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Lattice of Clones on a Set

Lemma
An intersection of any system of clones on a set A forms a clone on A.

Lemma
All clones on a set A form a complete lattice.

If |A| = 1, then the clone lattice on A consists of one clone.
If |A| = 2, then the clone lattice on A consists of countably many clones (Post’s
Lattice).
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Post’s Lattice (Emil Post, 1920)
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Lattice of Clones on a Set

Lemma
An intersection of any system of clones on the set A forms a clone on A.

Lemma
All clones on a set A form a complete lattice.

If |A| = 1, then the clone lattice on A consists of one clone.
If |A| = 2, then the clone lattice on A consists of countably many clones (Post’s
Lattice).
If |A| > 2, then the clone lattice on A consists of uncountable clones.
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Interval Jn in the Clone Lattice

Jn = ⟨P(Zn,+),P(Zn,+, ·)⟩

The elements of P(Zn,+) are all linear functions in the following form

p(x1, . . . , xn) = a0 + a1x1 + a2x2 + · · ·+ anxn,

where a0 ∈ Zn, a1, . . . , an ∈ Z.

The elements of P(Zn,+, ·) are all polynomial functions in the following form

q(x) =
∑
α

aαxα,

where x = (x1, . . . , xn), the sum consists of finitely many tuples α = (α1, . . . , αn) of
natural numbers, coefficients aα belong to the set Zn and xα = xα1

1 . . . xαn
n .
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What Is Already Known about the Interval Jn = ⟨P(Zn,+),P(Zn,+, ·)⟩?

Solved cases:
• n = prime number p (Rosenberg, 1970)

Lemma
Let n,m be prime numbers. If (m,n) = 1, then

Jmn ∼= Jm × Jn.

Corollary
It suffices to investigate the case n = pk, where p is a prime number.
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What Is Already Known about the Interval Jpk = ⟨P(Zpk ,+),P(Zpk ,+, ·)⟩?

Solved cases:
• n = p2, where p is prime number (Krokhin et al. 1997; Idziak and Bulatov, 2003)
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Open problem

What is the structure of the clone lattice of the interval Jp3?

Our result:
A complete characterization of the interval ⟨P(Z8,+),M1⟩ ⊆ J8 in the clone lattice,
where

J8 = ⟨P(Z8,+),P(Z8,+, ·)⟩, (p = 2).
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Used tools:
• 2k-ary relations, where their elements are x = (xA| A ∈ Pk).
• (Möbius basis) We define gA = (gA

B |B ∈ Pk) ∈ ZPk
8 for every A ∈ Pk as follows

gA
B =

{
1, if A ⊆ B;
0, otherwise.

Lemma
Every x ∈ ZPk

8 can be expressed in the form

x =
∑

A∈Pk

aAgA,

where
aA = (−1)|A|

∑
B⊆A

(−1)|B|xB

for every A ∈ Pk. The expression of the element x in this form is uniquely determined.
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Definition of the Clone M1 via an Invariant Relation

The clone M1 consists of all ring polynomials Z8 that preserve the relation Z.

Definition
The relation Z is 24-ary relation on Z8, that consists of all elements u = (uA | A ∈ P4)
satisfying:
(1) a2 ≡ 2a1 (mod 4), a4 ≡ 2a3 (mod 4);
(2) aA ≡ 0 (mod 2), if |A| ≥ 2;
(3) aA ≡ 0 (mod 4), if |A| ≥ 2, A ∩ {2, 4} ̸= ∅;
(4) aA = 0, if {2, 4} ⊆ A.
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Definition of the Clone M1 by Its Generators

Definition
Let f(x1, . . . , xn) be a polynomial with variables x1, . . . , xn. A polynomial f(x1, . . . , xn) is
fully divisible if it is divisible by x1x2 . . . xn.

Lemma (Bulatov)
Every clone on the interval Jpk is generated by its fully divisible members.

13 / 22



Definition of the Clone M1 by Its Generators

Lemma
Let be n ≥ 2, then n-ary fully divisible polynomial on Z8 preserve the relation Z iff it can
be expressed in the form

f = 2x1 . . . xn(
n∑

i=1

aix2i +

n∑
i=1

bixi + c),

where ai, bi ∈ {0, 1} for all i a c ∈ {0, 1, 2, 3}.

Lemma
Unary fully divisible polynomial on Z8 preserve Z iff it can be expressed in the form

f = ax3 + bx2 + cx,

where a, b are even.
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What Are the Generators of Clones on the Interval ⟨P(Z8,+),M1⟩ ⊆ J8?

Let us denote some n-ary (n ≥ 1) operations on Z8:

rn = x1x2 . . . xn;

tn =

{
x1x2 . . . xn(x1 + · · ·+ xn), if n is even;
x1x2 . . . xn(x1 + · · ·+ xn + 1), if n is odd;

sn =

{
x1x2 . . . xn(x1 + · · ·+ xn), if n is even;
x1x2 . . . xn(x1 + · · ·+ xn + 1), if n is odd;

un = x1x2 . . . xn(x1 + 1);

vn = x1x2 . . . xn(x1 + x2);
pn = x21x2 . . . xn;

qn = x31x2 . . . xn.

C(f) = a clone generated by operation f, addition and constants.

Lemma
If C(f) ⊆ M1, then C(f) can be expressed in the form

C(2tn1) ∨ C(2un2) ∨ C(2vn3) ∨ C(2sn4) ∨ C(2pn5) ∨ C(2qn6) ∨ C(2rn7) ∨ C(4rn8).
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Ordering of Clones on ⟨P(Z8,+),M1⟩

Lemma
Let be n ≥ 1, then
(i) C(2pn) ⊆ C(2qn) ⊆ C(2pn+1);
(ii) C(2pn) ⊆ C(2rn+1) ⊆ C(2qn+1) ∩ C(2rn+2);
(iii) C(2sn) ∪ C(2un) ⊆ C(2rn+1);
(iv) C(2vn+1) ⊆ C(2qn);
(v) C(2q1) ⊆ C(2u2);
(vi) if n is odd, then C(2sn) ⊆ C(2pn);
(vii) if n is even, then C(2sn) ⊆ C(2qn);
(viii) C(2rn) ⊆ C(2pn+1) ⊆ C(2rn+2).

...
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Definition of the Clones via Invariant Relations

We define the following conditions depending on k:
(C1) a2m ≡ 2a2m−1 (mod 4) for m = 1, . . . , k;
(C2) aA = 0 (mod 2), if |A| ≥ 2;
(C3) aA = 0 (mod 4), if |A| ≥ 2, A ⊈ N;
(C4) aNm + 2aN = 0, for m = 1, . . . , k;
(C5) aNm = 0 for m = 1, . . . , k;
(C6) aN1 + · · ·+ aNk + 2aN = 0;
(C7) aN1 + · · ·+ aNk = 0;
(C8) aN1 = · · · = aNk ;
(C9) 2aN = 0;
where N = {1, 3, 5, . . . , 2k − 1}, Nm = {{1, 3, 5, . . . , 2k − 1} − {2m − 1}} ∪ {2m} for
m = 1, . . . , k.

Definition
Let be n = 4, 5, 6, 7, 8, 9, then Hn is 22k-ary relation on Z8, that consists of all elements
satisfying (C1), (C2), (C3) a (Cn).

19 / 22



Invariant Relations

H4 H5 H8 H9

2tn n < k n < k n < k + 1 n < ∞
2un n < k n < k n < k n < ∞
2vn n < k n < k n < k n < ∞
2sn n < k n < ∞ n < ∞ n < k
2pn n < k n < k n < k n < k
2qn n < k − 1 n < k − 1 n < k − 1(*) n < k
2rn n < k + 1 n < k n < k + 1 n < k
4rn n < ∞ n < ∞ n < ∞ n < ∞

H6 H6 H7 H7

k even k odd k even k odd
2tn n < k + 1 n < k n < k + 1 n < k
2un n < k n < k n < k n < k
2vn n < k + 1 n < k + 1 n < k + 1 n < k + 1
2sn n < k n < k n < ∞ n < ∞
2pn n < k + 1 n < k n < k n < k + 1
2qn n < k n < k n < k n < k
2rn n < k n < k + 1 n < k + 1 n < k
4rn n < ∞ n < ∞ n < ∞ n < ∞
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Definition of the Clones via Invariant Relations

Definition
Let be 2 ≤ l ≤ k. Rk,l is 2k-ary relation on Z8, where all elements satisfy the following
conditions

(D1) aA = 0 (mod 2), if |A| ≥ 2;
(D2) aA = 0 (mod 4), if |A| ≥ l;
(D3) a{1,...,k} = 0.

2tn n < k − l + 2 a n < k − 1
2un n < k − l + 2 a n < k − 1
2vn n < k − l + 2 a n < k − 1
2sn n < l a n < k − 1
2pn n < k − l + 2 a n < l
2qn n < k − l + 1, n < k − 2 a n < l
2rn n < k − l + 2 a n < l
4rn n < k
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Thank you for your attention :)
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