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DISORDER = UNPREDICTABILITY



DISoDER- 1IN PALGEBRA
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QUANDLES

DEY. Q- won "JW\P‘U sk, p:Q Q- binary opecartion .

—

(
\

M e P e T P
W, 2 ) uuquwu.mb v

) \"X&Q,: YBYX =X

(2) NxyeQ 3I'zeQ : TOX =y

(3) ¥xyze @ : (xey)b2 = (xe2)b(yoz)



QUANDLES

_QE‘:_‘ Q - won Mp"g Sd', b: Q%= Q- binary o‘oucth.
s\ L
) v

(A .““l'-
\W,,» AW

a gl
) \"X&Q,: YXBYX =X

&

(&a@oml = tdwhiyj

(2) NxyeQ I'zeQ : TOX =y (columns are pormutrahons )

(3) ¥xyze @ : (xey)b2 = (xe2)b(yoz) (compahbildy wondihon )



QUANDLES

Der . Q,"“DVI QMP‘U S(i_, D 0“2'-—& Q. - bimry Q‘OM'CA'lOM...

—

Ty .YV "'-
WOV

a gt
) \"X&Q,: YXBYX =X

s\ L
v x

&

[
\,

2) ’vhc,ﬂeq, Ilzeq : ToX =y
(3) ¥xyze@ : (xpy)bv2 = (xo2z)o(yv2)

Ex. (Q,,ng =x ) 15 a preyection quwellb.
(Za,,xugrlg-x) s o diheolral quondle .

(&aa:oual = tdeuh-\yj
(olumns are f(xmu-\'al*m.r)

(compahbildy condehon )



QUANDLES AND GRoUPS

127 (ﬁ\ h\ - MMQ(!.Q_,
N,y M0

1R AT "1’“"

Y (@,5) Wws o netral dement | —» lal=1.

(2) (@,5) 5 asseatwe > @) sa (m'f,whm quomndle .



QUANDLES AND GROUPS

127 (ﬁ\ l")\ - nnMg(!_g_,
A . P 7

| I A ] A did

Y (@,5) Wws o netral dement | —» lal=1.

(2) (@,5) 5 asseatwe > @) sa (m'f,whm quomndle .

MK Quandles are vy far from \ouvoug amu.psl
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WORKING WITHOUT ASSOC\ATWITY

Compute, * B+EXU4EXrUL+EXUTEXULTEXY.,

Wit msocia*'w:’cu-. '5+(6-\"{)+(6-\'H)+(Gc\"l)+(6k‘{)+(G-\-‘-l) S3 .

Wethout assoctatwity ¢ (-~ (3+6)+u)re)+ulre)ru)re)rulre)ru) = @




WORKING WITHOUT ASSOC\ATWITY

Compute, * B+EXU4EXrUL+EXUTEXULTEXY.,

Wikw MSou'aJﬂ'w:’tU : '5+(6-\-‘{)+(6-\-H)+(6‘\—‘1)+(6-\-‘{)+ (G-\-q)

S3 .

Wethout asssctatwity ¢ (- (3ve)+u)re)rulre)vu)re)ru)re)ru) = @

MoRAL oF THE STORY: Thines still worde, but w&-\h{ng 8 wackh more  clunky



| enTeoPY — pPD |
L&Sc.(‘?—]fu ()mloab'u\i‘\:j dishrtbution )

e —

DEF. ¢ =(pajupn) — OPD ( pie Loa) i, i‘%:“,.-- ‘].

e (Shanwcn \ uA-‘

Wip) = - :\E-‘ fib&(fﬂ :



| ENTROPY — pPD |

L&Sc.(‘d‘u (mbab'u\{-’r\lj disheibution )
DEF. o= (fq,---.fn) - 0PD ( pie [o4] ¥° ’ i%_::“;;.. | )

The (S I o)y e (e (s

IRV WY J L A B ‘H’r ) v\

Wip) = - :\Z:-‘ fiﬁod((fﬂ .

peo?. () hlp) o
(2) o< hipl s ﬂxprVn
(3) hip) =0 &» p=1 and =0 ¥j={ (win disorder — wmax predickabilty)

(@) W) = Ly &> = N (wax diserder — win predicability )



ENTROPY — FUNCTIONS

OEF. a: dany = 34n T — Lunckion. [_('L-\' s @ DD )
() The dishlbetion ok o 18 Ge [ LG letwl )

(1) The enbropy of & 18 ha) = W(R).



ENTROPY — TFUNCTIWONS

OEF. a: b4 ny = 34un T — Lunckion. (Tt s o teD)

(1) The enbropy of & 18 ha) = W(R).

PROP. (D hia)l =0 ¥ a 1€ constont

) Wlal = .%%p(n\ % a5 o puamutahon



GNTRoPY — QUANDLE'S

DeF. (Q_,D) —qmo!k. ; iy b —vows of (@ ,5).

The oubwon L (O B) ¢
ov \Q,® >

LR LA~ W Ivr ' L] [ ]

Q)= L Z W)

=t



ENTRoPY — QUANDLES

DEF . (Q_,D') —qmo!k. s Bajes, b — vows of (q,,b').
The embvoou ot (l’_\b_l';-] S

L
LR~ e 'Vr ! LS

Q)= L Z W)

=t

M. (V) \n\r\y did we we e vows anol wet e wlumns /

@) \Waat does H(Q) md'uallg measure 2



GNTRoPY — QUANDLE'S

DeF. (Q_'D) —qmo'k. s by, bn — fows of (q,,b').

The oubwon L (O B) ¢
ST AW, ¢

VI, UV TV ! s (3~

Q)= L Z Wk)

=t

ML . (V) \n\ny did we we e vows anol wet e wlumns /

@) \Waat does H(Q) ac'l—uallg measure 2

Peop. (Y HIA) = 0 4» Q & & prjection quondle

() Ha) = %Cﬂ « Q 5 alawm quond.h.h (Arqu.mcub whose. Yable 1€ a latin S?““"‘)
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Y 4 - & wondle ,
( de = 18-)( j dhe dral 9
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EK. Q'
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GXAMOLES OF GATROPY

ex, Q= (Zn,, Xy =1g-x7 - dhedral quomdle. .

.Qpa(_h\ w ool
Heal) =<

J.zﬂoa(n\ W A,

DEE. & -grovy. Core (G) = (C-., xvy-=3x"3) S & e quomdie .



GXAMOLES OF GATROPY

ex, Q= (Zn,, Xy =1g-x7 - dhedral quomdle. .

.Qpa(h\ w ool
Heal) =<

_.?"Roa(n\ W .

DEE. & -grovy. Core (G) = (C-., xvy-=3x"3) S & e quomdie .

&S(m = %‘—%(w\ n odd

H(Cﬂ‘b(bn\) =< I "
'&’J () - o [(-f—u -2837. + (n+2) .QD.(m-z)] U O,



DSF. G-growp Conj(a)= (G, X0y =g'xy ) & & cofjuahon quondic

e



e

DEF. Q -group. Ccmj(ﬁn\"= (Q, Xby = "Xﬂ) s a mn:,tzfa:\'\on qmdk,.

/ ﬂoxtm\— z_v'\', [Cm—ﬂ.epg'z.-\-nﬂoam] w odd
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Mewom, W ony ca

Dw (fmo_(.l)n'ﬂ = 4o

N =400

D H (Oonl(().ﬂ) = 4o .

N =x+00

DEF. Q -group. Conj(G\* (C-a, Xby = "Xﬂ) § a mn:,tzfa:\'\on qu.ov\&k,.

w odd
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. We Wove orbitrarily lomge quondles widn  ackitrarily Wigh w\vom.

(Y Con we Viove arbitrorily small quondles w¥n aditrorily Wigh em’mya v



. We Wove orbitrarily lome quondles widn  ackitrarily Wigh w\vopa.

(Y Con we Viove arbitrorily small quondles w¥n aditrorily Wigh %’nom 7 No

(2) Can we Vowe ocbitrarly \ome quondles widn  arditrrorily \ow e;n\vopd ?



. We Wove orbitrarily lome quondles widn  ackitrarily Wigh u\\wm.

(Y Con we Viove arbitrorily small quondles w¥n aditrorily Wigh %’mga 7 No

(2) Con we Vave odbitradly \ome quondles win  acdstrrarily \ow u\’wopd ? ifggr@ggg



. We Wove orbitrarily lome quondles widn  ackitrarily Wigh u\\wpa.
(Y Con we Viove arbitrorily small quondles w¥n aditrorily Wigh %’noya 7 No
() Con we Vawe oadibrorily loge quondles wdn oritrorly low  embopy 7 NOT GASY

To QUEss

(3)  Whak qum&o ‘xoped'ie.s rﬂou\u\t R\ 23 e.m’rm()a ?



RUK. TE the rows of Q wore the same frequengy : H(Q) = W(L)).
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RUK. TL the vows of Q, wore the Same -\'«ﬂumg : H) = WL,

2

Tour equal clewents and
2|5 2 3 3 3 o Mderent w e vow

W) =w(l[1, 1,5 1,2, 173)

- =




DET - (Q,,b'] — quondle . We defime

Q) E{ah’r mu“\'y\fm’nm maps : x:Q—2Q, q— q®x (c.o\umnﬂ
() Leftr wuliplicahion waps: Lx:Q = Q,, qrxbq (vows)
Mave awe o~

TV T ww v Wy

Tm(Q) = {Rx:xeQ7 & ymlQ)

Aur(Q) = goup ot antomerpisms of (Q0).



DET . (Q,,b'] — quondle, We defime

QY Wght muthplicathion waps : Px'Q 2 Q, qrqbx (c.o\ummﬂ
) Leftr wutiplicahion waps: Lx:Q = Q,, qrxbq (vows)
Maoveawe~

T ww ¥ Wy

Tm(Q) = {Rx:xeQ7 & ymlQ)

Aur(Q) = goup ot antomerpiams of (Q0).

Pof. (Y Twm (O 9 Aur(O) < s:,m(oo_

() T (@) owct Awk(OL) w.:\"m*umlly omw Q.



OEF . (a,v)- quonotie
() T twe achion of Tim(@) on G s transdwe , then G s onnecteol.

(2) Th e achon of AdTA) on @ dransitwe , then Q. w5 howogeucous.



DEF. (Q.,b)- qumwllb
() T twe achion of Tim(@) on G s transdwe , then G s onnecteol.

(2) TC e achion of Auf(@) on G s fvansitwe , then G hmngwwu.

AR (D) @ cmmesteol —» O howegeneons.

Y q mﬂmm =» KO = W(L)).



6T . (a,v)- quonolle
() TE e achon of Tim(@) on G s transidwe , then QU 15 connecteol.

(1) Tt e achon of At{A) on G s fvansidwe , then G v hmnﬂwm:.

AR (D) @ cmmesteol —» O howegeneons.

Y q \ﬂmunﬂmm =» KO = W(L)).

Buvg hm»oum npu&nzs towards being orderedt' (e ooy 1S cndtomt on Yhe vows ) .



6T (Q,,b]—qm&le.. TE Px ¥ By uremever XY | then (,5) s faithful.



oe¥. (Q,0) —quondle . T Bx # By uhenewer x=y  Hen (Q,5) s faithful.

X, Q=(Zn, xvy =2y-x ) — &hedeal
N ~ 7 \J d

(W) vodd =% Q © fathfh
) weaen =» @ 13 vot fathfh



oe¥. (Q,0) —quondle . T Bx # By uhenewer x=y  Hen (Q,5) s faithful.

Ex; Q = {Z- x.. u &R lal ‘-- =% ww QUOMAS
-—_— b AT J J = B :

(W) vodd =% Q © fathfh
) Woen =% @ 15 wt fathleh

Being Laithlal “gnﬁne.s tonards being discderedl !, Does  exist a lower beunol o Yhe enhrogy

o taidul quondles ?



E. Q,,Q, —quondies. We define oo Sum of quomdles.

e

[ O
m\ zz122 almn'@mr\‘-v f) .
Q #Q'L - wwnnn
: AN ARG
bhbbb
: Q,
dements ok 0, < | 22T



DE. Q,,Q; —quondies. We define Yoo Sum of quondles.

e

= wan
QA#Q'L"" L

dements of Q. |22z

anol Y. LM wulkige ok & quondie @, ¢ kO = Q#EQE ... £Q
—
& Hwes



Peor. ¢\ 4 v ommutatwe ouol asonahve
) Q,# Q. 5 a wob conneckeot qumcue,

(3) @, A, tothdul = Q,# Q. Laitihful

r Q) &+
L°

d;‘“
¢-:.__)



Peoy.

i

Y 4 v wommutatve owol asouatve
) Q,# Q. 5 a wot conneckeot qumclle,

(3) @, A, tothdul = Q,# Q. Laitihful

Q) s Lop (16 =)+

\ e +
u_l ] kLl"-vl

Lowe H(ko) =o0.
k& ~Atoo

N,

A

¢...__)



Peor. ¢\ 4 v commutatwe ouol asonahve
) Q,# Q. 5 a wot conneckeot qumd(e.

(3) @, Q. dothiul =» Q4 Q. Laithbul

) s (1o ) &

[ U + Do /1.1011—',
u_l J k-Ll'\-v \ wljJ

[ - e |

i

Lowe H(ko) =o0.
k& oo

Rug. There 15 no lower hounol for Huo enbropy of £oitufal quomdies.



ENTROPY AND H,SP OPGRATORS

el H@Q,xQ)=---

\&R 7

(o) L) +H(a-2)
NWSA 7 ¥ VIV

(@) wox ) HwQ), Heao) }



ENTROPY AND H,SP OPGRATORS

| HQ,xQ.)=---

M (0. ~H(Q
\r“ VWV S N e

) H(Q - H(QL)
) wex 5 HeQ,), Hea,) |

mp- H(Q,. X Q_.-z__) = H(Q,l) + H(Qab\



Qs Q, . Then
(a) H(QJ < Rla)
C'O.) H(Q;I‘ Y. 4 H(Q.b.‘

) H(a,) = Hla,)



a Qo2 Q, . Then

(a) H(QJ < Rda)
l)Q Hia,) 7 HQ,)

() H(a,) = Hla,)

or. Q, » q, =» Hlaz) s Hlo,)

. H(a/e) s H(o.



QLic—Q, - Then
(a) H(QJ < Rla)
C'O.) H(Q;I‘ Y. 4 H(Q.b.‘

) H(a,) = Hla,)



S Qi Q. - Then

(a) H(QJ < Hda)
(L) H(a,) 7z KHa)

() H(a,) = Hla,)

W-\’wu\'dd,mm*habou.

Q,| \ 3 S
\ \ S 3
F -
~——
3 S 3 \
S | 3 \ S

Q.

Core (b )
3 4
S \
Z yA
3 3
4 y
\ S
6 2



S Qi Q. - Then

(a) H(QJ < Hda)
(L) H(a,) 7z KHa)

() H(a,) = Hla,)
Q.| 1\ SR

W-\’wu\'dd,mm*habou.

Q| ' 3 s 3|5 3 3 3
v lv s 3 4y |4 6 4y y
(‘ -

3(5 3 s|3 s 1 S
S |3 \ s 6 | 6 4 6 2



MK Qaeaq, =>» H(Q,) € Q) s false even & O, onol Qo ore holle Comesteol.
(Sm\lch\k. (21,2) m RG).



RME. Qac—q, =>» H(Q,) ¢ H(Q.) s folse oo & O, omol Q2 ore holle Comesteot.
(SmllQ_umék. (21,2) m ®aG).

2
0P @, 0 quondler, 1041 =n, el =i, Qacr@e => (@) ¢ e KAL)



no #0oz) = ---

() K {-H(Q_z.)

G) H(Q): H(QL)

() None of Hu obore



#| o o) =

(@) K +HiQe)
) H(Q, ) H(Q.)

() Wluu(o\ o\‘r

gy — yw - ’ e

%Nm&%&drou

feop. Q,, 0z quowdlies, 1Ol =n, lQl=wm.

H(Q;“FO\.L] < \+ (mv;:;‘t-) H(.Q.l) X (

Wi

) H(a2)



CONCLUSIONS

(%) The ewtropy fumchion measures some properties of quondles and it behaves
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(%) The ewtropy fumchion measures some properties of quondles and it behaves
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CONCLUSIONS

(%) The ewtropy fumchion measures some properties of quondles and it behaves

M resnect do Oniverrsal Maslomee, %&?‘J&h&ﬁso

(R <110 8] “"” ] L1371 \'l‘“" ] ‘T-v - v FTILT W WUVY S raivl-'“-'

(%) e\l'edy*ﬁvzr won be &mm\a’m{ 4o Wf&s (-Eor grouys, Loo?.! ool ?mj{amup,r
& 5 Yrivial \ :

NEW HOZIZONS :

(7Y lower bownotl for  comeckeoh, factufua) , won—lahn quowdles.
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