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A nice property: When translations are enough!?

f: A" — A (n-ary operation), o C A™ (m-ary relation)

v fre = vi)rel (3)

trl(f) :=={f(c1,-..,cim1,2,Cit1,- - cn) |1 € {L,...,n},c1,...,cn € A}
(unary translations of f)
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A nice property: When translations are enough!?

f: A" — A (n-ary operation), o C A™ (m-ary relation)

v fre = vi)rel (3)

trl(f) :=={f(c1,-..,cim1,2,Cit1,- - cn) |1 € {L,...,n},c1,...,cn € A}
(unary translations of f)

(2) holds for
® equivalence relations o € Eq(A) (reflexiv, symmetric, transitive)

® quasiorder relations o € Quord(A) (binary, reflexive, transitive)
® generalized quasiorders (m-ary, reflexive, transitive)
JPR 2022 (published in Algebra Universalis 2024)
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A nice property: When translations are enough!?

f: A" — A (n-ary operation), o C A™ (m-ary relation)

v fre = vi)rel (3)

trl(f) :=={f(c1,-..,cim1,@,Cig1,- - cn) |2 E€{L,...,n},c1,...,cn € A}
(unary translations of f)

(2) holds for
® equivalence relations o € Eq(A) (reflexiv, symmetric, transitive)

® quasiorder relations o € Quord(A) (binary, reflexive, transitive)
® generalized quasiorders (m-ary, reflexive, transitive)
JPR 2022 (published in Algebra Universalis 2024)

history (JPR = D. JAKUBIKOVA-STUDENOVSKA, R.P., S. RADELECZKI):
investigation of (the lattice of) congruence and quasiorder lattices
Con(A, F), Quord(A, F), (since 2007)
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Generalized quasiorders

Definition
Let o € A™ (m-ary relation)
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Generalized quasiorders
Definition
Let o € A™ (m-ary relation)
® reflexive: <= Ya € A: (a,...,a) € p.
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Generalized quasiorders

Definition
Let o € A™ (m-ary relation)
® reflexive: <= Ya € A: (a,...,a) € p.
® transitive
pe= Y(aij)ije(t,..my t 0 F (aij) = (a11,-..,amm) € 0
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Let o € A™ (m-ary relation)
® reflexive: <= Ya € A: (a,...,a) € p.
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€p €0
S €o
0 F (ay) = ¢ =
nE 0 0
€0 €0 €o €0€0 €00

® generalized quasiorder : <= reflexive & transitive

® gQuord(A) := all generalized quasiorders on A (m € N)
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Generalized quasiorders

Definition
Let o € A™ (m-ary relation)
® reflexive: <= Ya € A: (a,...,a) € p.
® transitive
pe= Y(aij)ije(t,..my t 0 F (aij) = (a11,-..,amm) € 0

€p €0
S €o
0 F (ay) = ¢ =
nE 0 0
€0 €0 €o €0€0 €00

® generalized quasiorder : <= reflexive & transitive

® gQuord(A) := all generalized quasiorders on A (m € N)
Remark: gQuord® (A4) = Quord(A)
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Generalized partial orders

Partial orders o C A% on A (reflexive, antisymmetric, transitive) clearly are
quasiorders. Antisymmetry ((z,y), (y,z) € 0 = x = y) is equivalent to
(i) tos(o) := {(a1,az2) € A% | ¥r € Sym(2) : (ar1,ar2) € 0} = Aa
(totally symmetric part of g is trivial)

(i) o == {(a,b) € A% | {a,b}* C 0} = As
(binary symmetric part of g is trivial)
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Generalized partial orders
Partial orders o C A% on A (reflexive, antisymmetric, transitive) clearly are
quasiorders. Antisymmetry ((z,y), (y,z) € 0 = x = y) is equivalent to
(i) tos(o) :={(a1,a2) € A% | Vm € Sym(2) : (ax1,ar2) € 0} = Aa
(totally symmetric part of g is trivial)
(i) 0 == {(a,b) € A% | {a,b)}* C o} = Aa
(binary symmetric part of g is trivial)

1

Observation: here tos(p) = ol =onp (symmetric part of g)

Generalization:
A generalized quasiorder (reflexive, transitive) o C A™ is a generalized
partial order if it satisfies one of the following equivalent conditions:
(i) tos(o) :={(a1,...,am) € A™ | ¥ € Sym(m) :
(aﬂ'la sy aTrm,) S Q} = AA(Am)
(totally symmetric part is trivial, Ailm) ={(a,...,a) |a € A})
(i) o = {(a,b) € A% [ {a,b}™ C o} = Ay
(binary symmetric part is trivial)
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Generalized partial orders

Partial orders o C A% on A (reflexive, antisymmetric, transitive) clearly are
quasiorders. Antisymmetry ((z,y), (y,z) € 0 = x = y) is equivalent to
(i) tos(o) := {(a1,az2) € A% | ¥r € Sym(2) : (ar1,ar2) € 0} = Aa
(totally symmetric part of g is trivial)
(i) o := {(a,b) € A? | {a,b}*> C 0} = A4
(binary symmetric part of g is trivial)

1

Observation: here tos(p) = ol =onp (symmetric part of g)

Generalization:
A generalized quasiorder (reflexive, transitive) o C A™ is a generalized
partial order if it satisfies one of the following equivalent conditions:
(i) tos(o) :={(a1,...,am) € A™ | ¥ € Sym(m) :
(aﬂ'la sy aTrm,) S Q} = AA(Am)
(totally symmetric part is trivial, Ailm) ={(a,...,a) |a € A})
(i) o :={(a,b) € A% | {a,b}™ C o} = A4
(binary symmetric part is trivial)
Remark: it is not trivial to show that (i) and (ii) are equivalent for generalized

quasiorders .
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Rectangular bands

A rectangular band is a semigroup (A, %) satisfying

THT R T (idempotence)

THY*ZRT*2Z (absorption)

Proposition
Let (A, x) be a rectangular band. Then the graph of x

0= {(CL]_,CLQ,b) S A3 | al *xag = b}

is a ternary generalized partial order.
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Generalization: Rectangular algebras

Definition (cf.,e.g., [P6sR1993]))

An algebra (A, (fi)icr) = (A, F) (of finite type) is called rectangular
algebra if for all fundamental operations f,g € F' (f n-ary, g m-ary) the
following identities are satisfied:
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Generalization: Rectangular algebras

Definition (cf.,e.g., [P6sR1993]))
An algebra (A, (fi)icr) = (A, F) (of finite type) is called rectangular
algebra if for all fundamental operations f,g € F' (f n-ary, g m-ary) the
following identities are satisfied:
(IDy) f(z,z,...,2) =z (idempotence)
(AB}) f(xlv sy Li—1, f(yla e Yi1, T Yit 1, - - - 7yn)?xi+1a s ,an) ~
flxy, .y xy)

(absorption in each place i € {1,...,n})

(Crq) flo(zrn, s zim), s 9(@n1s oo s Tnm))

~ g(f(wllw"7xn1)a"'7f(xlma---7xnm))
(commuting operations)
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Generalization: Rectangular algebras

Definition (cf.,e.g., [P6sR1993]))

An algebra (A, (fi)icr) = (A, F) (of finite type) is called rectangular
algebra if for all fundamental operations f,g € F' (f n-ary, g m-ary) the
following identities are satisfied:

(IDy) f(z,z,...,2)~x (idempotence)

(AB}) f(xlv' . 7xi—1af(y17 e Yi1, T Yit 1, - - - 7yn)?mi+1a s ,an) ~
flxy, .y xy)

(absorption in each place i € {1,...,n})

(Cf,g) f(g('rlh (R 75E1m)7 v 79(1'77,17 B axnm))
=~ g(f(l‘ll, . 7.’L'n1), .. .,f(.’I}lm, . 7xnm))

(commuting operations)
Remark: if f is idempotent, then the absorption identities together are
equivalent to the following single identity

(ABf) f(f(.’l}ll’ e ,.’L‘ln), f(ajgh e ,,CCQn), ey f(.’I,‘nl, e 7xnn)) ~

f(xn, e ,Jtnn).
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Generalized partial orders in rectangular algebras

Proposition

(i) Let f: A™ — A satisfy (ID¢) and (Cy¢).
Then f satisfies (ABy) if and only if the graph f* of f,

o ={(ay,...,an,b) € A" f(ay,..., a,) = b},

is an (n + 1)-ary generalized quasiorder.
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Generalized partial orders in rectangular algebras

Proposition
(i) Let f: A™ — A satisfy (ID¢) and (Cy¢).
Then f satisfies (ABy) if and only if the graph f* of f,
f*i={(ay,...,an,b) € A" | f(ay,...,a,) = b},

is an (n + 1)-ary generalized quasiorder.

(ii) The graph t* of each term operation t of a rectangular
algebra (A, F) is a generalized partial order.
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Proof

a1 ... ain b1
(i): Let f* = M for a matrix M = | : o]

Gnl ... Gnn bn

c1 ... Cn
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Proof

aii ... aip b1
(i): Let f* = M for a matrix M = | : S E

Gnl ... Gnn bn

c1 ... ¢cp d

Thus f(ail, N am) = bl and f(ali, ey am) = C; for
i€{l,...,n} (first n rows and columns).
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Proof

aii ... aip b1
(i): Let f* = M for a matrix M = | : S E

Gnl ... Gnn bp

c1 ... ¢cp d

Thus f(ail, N am) = bl and f(ali, ey am) = C; for
i€{l,...,n} (first n rows and columns).

Condition (Cy ¢) says that f commutes with itself.
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Proof

ail ... ain b1

(i): Let f* = M for a matrix M = | : Lo
Gnl ... Gnn bp
¢l ... Cn d

Thus f(ail, N am) = bl and f(ali, ey am) = C; for

i€{l,...,n} (first n rows and columns).

Condition (Cy ) says that f commutes with itself. Thus we
automatically also have the condition for the last column and row:
f(b1,...,bn) =d= f(c1,...,cpn), i.e., they also belong to f*.
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Proof

ail ... ain b1

(i): Let f* = M for a matrix M =

a/’;Ll a7:L7L b:n

¢l ... Cn d
Thus f(ail, N am) = bl and f(ali, ey am-) = C; for
i€{l,...,n} (first n rows and columns).

Condition (Cy ) says that f commutes with itself. Thus we
automatically also have the condition for the last column and row:
f(b1,...,bn) =d= f(c1,...,cpn), i.e., they also belong to f*.

Therefore, in M, the a;; can be chosen arbitrarily.
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Proof
aii ... aip b1
(i): Let f* = M for a matrix M = | : S E
Gnl ... Gnn bp
¢l ... Cn

Thus f(ail, N am) = bl and f(ali, ey am-) = C; for
i€{l,...,n} (first n rows and columns).

Condition (Cy ) says that f commutes with itself. Thus we
automatically also have the condition for the last column and row:
f(b1,...,bn) =d= f(c1,...,cpn), i.e., they also belong to f*.

Therefore, in M, the a;; can be chosen arbitrarily.

Consequently, the diagonal of M belongs to f*, i.e.,
f(ai1, ..., an,) = d, if and only if f satisfies (ABy).

(ABf) f(f(a11>- . '7G/1n)7f(a217 e 7a2n)7 .. '>f(an17 .. -7ann)) ~ f(a117~ . -7ann)-
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Proof (continued)

(ii): The variety of rectangular algebras is a so-called solid variety,
i.e., each identity for the fundamental operations is also an identity
for arbitrary term operations (of the corresponding arities).
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(ii): The variety of rectangular algebras is a so-called solid variety,
i.e., each identity for the fundamental operations is also an identity
for arbitrary term operations (of the corresponding arities).

Thus, in particular, each term operation ¢ of a rectangular algebra
satisfies the identities (ID;), (C;¢) and (ABy).
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Proof (continued)

(ii): The variety of rectangular algebras is a so-called solid variety,
i.e., each identity for the fundamental operations is also an identity
for arbitrary term operations (of the corresponding arities).

Thus, in particular, each term operation ¢ of a rectangular algebra
satisfies the identities (ID;), (C;¢) and (ABy).

From (i) we can conclude that ¢® is a generalized quasiorder.
it remains to show that it is a generalized partial order
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Proof (continued)

(ii): The variety of rectangular algebras is a so-called solid variety,
i.e., each identity for the fundamental operations is also an identity
for arbitrary term operations (of the corresponding arities).

Thus, in particular, each term operation ¢ of a rectangular algebra
satisfies the identities (ID;), (C;¢) and (ABy).

From (i) we can conclude that ¢® is a generalized quasiorder.
it remains to show that it is a generalized partial order

Note {a,b}"*! € f* implies (a,...,a,a),(a,...,a,b) € f°,
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Proof (continued)

(ii): The variety of rectangular algebras is a so-called solid variety,
i.e., each identity for the fundamental operations is also an identity
for arbitrary term operations (of the corresponding arities).

Thus, in particular, each term operation ¢ of a rectangular algebra
satisfies the identities (ID;), (C;¢) and (ABy).

From (i) we can conclude that ¢® is a generalized quasiorder.

it remains to show that it is a generalized partial order

Note {a,b}"*! € f* implies (a,...,a,a),(a,...,a,b) € f°,
ie., a= f(a,...,a)=0b
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Proof (continued)

(ii): The variety of rectangular algebras is a so-called solid variety,
i.e., each identity for the fundamental operations is also an identity
for arbitrary term operations (of the corresponding arities).

Thus, in particular, each term operation ¢ of a rectangular algebra
satisfies the identities (ID;), (C;¢) and (ABy).

From (i) we can conclude that ¢® is a generalized quasiorder.
it remains to show that it is a generalized partial order

Note {a,b}"*! € f* implies (a,...,a,a),(a,...,a,b) € f°,
ie., a= f(a,...,a)=0b

Therefore (f*)2l = Ay, ie., f* is a generalized partial order. [
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Function f preserves relation o

function f (n-ary) preserves relation o (m-ary): f >0

f( )= o
f(I I )= @
f( )= ©
€oE9

€0E9 - E9=>ED
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Function f preserves relation o

function f (n-ary) preserves relation o (m-ary): f >0

‘Q Q:.

F C Op(A) (set of all finitary operations f : A" — A)
Q C Rel(A) (set of all finitary relations o C A™)

InvF:={o€ Rs|VfEF:fro} invariant relations
Pol@ :={f € Op(A) |Voe Q: f>o} polymorphisms
(Galois connection Pol — Inv)
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