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Results:

(1) A pair (f7,f<) of maps is a fuzzy Galois connection
between (L%, Sx) and (LY,Sy): 7 - < ie,

Sy(F7A,B) =Sx(A f*B) (VAelX Bel").

(2) A pair (U, ]) of maps is a fuzzy Galois connection
between (LX,S) and (X,e): U, ie.,

e(UA,t) =S(A Lt) (Vte X, Ac LX),

(3) Foramap f:(X,ex) — (Y,ey), we have

dg:(Y,ey) = (X,ex); f1g
< VyeYdJdaeX;f"(ly)=la



(complete) residuated lattice

Let L=< L,A\,V,®,0,1 > be a complete residuated lattice,
ie.,

(i) < L,A,V,0,1 > is a complete lattice;
(ii) < L,®,1 > is a commutative monoid;
(iii) For all a,b,c € L,

aOb<c<——a<b-—ec.



Proposition 1.([3]) For all a,b,c,a;, b; € L, we have
(1) a®a =0, where @ =a—0;

(2) a<b < a—b=1,

(3) a® (a— b) < b;
(4)

4) a<b = a®c<bOc,c—va<c—b,

b—c<a—c



L-fuzzy poset (X, e)

(X, e) is called an L-fuzzy poset if X is a non-empty set and
e: X x X — L (L-fuzzy partial order) is a map satisfying:

(el) e(x,x)=1;
(e2) e(x,y)=-¢e(y,x)=1 = x=y;
(e3) e(x,y) ®e(y,z) < e(x,z).



Example For a complete residuated lattice L and a
non-empty set X, we define

X ={A|A: X — L}.

For LX, we definea map S : LX x X — L by

S(A,B) = )\ (A(x) = B(x)) (A, Be LX)

xeX
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From the definition, we have

(el) S(A A)=1;
(e2) S(AB)=S(B,A)=1 = A=B;
(e3) S(A,B)® S(B,C) < S(A, C).

U
(LX,S) is an L-fuzzy poset.



Let (X, ex) and (Y, ey) be L-fuzzy posets.
A map f:(X,ex) = (Y,ey) is called order-preserving if

ex(x1, %) < ey(f(x1),f(x)) (Vxi,x € X).

For f: (X,ex) = (Y,ey) and g : (Y, ey) — (X, ex), a pair
(f,g) is called a fuzzy Galois connection (fGc) (f - g)

if
ey(fx,y) = ex(x,gy) (¥xe X, VyeY).



Let (X, e) be an L-fuzzy poset and a € X.

We define special maps +a,La: X — L (ie., 1a,l]ac LX)
by

(T a)(x) = e(a,x);
({ a)(x) = e(x, a).



For a map f : (X, ex) — (Y, ey), we also define

f7 o (L%, Sx) — (LY, Sy) and £ : (LY, Sy) — (L%, Sx) by

(FA) = \/ Ax) (yevY, AelX);
f(x)=y

(FB)(x) = B(f(x)) (xe X, BelL").

4

f1g < ex(x,gy) =ev(fx.y) (Vx,y € X)
=1 (gy)(x) = (L y)(&) = (L y)(x) (Vx,y € X)
= 1(gy)=f"(ly) (VyeX)
1 (X)) =g" (T x) (¥x € X).



Lemma 2. For amap f: (X,ex) — (Y, ey), we have

(i) £~ and f* are order-preserving;
(ii) Sx(A, fFE(F7A) =1 ie., ldx < fEf;

i) B=f7(f"B) (VBeLY), thus f7f =ldyv.
(iii) L
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Theorem 3.
A pair (f7, <) of maps is a fuzzy Galois connection between
(LX,Sx) and (LY, Sy), ie.,

Sy(fF7AB) = Sx(A, fB) (VAcLX Bel").

7 Fo



Let (X, e) be an L-fuzzy poset and A € LX.
An element xg € X is called a join of A denoted by

Xo = LA
if
(1) A(x) < e(x,x) (Vxe€ X), hence e(x,U | x)=1,
(2) Niex(A(x) = e(x, 1)) < e(xo, t) (Yt € X).

Proposition ([5]) If LA exists, then we have

e(UA ) = N\ (A(x) = e(x,t)) (VteX).

xeX



In the following, we assume that LIA exists for any A € LX.

We have a new fuzzy Galois connection between (LX,S) and

(X, e).

Theorem 4. Let (X, e) be an L-fuzzy poset. For the map
U: (LX,S) — (X, e), we have

S(A1, Ay) < e(UAL, UAy) (VAL Ay € LX),

Moreover,
e(UA t)=S(A L t) (Vte X, Ac LX),

e, L.



Corollary
(1) S(A, L UA) =1 (VA€ LX);
(2) e(x,U} x)=e(U(l x),x) =1 (Vx € X), hence

L L= ldy.

Corollary For all x,t € X,

e(x,t)=S{ x, 4 t)=S(1Tt,71x).



Theorem (Yao and Lu, 2009) Let f: (X,ex) = (Y, ey) be
a map.

f is order-preserving and has a right adjoint
(i.e., f 4 g for some g)

e f(UA)=UF(A) (VA€ LX).

We give a simple characterization of fuzzy Galois connections,
which says that the assumption of order-preserving of f above
is redundant.



We recall the definition f 4 g for f : (X, ex) = (Y, ey) and
g:(Y,ey) — (X, ex).

It has several representations as follows:
f 8§ ~— eX(X’gy) - eY(f}(7y)
=1 (gy)(x) = [ y)(H) =" (L y)(x)
—=1l(gy)=1"(vy)
— 1 (&) =g" (1 x).
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Theorem 5. Let L be a residuated lattice and
f:(X,ex) = (Y,ey) a map between (X, ex) and (Y, ey).
Then

dg:(Y,ey) = (X,ex) st. fdg

— f(UA)=UF(A) (VA€ LX).

(X, e) ——= (Y, ey)

(LX’ SX) ? (LY7 SY)



Proof. (<) We assume f(UA) = Uf~(A) for all A e LX.

We define a map g : (Y, ey) — (X, ex) by
gly)=uf"(ly) (VyeY).

Since Sx(A, } UA) = ex(UA,UA) = 1 for any A € LX,

regarding A as f< (] y), we get

Sx(F(Ly), L u(fF~ (L y))) = 1.



On the other hand,

FoHfe

S U FUy) T = Sy(F U U(E(y)) b y)
ey (UF (L U(F (L))
assur;ption ey(f(l_l(i |_|(f<_(\L y)))),y)
ul=/

= ex(f(L(F (L ¥))),y)

I e (L(FF(Ly)), y)

fofo=Id Hi=ld
= ev(Ulyy) = evlyy) =1

Therefore, we have

fCly)=lu(f~{ly)=l(ey) .. fHg



(=) We suppose that f - g for some g : (Y, ey) — (X, ex).
Since

ev(F(UA),y) "= ex(UA, gy)

= Sx(A L (gy) = Sx(AF (L y))

e

uli eY(l—lfﬁAv.y)
" ey(f(UA),y) = exy(Uf"Ay) (Vy€Y)
This implies

f(LA) =UF"A (VAe LX)



We give another simple condition for the existence of the right
adjoint.

Theorem 6. Let f: (X,ex) = (Y, ey) be a map. Then
Jg:(Y,ey) = (X,ex) st. fdg

< VyeVYdaeXst. fT(ly)=la

Roughly, every inverse image of down-set | y can be
represented by a certain down-set | a of X.
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Thank you for your attention!



