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Motivation

Michal Botur came up with “new product of hoops” and proved that
every finite hoop is product of simple hoops.

o How does this relate to “my” semidirect product of residuated
structures?

@ How does the decomposition relate to the Jipsen-Montagna
poset product decomposition of finite hoops?
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Pseudo-hoops

@ An integral residuated pomonoid is a structure
(Aa Sa ‘s \5 /9 1)

where (A, <, -, 1) is a pomonoid with top element 1 and, for all
a, b, ce A:

a-b<c iff a<c/b iff b<a\c
@ A pseudo-hoop is an integral residuated pomonoid satisfying
x-(x\y) = (x/y) -y
@ The poset of a pseudo-hoop is a meet-semilattice with
aANb=a-(a\b)=(a/Db)-b.

@ A hoop is a commutative pseudo-hoop.
@ A finite pseudo-hoop is a hoop.
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Michal’s “new product”

Let C, D be pseudo-hoops and suppose that y: C — D satisfies
e u(l)=1,
@ p(ab) = pu(a)p(b) = p(a) A u(b) foralla,b € C.

Then C =, D is defined as

{(a.x) e C=xD | p(a) = x}
with pointwise multiplication and with

(a,%)\ (b,y) = (a\ b, u(a\ b) A (x\y)),
(b:y) / (ax) = (b/apub/a)A(y/x)).

JK Semidirect and poset product of (pseudo-) hoops



Decomposing finite hoops

The product is associative: (C =, D) =, E = Cxp (D =y E).

Let A be a finite hoop.
o For any filter D € Fil A,

AEA/DD(#D

for u: A/D — D defined by [a]p +> a V e, where D = [e).

@ Hence A is isomorphic to a product of simple hoops.
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“My” semidirect product

Suppose C acts on D by closure endomorphisms, i.e., we are given
A: C ~ D such that

@ every A;: x = a* x is a closure endomorphism of D, and

o lxx=xand (a\b)*(axx)=(b\a)*(bxx)foralla,beC
and x € D.

Then we define the semidirect product C <, D as

{(a,x) eCxD|ax*x=x}
with
(a.x)\ (by) = (a\bax(x\y)),
(by) / (ax) =(b/aax(y/x)),

and
(a,x) - (b,y) = (ab, ab * xy).
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“My” semidirect product

Let A be a pseudo-hoop with a fixed closure endomorphism y. Then
A = Cxy D,

where C = y[A] acts on D = y~1(1) by (left) division, i.e., A: C ~ D
is given by 1,(x) = a\ x.

JK Semidirect and poset product of (pseudo-) hoops



Small example

(Ay) C =y[A] D=y (1)

>

(o}
)
(9]
S
IR
o
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ce—e—

0 0

o ly(x)=a\x: Ay =idpand A, =1pfora#1
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Small example

o
O
O
QU
IR
o
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N
e—eo

o ly(x)=a\x: Ay =idpand A, =1pfora#1
@ yu(a) = the bottom of A;1(1): (1) =1 and p(a) = e fora # 1
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CwxyDvsCw; D

CxpyD={(a,x)|axx=x} vs Cwx,D={(ax)]|pla)>x}

11
1
cld Q le
XX
c 4 01a de
0 Oe

x> (x”,xVe)
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CwxyDvsCw; D

CxpyD={(a,x)|axx=x} vs Cwx,D={(ax)]|pla)>x}

11 11
1
cl le cld Q le
XX XX
01 o) O de c J 01a de
Oe 0 Oe

(x"”,x" \x) a4x—> (x",x Ve)

C <3 D might seem cumbersome, but it works in setting of the
{\, /, 1}-subreducts (divisible pseudo-BCK-algebras).
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Cwx,D=Cw; D

C <, D always induces A: C ~ D such that C =, D = Cx; D:

@ the elements p(a) € D are idempotent, hence the maps
Aa: x — p(a) \ x are closure endomorphisms of D,

with 1;1(1) = [p(a)), and

o the map
(a,x) = (a,p(a) \ x)

is an isomorphism C <, D = Cx, D.
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Cwy D = Cw, D if C acts on D by “principal” endom.

C <) D induces : C — D such that C =, D = C <, D if the kernels
of the closure endomorphisms A, are principal filters:

e if ;1(1) = [u(a)) for all a € C, then the map a +— pu(a) is a
“weak morphism”, and

o the map
(a,x) = (a,p(a) Ax)

is an isomorphism C <) D = C =, D.
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Poset product [ Jipsen 2009, Jipsen—Montagna 2009]

Given (A, | p € P) afamily of bounded pseudo-hoops,
f €T1pA, is called an antichain labeling if

forall p < gin (P, <), f(p) =0, or f(q) =1,
or, equivalently, if

{peP|f(p)=0,}isadown-set, {p € P| f(p) =1,} is an up-set,
and {p € P |0, < f(p) < 1,} is an antichain in (P, <).

The poset product [T(p <) A, is the set of all antichain labelings
with pointwise multiplication and with divisions defined by

F@)\pg(p) if f(q) <4 9(q) forallg>p,
0, otherwise,

(F\9p) = {

and

9/ Hp)=...
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Decomposition of finite hoops [ Jipsen—Montagna 2009]

If Ais a finite hoop, then

A= 1—[(15,5019) B, = l—l(P,Q) Up,

where

@ (E, <°P) is the dual poset of V-irreducible idempotent elements
e # 0, and for each e, B, is the interval [e,, €], where e, is the
lower cover of e;

@ (P, <) is the poset of N-irreducible filters p # A, and for each p,
U, is the “upper part” of the ordinal sum decomposition
Alp =L, ®Up:

I Up = [es e] for p = [e)
O
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C <, D is poset product (sometimes)

Given C =, D, where
C=Cix--xCy and D=]];_ Ds

with all the algebras C; and Ds simple, we extend the partial order
fromStoT ={1,...,n} US by letting, fori € {1,...,n} and s € S,

i>s iff p(ly,...,04...,1,)(s) = 0s.

Then
CoxyD =] [ 7. Ar

where
fort € {1,...,n},

Ce
At =
D; forteS.
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Example (contd): C <, D as a poset product

1
e 1
1 1 1 1
o el pam] s ]e ]
e c d e
0 0
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Example (contd): C <, D as a poset product

1
e 1
1 1 1 1
ened ] e 1]
e c d e
0 0
11
1
cl 1d I
e
cd

’i>s<:>/1(11,...,0i,...,1n)(s)ZOS

1'\/2

3
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Example (contd): C <, D as a poset product

1

e 1
1 1 1 1
an ol anf
e C d e

0 0

11
\”} 111
cl 1d I
e clld Q 11le

@ X

[i>so (1.0, 10)(s) = 0 cd14
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Conclusion

@ Cx, DisCw; D when C acts on D by “principal” closure
endomorphisms

@ Decomposition of finite hoops as product of simple hoops is
the Jipsen—-Montagna poset product decomposition

JK Semidirect and poset product of (pseudo-) hoops



a

«O» «F > N




