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Viadimir Soudek

The aim of the paper is to discuss once more the basic question
of quaternionic analysis, namely what is the proper generalization
of the notion of holomorphicity for functions from the field '+ of
quaternions into itself. There are more possible ansvers to the que-
stion. The standard approach consists of attempts to generalize eit-
her the pover series expansion, or Cauchy-Rieman equations or dif-
ferentiability.

The first generalization poses no restriction - all resal-analy-
tic mappings from IH to itself are allowed. The third one is too
restrictive - only a subclass of linear functions satisfies the con-
dition. The second one is the best - a suitable generalization of
Cauchy-Riemann equation found and studied by Fueter ([i]) and the
theory of regular functions in this sense is developed (and genera-
lized) a lot now ( for details see [2], (51,[6]).

Another approach to this basic question is presented here. The
operators 9 and 8 play basic role in complex analysis and they
appear naturally in the discussion of complex-valued differential
on € (or more generally on complex manifolds). It is well known,
that the space £ of differential forms on € is complexified
first ( El) and the de Rham sequence gg-ia €;<Ea~g: is splitted

3.6 2
2, gkl
\\\“Eg’o ///ﬂ’

We would like to find an analogy to this procedure in gquaternio-

after into the diagram

nie case. In such & way ve can get a nevw insight to the question
vhat is the proper generalizstion of holomorphicity in quaternionic

case,

1. H - VALUED FORMS.
Let us consider the algebra £ 0f differential forms om i .

A typical element of H can be written as qQ = qotisqetiaqatiaqa
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. 2 . . s s
(wvhere i¢ = 132 = 1;2- iqigis = =1). Let us denote dj = dqj and

aj = 3/3qj (j=0,...,3) and q* =qo+itqe+iaqa+tiaqs.
The algebra éz*of H -valued forms on \H is defined by

é,; = €'®R“1 and we shall consider it as the right vector space over

H . The exterior product is defined by the usual formula ({6]),

but has unusual properties becuase of noncommutativity of coeffi-

cients. The de Rham operator d acts on such forms componentvise.
The aim is now to find a splitting of the de Rham seguence

L S LIS R e T
i.e. to find a decomposition of QL, e, ¢£3 in an analogy to the

complex case.

2, THE DECOMPOSITION OF 1-FORMS.

To find an analogy for dz,4%,3/3z,3/3z, it is natural to consi-
der first the forms dq =do+iids+iadatisda, dq’ =do-isde-iada-iasda
and operators 9a}(do-itdy-iada-iada), 3 =}{do+isdssizda+tiszda). The
space £, is h-dimensional (as a right vector space over IH ).
Hence to find a suitable splitting needs to find a good basis for

é; .Two forms dq and dq+ are clearly not sufficient for this
purpose and there is no clear candidate for missing members of a
basis.

To solve the problem, let us define I1-forms dq'=-isdqiy,
dq3=-iadqis, dq3=-izdqis. Then dq, dqt', d4q2?, 4q* will be shovn to
be a basis of EJV The field of quaternions is usually treated with
fixed, chosen quaternionic units, but the basic spirit of quaternio-
ns needs an independence of such a choice (for a definitiom not u-
sing fixed quaternionic units see (3] ). To keep such independence
of the splitting ve have to define

élﬁ‘)- {acgl| a=dg.r, £€f0]

ghH® 1 1 s s °
wm o= {a € E,M‘ a = dqlfy+dq®f3+dq3fs; fnfz.fséf.\" )

1 1,1 1,(3)
Lemma 1: Em = E,H ® {,H

It is easy to show that the basis do,4,4,d3,43 can be expressed
as linear combinations of dq,dq',dq?,4q® . Hence the forms dgq,dq',

dq®,dq% form a basis, too.

Remark:
A nev point of wiev is suggested by such a splitting, namely
that the analogues of {;»’and E:"in quaternionic analysis are
no more similar. They have different dimensions aad their similarity
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in complex analysis is a sort of degeneracy. As a consequence, the
analogues of 3 and 3 in quaternionic analysis will be quite dif-

ferent in character, too.
Lemma 2:
Let us denote dqj--ijdqij, aJ--ijaij i J=1,2,3.
Then d = dg.9 + dqt.9' + dgB®.322+ aq3.33.
Proof: A short computation.

Definition 1:

Let us define operators J: £¢ _ Lo, Z gtiv_,tl:°3by

De = aq.af , Tf = dqt.a'f + dqP.a3f + 4q.33F , f € £°

Remark. 1,0
N =
Clearly Ef ® , 4= b+ D
H \z._i‘t,w)
m

is an analogue of the corresponding complex case picture. Let us now
have s look what the solutions of 2f = O, Z f = 0 looks like.
It is clear that % £ =0 iff f is a (Fueter) regular function.

On the other hand we have

Lenma 3: Te=o ire f is (left) differentiadle.
Proof: 4t o 1im h-1(f(q¢h) - £(q)) exists ire
dq
h—~>0

iff Odof = -i¢d¢f = -iadaf = -ijdst ifre
ire (S80f-3f)dxo = (d¢f-igdf)dxs = (92f-3@f)dxa = (93f-i33f)dxs = O
ire ar - dq.2f = O ire FTe =0 .
Remark.

Hence Tf = 0 are just Cauchy-Riemann equations for the deri-

vative of a quaternionic function to exist. And even if the class

of solutions is very restricted, there is an interesting comnmection
to a very nice piece of mathematics arising from some problems of ma-
thematical physics.

Tvo basic differential operators are mentioned in [1] - Dirac
operator and twistor operator. In the flat case (the Riemannian
k-manifold X being R, >H ) and after the identification of ¢,
with H ), we shall find that the Dirac operator can be identified
with 2 and the twistor operator with Z . (Note that differen-
tiable quaternionic functions as well as solutions of twistor equa-

tion form a subclass of linear functions.) For details see [5].

k




296 YLABIMIR  8OudEKX

80 the presented discussion leads to the folloving analogy betwveen

complex and quaternionic analysis:

C i
ar = dzi(ao-idslf Tr ®» 4qi(d0-ie24=-1292-i3d3)f
3 = (& -2 )¢ 3t = (& -2)¢
the derivative f£° exists iff the derivative £ exists ifg
irr 3r =0 irr Tt =0
then f£° = }(3¢-ide)f then f° = }{do-i¢d¢-iada-iadalf

3. THE DECOMPOSITION OF 2-FORMS.

The natural pocedure for the decomposition of 2-forms could be
to split again the de Rham operator d = 2+ 2z and to use the
multiplicative properties of ™ -valued forms to find a natural de-
composition of 2-forms. Such a try would end in a complete maes
But there is another possibility - let us decompose the de Rham ope-
rator d in another way:

a= 2t 5'*, vnere 2¥= aqt.at, 3*-dqi*a1*+dqt*a'*+dq3fa=*
(There is another reason, connected vith the transformation proper-
ties with respect to orthogonal transformation, suggesting that it
is & good choice.) The multiplicative properties of considered

1-forms leads us then to the following picture-

Let us denote wi=do.ds+da.ds; , wym do~d¢-da.ds
wa®do.da+dz.ds » ;3' do~da~daa.dy
wamdoadatdy.da , w3 do~d3-d¢ada

Then dqadq* = —(iqwetigwatisws)
dq‘dq'*- ~iqwy
dq‘.dq*' ~iquy . .
dq’-dq‘*- i wetizwatiaca and c¢yclic permutation
dq‘-dq‘f- isws of them
aq®.aq* = isas
It suggest the following defimition:

Definition 2:

Let us denote Ezf’)- (iswefe+iawalfatiswala|Ly,f2,f3 £

Ef@’)' (icwsfotiamafatiswala|fe,fa,fa ¢ £7)

end

af(onf)' dq-z*f' -(ius‘4izuz*i3ua)3+f

ZNaq.1)= aq 31 —icesott-irma08r-is0s91
vhile
a(dqir.+dqar,+dq3r,)-i.:.(-a*r,+a=*r.+a'*r,) +

+ iaaa(-atraearTeaeanatel) o iswa(-aTtasa1TeavaaTey),
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0 (dq1f,+aq32+dq3s )= 1.».( artr eanteaeastes) »
#13&3(3' - 3‘+f3+3’*f3) + izwa(d? t,+a'*f3 3’*fg)

where d = g + 0° 1is a splitting of 4 on €1A3).

Remarks.

1. Altogether we have

61(” é/(ﬂ
M \\\:\ ;4
E,‘)(’) & T roo,(—)
i
2. The spaces Eﬂé*)and E:f“) are just the spaces of (\H -valued)
selfdual and antiselfdual 2-forms. It brings us once more to the

mentioned paper f4] ,¥here the spaces of selfdual connections on

special spaces are studied.

3. The image of the operator If lies in & distinguished subspace
of £ 3“ defined by ((iqwetizwatiawa).f| f € t°}

k. THE DECOMPOSITION OF 3-FORMS.

There is & very useful ‘H -valued 3-form (used e.g. in the Cauchy
integral formula - see sh
Dq = d4a.d3.d3 ~i4doad2.d3 ~ izd0.da.dy - is3do~d¢a.da
J

and ve shall define further Dq¥ = -iquij. Jm=1,...,3.

-
After the splitting d = D+ : E‘H ,_.)E/’che following multi-
A\
plicative properties will be found:

iqwe~dq = Dq

iqse~dq = Dq°

iqwy.dqt=-Dq" and other (eyclic) permutations
iqws-dqi=-Dgq

iswy-dg®=isw3.dq?=Dq?

iswe.dgd®=izea.dqt=-Dq?

This leads to the following definitionm:

Definition 3:

Let us define €:f1)- {Dq. fl f e 5‘}
3.3 = {Dq'fy+Dq?fa+Dq?fs | f3.fa,faez®)
It is easy to showv that m - &’M‘) ) g’ﬁ’).
We shall define %(21 “jrj) = Dq. a(fﬂ*fz*f:),
F(hijuyr,) = Datat(=ferfasfs) + DaR23(f1-fatfs) + Dq333(f+f2-13),
on 1:’) and

1( ju r ) ® DQl(3f4-3322-2373)+Dq3(382-3172-3304)+
* Dq’( af;-a‘f:-a.fq ) ,
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T‘(gij;jtj) = - Da(3'f,4330,+433¢,) on g2
Hence we have the picture: E’<N z

/ E 3,
E, / €\SH »

To complete the picture we shall use the decomposition d= 3*+ 3+

on 3-forms. The multiplicative properties of H -valued forms give
us the following lemma.
Lemma k:
The operator 3 equals to zere on EP“” vhile 37 is zero on g}V
Moreover 2T (znq £,) = -ha~q(a'*f.+at*f,+a’*r,)
while m*( Dg.f ) = —hd“qa*f .

vhere d%g = dg.dy.da.dj.

Proof:
A short computation gives
pa.dqt = -kasq , pe_aqit = 0, pat.dg’= Dg1iagat = 0, Dgt.dqrTe-kang

The vhole scheme looks like follows:

€1 (t) 2 - / E’ (1)
£z ja//////’ é——“_“ E‘H ///////{ \\\\\\‘~ €~
N ai‘é(a) 2/\/? €:1’(-) \\: €; (%) V

vhich is claimed to be the proper anslogy of the complex case picture.

Remarks.

1. All scheme can be extended to a more general setting, e.g it would
much more interesting to study such questions on menifolds. These que-
stions will be studied in another paper.

2. Bome information on the topology of domains in ¢ ecan be gained
using the square of 8 and 3 operators in complex case. Similar

information in quaternionmic case is to be found yet.
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