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Notational conventions

Change of symbols

AN XANY ~> Xy~ Xy multiplication = conjunction
V xVy~x+y addition = disjunction
= () overline = negation

0,1 no change constants
precedence ~ < - < +

Example

@ (- xA-y)~wXxX-y

@ “(xAy)V(zAy)~Xy+zy
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Fundamental lattices: FL

Definition: L = (L;-,4,0,1,7) is a fundamental lattice if

@ (L;-,+,0,1) is a bounded lattice

oLE xx=0 (semicomplementation)
oLl (Wxy:(x<y—y<X) (order reversal)
oLE xgSX (extensionality)

Characterisation: FL is a variety given by identities/inequalities

@ bounded lattice equations

e xx~0
° X SXy
o x IX
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Quantum lattices: OL and OML

Definition: OL C FL is the subvariety given by adding

X R X (involution)

Definition: OML C OL is the subvariety given by adding
x+ySx+x(x+y) (orthomodular inequality)
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Constructivist lattices: W FL and HL

Definition: WFL C FL is the subquasivariety given by adding
Vx,y: (xy =0 — y <X) (pseudocomplementation law)

Characterisation: WFL is a variety given by
@ bounded lattice equations
o xx~0
@ Xy R XXy

e 0~1 (pseudocomplemented fundamental lattices)

Characterisation: WFL C FL is the subvariety given by adding

Xy ~ XXy (pseudocomplementation identity)

Definition: HL C WFL is the subvariety given by adding
x(y 4+ 2z) = xy + xz (distributivity)




Ex-lattices: ExL

Def. (Aguilera & Massas): ExL C FL is the subvariety given by adding
(ex):

x(yw +yu) - x(w+v)-Z 52 (w +xv +2) - (y(w+u) +y(w + u))
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Ex-lattices: ExL

Def. (Aguilera & Massas): ExL C FL is the subvariety given by adding
(ex):

x(yw + yu) - x(w+v)-ZSxz- (xw+xv+2) - (y(w+u)+y(w+ u))j

Observation: £xL is the variety given by
o fundamental lattice identities

o x(yw+yu)-x(w+v)-Z5xz (ex1)
o x(yw +yu) - x(w+v)-Z< xw+xv+z (ex2)
o x(yw +yu) x(w+v)-Z 5 y(w+u)+y(w+u) (ex3)

v
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Ex-lattices: ExL

Def. (Aguilera & Massas): ExL C FL is the subvariety given by adding
(ex):

x(yw +yu) - x(w+v)-Z 52 (w +xv +2) - (y(w+u) +y(w + u))

Observation: £xL is the variety given by
o fundamental lattice identities

o x(yw +yu) x(w+v) Z5xz (ex1)
o x(yw +yu) - x(w+v)-Z S xw+xv+z (ex2)
o x(yw + yu) - x(w +v) - Z S y(w+ u) + y(w + u) (ex3)
Lemma (Aguilera & Massas): ExL satisfy (4 variables!)
° X YIXY (nu)
o x(y +2) WS xy +xz+w (vi)
o wixy +xz)w S x(y +2) +x(y +2) (cl)
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Aguilera & Massas prove:

OLV HL C ExL
e OL C &xL
o HL C &xL
@ hence OLUHL C ExL
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Aguilera & Massas prove:

OLV HL C ExL
e OL C &xL
o HL C &xL
@ hence OLUHL C ExL

ExL COLVHL
o ExL C NuLNVILNCIL C FL
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Aguilera & Massas prove:

OLV HL C ExL
e OL C &xL
o HL C &xL
@ hence OLUHL C ExL

ExL COLVHL
o ExL C NuLNVILNCIL C FL

o VL e NuLNViL NCIL
dJ0 € 0Ll e HLde: e: L — O x| subdirect embedding
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Aguilera & Massas prove:

OLV HL C ExL
e OL C &xL
o HL C &xL
@ hence OLUHL C ExL

ExL COLVHL
o ExL C NuLNVILNCIL C FL

o VL e NuLNViL NCIL
dJ0 € 0Ll e HLde: e: L — O x| subdirect embedding

@ YV common identities s ~ t of OL and HL
OFs~t IlEs~t, OxlEs~t ~LEs~t
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Aguilera & Massas prove:

OLV HL C ExL
e OL C &xL
o HL C &xL
@ hence OLUHL C ExL

ExL COLVHL
o ExL CNuLNVILNCIL C FL
o VL e NuLNViL NCIL
dJ0 € 0Ll e HLde: e: L — O x| subdirect embedding

@ YV common identities s ~ t of OL and HL
OFs~t IlEs~t, OxlEs~t ~LEs~t

Theorem (Aguilera & Massas): ExL£L = OLV HL C FL
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Aguilera & Massas prove:

OLV HL C ExL
e OL C &xL
o HL C &xL
@ hence OLUHL C ExL

ExL COLVHL
o ExL CNuLNVILNCIL C FL
o VL e NuLNViL NCIL
dJ0 € 0Ll e HLde: e: L — O x| subdirect embedding

@ YV common identities s ~ t of OL and HL
OFs~t IlEs~t, OxlEs~t ~LEs~t

Theorem (Aguilera & Massas): ExL = OLV HL C FL is. .. (4 vars!)
... the subvariety given by adding to FL-axioms: (nu), (vi), (cl)
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Characterisation of (nu)

Characterisation (MB): For L € FL TFAE

o L | (ex1) (ex1)
oLEX-yxXy (nu=)
oLEXYIXy (nu)
oLEXxYy<SXy (nu<)
o LEx-y~xxy

oLEx-yrxy (*)
oL)z?-):/zW
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Characterisation of (vi)

Characterisation (MB): For L € FL TFAE

o L | (ex2) (ex2)
oL wx(z+y)S wHxz+xy (vi)
o LEw+wx(z+y)~w(w+ xz+ xy) (dis)
oL z+ Zx(z+y)~ Z( zZ+ xy) (di)
oLEz+ Zx(z+y) S z+xy (di<)
oLEz+wx(z+y)S w+ z+xy

Proof reminds of the characterisation of each of the two distributive laws by
a universal inequality
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Side note: some identities of Vil

Lemma (MB): V
x(y +2)xz 5

x(y + z)xz ~

xX+y)zSxy+z

XXY(X+y) = xy(X +y) = xy

Z(x+y)SzZx+zZy +z

X(x +y) ~ x + Xy

X(x +X) &~ x

Vil satisfy
S Xy + xz

(xy + x2)xz ~ xyxzZ + xz
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Characterisation of (cl)

Characterisation (MB): For L € FL TFAE

o L[ (ex3) (ex3)
o LWl +xa)w £ x(y +2) +x(y + 2) (cl)
oL
o xy +xz T x(y+2)+x(y+2) (cl1)
and
°o Wyw Iy +Yy (cl2)

@ in(cl): w=1n~ (cll)

w(xy +xz)w 3 xy +xz+xy + xz

(cl1)
S xy+xz+x(y +2)+x(y + 2)

x(y +z) +x(y + 2) (cl)



Combining the characterisations

Theorem (MB): The variety £x£ can be axiomatised by. . .

.. extending the axioms of fundamental lattices by each of
o (ex) 6 variables
o (ex1), (ex2), (ex3) 6 variables
e (nu), (vi), (cl) 4 variables
e (nu), (di), (cl1), (cl2) 3 variables

v
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What Aguilera & Massas actually prove

(without specifically not(ic)ing)

OLVHL C ExL

ExL COLVHL

@ ExL CNuLNVILNCIL = NuLNVILNCIILNCI2L C FL
o VL e NuLNViLNCLILNCI2L

dJ0 € OLIl e HLde: e: L — O x| subdirect embedding
@ V common identities s &~ t of OL and HL

OFs~t IEs~t OxlEs~t ~LEs~t

Thm (Aguilera & Massas + MB): Ex£L = OLV HL is... (4 vars!)
... the subvariety given by adding to FL-axioms:(nu), (vi), (cl1), (cl2)
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What Aguilera & Massas actually prove

(without specifically not(ic)ing)

OLVHL C ExL

ExL COLVHL

@ ExL CNuLNVILNCIL = NuLNVILNCIILNCI2L C FL
o VL e NuLNViLNCLILNCI2L

dJ0 € OLIl e HLde: e: L — O x| subdirect embedding
@ V common identities s &~ t of OL and HL

OFs~t IEs~t OxlEs~t ~LEs~t

Thm (Aguilera & Massas + MB): Ex£L = OLV HLis... (3 vars!)
... the subvariety given by adding to FL-axioms:(nu), (di), (cl1), (cl2)
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Joining Aguilera & Massas with MB

The variety Ex£ = OL V HL can be axiomatised by (3 vars!)

bounded lattice identities and
o xx~0 (semicomplementation)
@ X Xy ~X (order reversal)
@ XX & X (extensionality)
e X -y~Xy (nu=, --hom)
o z+zx(z+y)~Z(z + xy) (di)
@ Xy + xz x(y—l—z)—l—x(y—i—z)) A XY + xz (cl1=)
o xyx(y +¥) ~ Xyx (cl2=)
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Joining Aguilera & Massas with MB

The variety Ex£ = OL V HL can be axiomatised by (3 vars!)

bounded lattice identities and
e xx <0 (semicomplementation)
e XS XY (order reversal)
e x X (extensionality)
o X Y SXY (nu<, -hom)
o z+zx(z+y) S z+xy (di<)
o X T2 S x(y+2)+x(y+2) (cl1)
o Xyx Sy +Yy (cl2)
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Separating the influence of distributivity

We know
@ HLV OL =ExL = NuL NCILNVIL C NuL NCILC
o HL =DFLNVFL (distr. & pseudocompl.)

Observation (MB):

e actually: VFLV ExL C Nul NCIL
but: VFL & Vil

suggests that influence of DFL through HL on ExL is
only in terms of (vi) < (di)
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Summarising lattice of (-, +,0, 1,7)-varieties

DL

Nul NCIC

oL
OML

BA

distinct varieties
potential collaps
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Summarising lattice of (-, +,0, 1,7)-varieties

DL BL*

FL

BDL CliL

LNCILC
DFL N

oL
OML

BA

distinct varieties
potential collaps
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Summarising lattice of (-, +,0, 1,7)-varieties

DL

brL NuLNCIL

VIL Ext

oL
OML

BA

distinct varieties
potential collaps
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Xy Sy +y (cl2)

If we have proof that | am grateful for your attention and we can
refute that | provably am grateful for your attention and you provably
were actually listening to what | was saying, then we have proof of the
fact that you were actually listening, or we can refute that, and we
know which one of the two is the case.
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