[pap1-- - Pa---P3=11P3 - Dy - DePet1---Du} ~3
{lpaP1 - -Pa---P3=1]P3 - Dy - -PeYDe+1---Pu} ~3
paf{lpr- Alpa---{zps.. . Dy} - PeyPet1 .. Do}
O

Lemma 12.7. Let g, and p, be terms such that S(p.) C S(q.) and let x be the
leftmost variable of the term p,. Then

@A Apa--Azps .. .0y} Do} ~3 @{lpr - AP APeps DY) D0}
Proof. A corollary of the previous Lemma. O

Lemma 12.8. Let t be a term, x and y variables of t, and let s = t¥* for some
1. Then t ~3 5, where the terms t and 5 are obtained from the terms t and s by
substitution of the variable x with a term p.
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Proof. Let us consider two cases.
First case: v = y. Then

toi =ty i{[tr . Alta - Azt ..t} 1w} ~s

{[thit1 - ta- taaltp.. . tytygr .. Lo}
On the other hand,

for = Ol AT ApT BNt o) s
(using Lemma 12.5, where z is the leftmost variable p)

Z{E .. {[g . .tﬁ_l{zﬁ. . .E}]t,ﬁ_l .. E} ~3

{[KE S PN EEY R MU A 5
The term {[@H cla..tg—1]tg ..ty .. Ty} is exactly what we get from the term
{[t;7it1 cota .. tgoaltg .. tytygr ...t} by substitution of the variable x with the
term p. Since the term s is obtained from ¢ by replacing the subterm ¢, ; with
{[thitr -t tg_altp.. . thtyq1 ...ty ), it follows that £ ~3 5.
Second case: x # y. Then

tys =ty i{[t1 Alta - AYts ..ty tyq1 .. tw} ~3
{[tyit1- - ta- tpalts.. . tytyy1 . tu}
On the other hand,
Using Lemma 12.5, we get
tyi~s {[Eﬂ...ﬂ...tﬁ_l tg...ty...Tu}.
The term {[t;TZH cta .. tg_1ltg ..ty ... 1} is exactly the term that we get from
{t,it1--ta.. . tg-1ltg...tyty41.. . tu} by substitution of the variable x with the

term p. Since the term s is obtained from ¢ by replacing the subterm ¢, ; with
{[tyit1- o tpalts.. . tytypa ...ty }, it follows that £ ~3 5. O

Lemma 12.9. ~3 is a fully invariant congruence of T.

Proof. Let t and p be terms. By application of Lemma 12.8 finitely many times,
we get £3(t1) = £3(t2), where the terms ¢; and ¢ are obtained from the terms ¢3(t)
and t by replacing all the occurrences of the variable = with the term p. Therefore,
the substitution rule holds, i. e. ~j3 is a fully invariant congruence. ([

Theorem 12.10. ~s3 is a x-linear equational theory extending Q.

Proof. ~s3 is an equational theory according to Lemma 12.9. It is *-linear by Lemma
12.3. And it can be checked that Q, is in the corresponding variety (in fact, it is
sufficient to check that neither Q;, nor Q,, is in the variety). ([
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Let L3 denote the corresponding variety.
13. All *-linear theories

Theorem 13.1. There are precisely six x-linear varieties of groupoids: L1, Lo, L3
and their duals.

Proof. 1t follows from the results of Sections 2, 3, 4, 5 and 6 that the groupoids Q;,
Q,, Q, and their duals are the only candidates for a 3-generated free groupoid of
a #-linear equational theory. Theorems 8.3, 10.1 and 12.10 show that in each case
there is at least one extending x-linear theory. And according to Theorem 7.3 and
Corollary 9.2, the extensions are unique. ([l

14. L3 is inherently non-finitely based

In this section, ¢ always denotes a term in variables 1, ..., Z,.

We start with several technical notions. Let ¢(¢) denote the semigroup word
obtained from a term ¢ by deleting all parentheses and cancelling all exponents.
E.g., o(z(y(y(z(zy)y)z))) = zyzayz.

We say that a term ¢ has the property By (we write shortly By (t)), if

ot)=x1...TpT1 ... Tp ... T1 ... Ty ... TJW,

where w is an arbitrary word, 1 <1 < n and k = |p(t)| — |w|. The prefix of the
length k is called the head of p(t). We say that an occurrence of a variable in the
term ¢ is a head occurrence, if the corresponding occurrence in ¢(t) is in its head.
The key notion in further text is the separator. This is the leftmost occurrence of
2y in t such that the corresponding occurrence in ¢(t) is the rightmost letter of the
head. E.g., the term z(y(y(z(zy)y)z)) has the property Bs and the separator is y
at the sixth position.

We say that a term ¢ has the property Ay (shortly Ag(t)), if it has the property
By and the property Cj saying that the left sequence of the separator contains only
terms in a single variable. Note that C} is equivalent to the fact that every subterm
of ¢ containing an occurrence left of the separator, either contains only one variable,
or contains the separator. Also, note that Ay(t) implies A;(¢) for all j < k. E.g.,
the term z(y(y(z(zy)y)z)) has the property As, but it does not have the property
Ag. Of course, all of the above properties are relative to the (linearly ordered) set
of variables. We will mention which set of variables we are referring to, whenever
it is not obvious.

In the sequel, we will use the notation p,; = p, ,p} ; from the definition of ~3.
By cancellation of the i-th occurrence of a variable x in a term ¢ we mean application
of the identity t ~ t%. Again, [y192 . ..ys] will stand for y1 (ya(. .. (Ye_1¥x)))-
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Lemma 14.1. Let u be a subterm of a term t. If u contains only the leftmost
occurrences of variables in t, then u is a subterm of £3(t).

Proof. Consider cancellation of the i-th occurrence of a variable z in ¢ (i > 2).
Since u does not contain the i-th occurrence of z, either u is not a subterm of p, ;,
or it is a subterm of p ,, or it is a subterm of some member of the left or right
sequence. In all cases, u is also a subterm of . O

Lemma 14.2. If k <n, then Ap(¢3(t)) implies Ag(t).

Proof. First, we prove By(t). Assume the opposite. There exists a variable z;
that occurs between z; and x;41 in the head of the word ¢(t) for some i < k.
Indeed, j < i, because ~jg is left non-permutational. Let s be a term obtained from
t by cancelling all non-first occurrences of variables left of this occurrence of ;.
Again, z; occurs between z; and x;; in the head of the word ¢(s). Assume that
the left sequence of this occurrence in s is s1, ..., S, and that the first occurrence
of x; is in S;,,. Then s%°? contains the subterm [SmoSmo+1---Sm] and so does
03(s%*?) = £3(t) according to Lemma 14.1 (recall that all variables left of z; occur
at most once in s). This is a contradiction with the fact that ¢5(t) satisfies Cy,
because this subterm contains more than one variable, but not the separator.
Next, we prove Ci(t). Assume that there is a subterm u of ¢ with more than one
variable, containing an occurrence left of the separator, but not the separator. Let
s be a term obtained from ¢ by replacing u with £3(u) and by cancelling all non-first
occurrences of variables left of the subterm u. Either the first variable of £3(u) is
different from its left neighbour in s, then ¢3(u) contains only first occurrences and
thus, according to Lemma 14.1, ¢5(u) is a subterm of ¢5(s) = ¢3(t), a contradiction
with Ak (¢5(t)). Or this is not true, it means the first variable of ¢3(u), let us call
it x, is identical with its left neighbour. Consider cancelling the second occurrence
of z in s. The cancellation appears in the subterm p, o = p;,Qp;’g and z is the first
variable of pj 5. So the left sequence of x in pj) 5 is empty and its right sequence
is non-empty; let ¢ be its first member. Hence p), 5q is a subterm of p®? and thus
also of s%2. It contains only leftmost occurrences, so, according to Lemma 14.1, it
is a subterm of f3(s%2) = £3(t) too. However, it does not contain the separator, a
contradiction. O

Lemma 14.3. If k < n, then Ay(t) implies Ay(t**) for any occurrence of x in t.

Proof. By (t®") follows from the fact that either p(t*%) = o(t) (if one of the neigh-
bours of the i-th occurrence of x is also x), or p(t®?) results from ¢(t) by removing
a non-first occurrence of the variable x.

Let us denote q1, ..., ¢, the left sequence of the separator in t. By assumptions,
every ¢; is a term in a single variable. To prove C(t™%), we consider two cases.
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Case 1: the i-th occurrence of x precedes the separator. So there is j such that
this occurrence is in g;. We have two subcases. Either p,; is a subterm of g;.
Then ¢ results from ¢ be replacement of the term ¢; by a different term, in the
same single variable, therefore Cy(t*%) holds. Or the i-th occurrence of x is the
first variable of g;. Then p;’i = ¢j—1 and the left sequence of the separator in
™t is qq, ..., 4j—-2,4',¢j+1,---,qm, where ¢’ is a term containing only the variable
x (in fact, ¢ = gj_171 .. .7, where 71,... 7 is the right sequence of the first
occurrence in ¢;). Hence Cy(t™") holds too.

Case 2: the separator precedes the i-th occurrence of z. Let r be the member of
the right sequence of the separator in ¢ containing the i-th occurrence of x and let
T1yenvyTme a0d S1,...,8m, be the left and right sequences of the occurrence in r.
Let g denote the largest subterm of ¢ containing the separator and not containing
r. We have three subcases. First, the (¢ — 1)-th occurrence of = in ¢ is in r. Then
t*? results from t by replacement of the subterm r with another term, hence the
left sequence of the separator remains unchanged a thus Cj(**) holds. Second,
the (i — 1)-th occurrence of = in ¢ is in ¢. Then p); = ¢ and thus p,; = g¢r
is replaced for [p;,irlrg e Tmo)S0 - Smy- So the left sequence of the separator in
t*% is the same as in ¢t and thus Cj(t*?) holds. If none of the two cases takes

place, then p'm- = ¢, for some j < mgy, where my is the greatest number such
that ¢, is not contained in the subterm ¢. In this case, p;; = qu'lf,i is replaced
for [g;qj41 - - @malT1 - - - TmglS0 - - - Smybmg - - - tmy, Where by, ..., ty, is a part of the
right sequence of the separator in ¢t. Consequently, the left sequence of the separator
in t* is the same as in ¢ and thus C(t*") holds. O

Corollary 14.4. Let t,s be terms in variables x1,...,x, such that L3 satisfies
txs. If k <mn, then Ai(t) if and only if Ax(s).

Proof. Lemmas 14.2 and 14.3 yield Ay (¢3(t)) iff Ax(t). The claim thus follows from
the fact that L3 satisfies t = s iff £3(t) = {3(s). O

Lemma 14.5. Let t,s be terms in variables x1,...,z, such that t = «(t') and
s = «a(s') for a substitution a and some terms t', s’ of length at most n. Assume
that L3 satisfies t' = s'. Then, for every k, Ar(t) if and only if Ax(s).

Proof. For k < n the claim follows from Corollary 14.4, so suppose k > n. Assume
that Ag(¢) holds, we prove Ag(s). Let q1,...,¢n denote the left sequence of the
separator in ¢t and consider the least ¢ such that g¢; contains the variable z,,. Let
r = q;q be the minimal subterm of ¢ containing ¢; as a proper subterm. Indeed, r
contains the separator.

Since ¢’ has at most n letters, we conclude that r is a subterm of «(z) for some
variable x (because i > n). Consequently, r is a subterm of s, because ~3 is
regular. Moreover, all variables occurring left of the leftmost occurrence of z in ¢’
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are substituted by a term in a single variable different from x,, (since ¢1,...,¢—1
are such terms). Since ~sj is left non-permutational, the set of variables occurring
left of the leftmost occurrence of x is the same in both ¢ and s’. So left of the
leftmost occurrence of the subterm r in s there is no occurrence of the variable x,,;
it means, the first occurrence of x, in s is the leftmost variable of the subterm r.
However, according to Corollary 14.4, A, (s) holds. Particularly, B, (s) says that
the variables left of the leftmost subterm r are in the ascending order. Since the
rest of the head occurrences is in r (and thus untouched), Bi(s) holds. So, we
have a separator in s and we denote ¢i,...,q,,, its left sequence. Let j be the least
number such that q} contains the variable x,,. Again, since r is a subterm of both
s and t, we have ¢; = ¢, ¢j41 = qit+1, - - -, qpy = qm and it follows from C,,(s) that
qpy- - q;-_l are also terms in a single variable. Hence Ci/(s) holds too. (]

Lemma 14.6. Let X be a finite set of identities of L with lengths of terms at most
n and let X F t =~ s, where t and s are terms in variables x1,...,x,. Then, for
every k, Ak(t) if and only if Ar(s).

Proof. We first notice the (rather obvious) fact that there exists a finite set of
identities ¥’ O X over the set of variables {z1,...,z,} used in some proof of
3t & s, which is obtained from ¥ using only the Substitution rule, such that we
need not use the Substitution rule in proving ¥’ ¢ ~ s. We also may assume (and
do) that X' is closed under substitutions that permute variables.

Let My, be the set of all identities in variables z1, ..., z, provable from ¥’ without
using the Substitution rule such that Ay holds for one side of the identity and fails
for the other one. We prove by induction that My, is empty for every k. Particularly,
we get that Ag(t) if and only if Ag(s).

For contradiction, let m be the smallest number such that M, is non-empty.
According to Corollary 14.4, we have m > n.

Pick an identity p =~ ¢ € M, with the shortest proof from ¥’ without using the
Substitution rule and let p; = g1, p2 = qa, ..., p; = ¢ be the shortest proof; hence
p; = p and q; = ¢q. Because of Lemma 14.5, the identity p /& ¢ is not in ¥’ (it means
I # 1). Also, p = ¢ is not obtained from the previous identities by symmetry, as
otherwise ¢ =~ p € M,, would have a shorter proof. Similarly, p &~ ¢ cannot be
obtained from the previous identities by transitivity on p; ~ ¢; and p; ~ ¢; with
qi = Pj-

So p &~ ¢ must be obtained by the Replacement rule, i.e., there is an identity
p; = q; from the proof such that ¢ is obtained from p by replacing its subterm p;
with ¢;. In the rest of the proof, we will only speak of this occurrence of p; in
p, the one which is being replaced by ¢;. So when we mention a subterm p; of p,
we mean, in fact, “the occurrence of p; in p that is replaced in the I-th step of
the proof.” Without loss of generality, suppose that A,,(p) holds and A,,(q) fails.
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Hence the subterm p; of p (the one which is being replaced) contains some head
occurrences of variables. If p; is composed of only one variable, then ¢; is a term
composed of the same variable and A,,(q) is a clear consequence of A,,(p). If p;
has no occurrences of a variable to the left of the separator, then A,,(p) implies
A (q), too. Therefore, p; must contain two head occurrences of different variables
and, by A,,(p), the subterm p; contains the separator in p. We have two cases.

First case: The subterm p; contains a head occurrence of x; such that no head
occurrences, other than possibly some more occurrences of x1, lie to the left of p;
in p. Then the identity p; ~ ¢; is in M,, and it has a shorter proof than p ~ ¢, a
contradiction.

Second case: The subterm p; contains the separator x of p, but p; does not
satisfy A,, with the same occurrence of x, as separator. Let the left sequence of the
separator in p be rq,...,r,. Then the left sequence in p; of the same occurrence
of z, which is the separator of p is 73,7841,...,7«. Obviously, each r; has to
have exactly one variable. Now, let ¢(rg) = zg and let ¢ be the substitution
Tg > X1, 41 > T2, .oy Ty > Tign—g, L1 > To4n—p, ..., T—1 — Tp. Then
' F (p;) = 1(g;) without using the Substitution Rule (just use the sequence
v(p1) = (@), Y(p2) = ¥(g2),..., ¥(p;) ~ ¥(q;) and the fact that ¥’ is closed
under ¢). Now, as Ap(1(p;)) holds for some h < m with the separator ¢ (xs)
(the same occurrence which serves as the separator in p), then by the inductive
assumption Ap(1(g;)) holds, as well. But that means that ¢ must satisfy at least
B,,,. Consider the occurrence of x5 which is the separator of ¢ and a subterm r in
its left sequence. This subterm is either in g;, or is equal to some r,, v < 3. In
the second case, it obviously has only one variable. In the first case, t(r) is in the
left sequence of the separator ¥ () in ¥(g;), and so contains exactly one variable.
But then so does r, as ¥ just renames the variables. In both cases, A,,(g) holds, a
contradiction. O

Theorem 14.7. The variety L3 is inherently non-finitely based.

Proof. Let L% denote the variety based by the identities of £3 in at most n variables.
We prove that L% is not locally finite for any n and thus that £ is inherently non-
finitely based.

Note that L% has a base ¥,, of identities of length at most 2n: it can be obtained
from the multiplication table of the n-generated free groupoid by setting rs ~ £3(rs)
where 7, s runs through all linear terms in n variables. Consider the terms

ti = [xo...$2n1'0...!’Egn...xo...xgnxo...xifl mod 2n+1]7

i letters
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for every i > 2n + 1. Clearly, Ag(¢;) holds, if and only if k¥ < i. Therefore, by
Lemma 14.6, all ¢; are pairwise inequivalent in X,,, hence the free (2n+1)-generated
groupoid in the variety £% is infinite. O

15. The lattices of subvarieties of £, L5 and L3

Lemma 15.1. In £;, i € {1,2,3}, each of the identities
(a) =y ~ yu,

(b) yx =,

(¢) wy =,

(d) (zy)z = (z2)y,

(e) (zy)z =~ x(zy)

implies (zy)z = x(yz). In Lo and L3, each of the identities

(f) z(yz) = z(2y),
(8) w((zy)z) = w(x(yz))
implies (zy)z = x(yz). In L;, the identity (f) implies the indentity (g).

Proof. (a) (zy)z = 2(zy) ~c, 2(2(yz)) = (2(y2))z =z, z(yz).
(b) yx ~ x(yx) ~¢, xy and then use (a).
(c) (zy)z = ay = x = x(yz).
(d) (zy)z ~c, (xy)(y2) = (2(y2))y =, x(y2).
(zy)z ~c, (2y)(y2) = 2(yzy) =, 2(y2).
(xy)z =g, z(ryz) = x(2(vy)) ~z, o(2y) ~ x(yz) and (2y)z =z, z((yx)z) ~
(8) (zy)z m¢, x(wyz) = z(2(yz)) ~c, x(yz) for i = 2,3.
The last claim can be proven analogously to (a). O

For a term ¢t we denote by ®(t) the sequence of the variables (possibly with
repetitions) from S(t), written in the order of their occurrences in ¢ from the left to

the right. So, ®(u) = ®(v) if and only if u ~, v, where ~, denotes the equational
theory of semigroups.

Lemma 15.2. If u ~, v then £1(u) ~q £1(v).

Proof. Tt is easy to see that ®¢;(u) is obtained from the sequence ®(u) by deleting
all the non-first occurrences of variables. So, if ®(u) = ®(v) then ®¢1(u) = &1 (v).
(I

Lemma 15.3. Let Ey consist of equations u ~ v such that {1(u) = zuy ... u, and
1 (v) = zv1 ... v, for a variable x, a nonnegative integer n and terms w;,v; such
that u; ~4 v;. Then E7 is the equational theory generated by ~1 and the equation
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Proof. We are going to prove that Ej is an equational theory; the rest is easy.
Clearly, E; is an equivalence containing ~j.

Let u ~ v belong to Ey, ¢1(u) = zuy ... un, £1(v) = 2071 ... 0,.

Let ¢ be a term. We have £1(ut) = £1(u)0,41(t) = 2uy ... un0,l1(t) and 41 (vt) =
L1(v)0,l1(t) = xvy1...v,0,01(t) where 6, = d,, hence ut ~ vt in E;. We have
O (tu) = l1(t)0¢l1(u) and 44 (tv) = £1()d:l1(v); since f1(u) ~, f1(v) obviously
implies §:¢1(u) ~q 0:¢1(v), we get tu =~ tv in E;. So, F; is a congruence.

Let f be a substitution. Denote by g the endomorphism of L such that g(z) =
l1f(x) for all z € X. Then ¢;f and gf; are two homomorphisms of T into L
coinciding on X, and hence /1 f = g¢;. So,

1 f(u) =gli(u) = g(auy ... un) = g(x) 0 g(ur) o -+ 0 g(un)
=9(2) - 6g(2)9(u1) - -+ Oguy...up_1)9(Un)
and similarly £1f(v) = g(z) - dg@)9(v1) - - Og(avr...vn_1)9(Vn). For every i we
have g(u;) = gli(us) = Lif(wi) ~a €if(vi) = gli(vi) = g(vs), since u; ~q v;
implies f(u;) ~q f(v;) and hence ¢ f(u;) ~q £1f(v;) by Lemma 15.2. Since
S(zuy .. uj—1) = S(zvy ... v;—1), the terms g(zuy ...u;—1) and g(zvy ...v;—1) con-
tain the same variables, the corresponding §-operators are equal and we get

5g(zu1...ui_1)g(ui) ~a 6g(mvl...v¢_1)g(vi)
(these are either both empty or both nonempty). Hence f(u) = f(v) in Ej. O

Lemma 15.4. Let Ey consist of equations u = v such that ¢1(u) = zuy...u,
and 01 (v) = xvy...v, for a variable x, a nonnegative integer n and terms w;, v;
such that S(u;) = S(v;). Then Es is the equational theory generated by ~1 and the
equation w - rY X W - Yx.

Proof. 1t is similar to the proof of Lemma 15.3. O

Let us denote

e N the variety of L;-algebras satisfying w(zy - z) = w(x - y2);
N> the variety of Li-algebras satisfying w - zy ~ w - yx;

&7 the variety of idempotent semigroups satistying ryzr =~ xy;
Ss the variety of idempotent semigroups satisfying wzry ~ wyx;
S3 the variety of semigroups satistying ry =~ x;

S, the variety of semilattices;

S5 the trivial variety.

Theorem 15.5. The following diagram shows a lower part of the lattice of subva-
rieties of groupoids:

L1
Lo L3
M
Ny
Sa
Sy

S5
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Proof. Let L € {L1,L2,L3} and ¢ be the corresponding normal form function.
One can easily see that the intersection of £ with the variety of semigroups is the
variety S1. Since there is a full description of the lattice of varieties of idempotent
semigroups (e.g., [3]), it is sufficient to focus on non-associative subvarieties of
L only. According to Lemma 15.1, w(xy - z) ~ w(x - yz) is a consequence of
w - xy ~ w - yr and the equations of £, so we have all the inclusions listed above;
it follows from Lemmas 15.3 and 15.4 that they are proper inclusions, and we do
not have any other ones.

Let E be an equational theory containing the equational theory of L. It is easy
to see that if E' contains an equation u =~ v such that S(u) # S(v), then E contains
xy ~ x or xy ~ y; and if E contains an equation u ~ v where u,v have different
first variables, then E contains xy = yz. In both cases, 15.1 yields associativity.
So, it remains to consider the case when all equations of F are regular and both
sides of any equation from E start with the same variable.

Let w ~ v in E, so that £(u) ~ £(v) and we can write £(u) = xuy ...u, and
£(v) = zvy ... vy for a variable z, two nonnegative integers k, m and some terms
u;,vj. 1f it is possible to choose u ~ v in such a way that there is an index ¢
with ¢ < k, ¢ < m and S(u;) # S(v;), then (where ¢ is the minimal index with
this property) modify ¢(u) ~ £(v) by a substitution sending x and all the variables
of S(ui) U--- U S(uj—1) to x, one fixed variable y € S(u;) — S(v;) to itself (we
can assume without loss of generality that there is such a y) and all the other
variables to a fixed variable z € S(v;) to obtain in E one of these three equations:
either z-zy m xz-yorz-yz=xz-yorzy -z~ xz-y. By 15.1, each of them
implies (together with the equations of £) the associative law, and we are in the
semigroup case. S0, we can now assume that for any u =~ v in E we have k = m and
S(u;) = S(v;) for all ¢ (thus, in the case of £ = L4, F is contained in the equational
theory of A5). If it is possible to choose u &~ v in such a way that u; ¢, v; for
some %, then take two distinct variables y, z of S(u;) such that y occurs before z in
®(u;) but after z in ®(v;) and modify ¢(u) ~ ¢(v) by the substitution sending y, z
to themselves and all the other variables to z; we get x - yz =~ z - zy, thus, in the
case of £ = L1, E is equal to the equational theory of N5, and in the other cases,
by 15.1, E contains associativity. Now we can assume that for any v ~ v in E we
have k = m and w; ~, v; for all ¢ (thus, in the case of £ = L4, E is contained
in the equational theory of N7). If it is possible to choose u ~ v in such a way
that u; # v; for some 4, then it is again easy to set up a substitution to obtain the
equation w(zy-z) ~ w(z-yz) in E. Thus, in the case of £ = L1, F is the equational
theory of N1, in the other cases, by 15.1, E contains associativity. Finally, if any
u ~ v in E satisfies u; = v; for every i, E is the equational theory of L. (]
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16. Generators for the varieties £, £5 and L3

Denote by Fy(n) the free n-generated groupoid in a variety V.

Theorem 16.1. The variety L1 is generated by Fr,(4), but not by Fr, (3) (it
belongs to N1); it is generated by the groupoid Fr, (3) extended by the unit element.
Also, Ly is generated by the five-element subdirectly irreducible groupoid with the
following multiplication table:

a b c d e
ala b d d a
blb b ¢ ¢ b
cle ¢ ¢ ¢ ¢
dld d d d d
ela b ¢ d e

Proof. Using Theorems 9.1 and 15.5, it is easy to check if a given groupoid gener-
ates L. O

Theorem 16.2. The variety L; is generated by F,(3), i € {2,3}. Also, Ly is
generated by the five-element subdirectly irreducible groupoid with the following mul-
tiplication table:

a b c d e
ala d c d e
blb b e b e
cle ¢ ¢ ¢ ¢
dld d ¢ d c
ele e e e e

and L3 is generated by the four-element subdirectly irreducible groupoid with the
following multiplication table:

QU O o 2

QU O o 2
QL O 0|
QL O O OO0
ISURISEEN ST SH S W

Proof. The free 3-generated groupoids are not semigroups, hence, by Theorem 15.5,
they generate the respective variety. The smaller groupoids are quotients of the free
ones and are not semigroups too. O
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17. Quasi-*-linear theories of semigroups

In the last section, we discuss quasi-x-linear varieties of semigroups. This is a
variety of semigroups such that in the corresponding equational theory every word
is equivalent to a unique linear word. (It means, quasi--linearity is *-linearity
modulo associativity.) We show that S; and its dual are the only quasi-*-linear
varieties of semigroups.

Lemma 17.1. There are precisely three sharply 2-linear theories of semigroups.
Their 2-generated free semigroups are G1, Gg and its dual, respectively.

Proof. In idempotent semigroups, = -yx ~ xy -z ~ xy-yr and x-xy = 2y -y = TY.
A groupoid G; satisfies these conditions, iff ¢ € {1,6}. It is easy to check that both
are semigroups, hence they serve as the 2-generated free semigroup for a 2-linear
theory of semigroups. O

Lemma 17.2. We cannot have Gy as the free two-generated groupoid for a quasi-
3-linear theory of semigroups.

Proof. From G1 we have xyx ~ z. Consequently, zyz ~ xyzaxz ~ xz, a contradic-
tion. (]

Theorem 17.3. There are precisely two quasi--linear varieties of semigroups: Sy
and its dual. S1 is generated by Gg extended by a unit element and it is also
generated by the following three-element semigroup:

Proof. Gg and its dual are the only candidates for the two-generated free groupoid.
Any quasi-*-linear theory of semigroups extending Gg must contain the equation
xyx =~ xy, hence it must contain Sy. It is easy to see that S is quasi-*-linear, so it
is the unique quasi-#-linear extension of Gg. (]
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