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Abstract

We introduce measure functional differential equations with infinite delay and an axiomatically
described phase space. We show how to transform these equations into generalized ordinary differ-
ential equations whose solutions take values in a suitable infinite-dimensional Banach space. Even
in the special case of functional equations with finite delay, our result improves the existing one by
imposing weaker conditions on the right-hand side.
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1 Introduction

Measure functional differential equations with finite delay have the form

y(t) = y(to) + / £ (wer 5) dg (), (L1)

where y is an unknown function with values in R™ and the symbol y, denotes the function ys(7) = y(s+7)
defined on [—r,0], » > 0 being a fixed number corresponding to the length of the delay. The integral on
the right-hand side of (1.1) is the Kurzweil-Stieltjes integral with respect to a nondecreasing function g
(see the definition in Section 3; this integral includes the Lebesgue-Stieltjes integral with respect to the
measure generated by g).

Measure functional differential equations have been introduced in the paper [3]. In the special case
g(s) = s, equation (1.1) reduces to the classical functional differential equation

y(t) = y(to) + / Flya 5) ds, (1.2)

which has been studied by many authors (see e.g. [9]). On the other hand, the general form (1.1) includes
other familiar types of equations such as functional differential equations with impulses or functional
dynamic equations on time scales (see [3], [4]). For example, consider the impulsive functional differential
equation

y/(t) = f(ytat)7 te [t07oo)\{t1at2a"'}7 } (13)
Aty(t;) = L(y(t:)), i€N,
where the impulses take place at preassigned times t1,ts,... € [tg,00), and their action is described by

the operators I; : R® — R™, ¢ € N; the solution is assumed to be left-continuous at every point ¢;. The



corresponding integral form is

v =uito) + [ Fs)ds+ Y L)t ).

€N, t; <t

which is equivalent (see [4, Lemma 2.4]) to the measure functional differential equation

y) =(t0) + [ Flon9)dgto). ¢ lto.00)
where g(s) = s+ D701 X(t;,00) () and

Fla,s) = {f(:v,s)7 s € [to,00)\{t1,2,...},
’ I;(z(0)), s=t,;, forieN.

The aim of this paper is to discuss measure functional differential equations with infinite delay, i.e.,
equations of the form (1.1), where ys now denotes the function ys(7) = y(s + 7) defined on (—o0,0].
The case g(s) = s corresponds to classical functional differential equations with infinite delay, which
have been studied by numerous authors (see e.g. [2], [8], [10] and the references in these works). The
general case when ¢ is a nondecreasing function includes certain other types of functional equations, such
as the impulsive functional differential equation (1.3) with infinite delay. One particular example is the
impulsive Volterra integro-differential equation

V0 = [ alwssds e oot ),
Aty(t) = L(y(t:)), ieN,
which has the form (1.3) with
Flot) = /O a(a(r),t +7) dr

—t
for a function z : (—o0, 0] — R™.

When dealing with infinite delay, the crucial problem is the choice of the phase space, i.e., the domain
of the first argument of f. In the classical case (1.2), the elements of this phase space are continuous
functions. Such a phase space is no longer suitable for a general measure functional differential equation,
whose solutions are discontinuous functions. The problem of the choice of phase space is discussed in
Section 2. We do not restrict ourselves to a particular phase space; instead, we introduce a certain system
of conditions and allow the phase space to be any space satisfying these conditions. A similar axiomatic
approach was used by various authors (see e.g. [2], [8], [10] and the references there) to describe the phase
space of classical or impulsive functional differential equations with infinite delay.

In Section 3, we show that under certain natural assumptions, a measure functional differential equa-
tion can be transformed to a generalized ordinary differential equation whose solutions take values in
an infinite-dimensional Banach space. Consequently, one can use the existing theory of generalized or-
dinary differential equations (see e.g. [13], [15]) to obtain new results for measure functional differential
equations with infinite delay. The idea of transforming a classical functional differential equation to
a generalized ordinary differential equation first appeared in the papers [11], [14] by C. Imaz, F. Oliva,
and Z. Vorel. Later, it was extended to impulsive functional differential equations in the paper [5] by
M. Federson and S. Schwabik, and to measure functional differential equations with finite delay in the
paper [3] by M. Federson, J. G. Mesquita and A. Slavik. In [1], [6] and [7], the correspondence between
functional differential equations and generalized ordinary equations was used to obtain various results on
boundedness and stability of solutions.



2 Phase space description

In general, solutions of measure functional differential equations are not continuous, but merely regulated
functions; recall that a function f : [a,b] — R"™ is called regulated, if the limits

lim f(s) = f(t—) € R", te€ (a,b] and sl_i)rg_ f(s)=f(t+) eR", t€]a,b)

s—t—

exist. Regulated functions on open or half-open intervals are defined in a similar way. Given an interval
I C Rand aset B C R", we use the symbol G(I, B) to denote the set of all regulated functions f : I — B,
and the symbol C(I, B) to denote the set of all continuous functions f : I — B.

Our candidate for the phase space of a measure functional differential equation with infinite delay
is a linear space Hy C G((—00,0],R™) equipped with a norm denoted by || - ||x. We assume that this
normed linear space H( satisfies the following conditions:

(H1) Hy is complete.
(H2) If y € Hp and t < 0, then y; € Hy.

(H3) There exists a locally bounded function k7 : (—oo0,0] — R* such that if y € Hy and ¢ < 0, then
Iy < w1 ()]|yll%-

(H4) There exists a function s : (0,00) — [1,00) such that if o > 0 and y € Hy is a function whose
support is contained in [—o, 0], then

[yllae < K2(0) sup [ly(t)].
te[—o,0]

(H5) There exists a locally bounded function k3 : (—oo,0] — R such that if y € Hy and ¢ < 0, then
[yell < ra(@)yll%-

(H6) If y € Hy, then the function ¢ — ||y:||x is regulated on (—o0, 0].

To establish the correspondence between measure functional differential equations and generalized
ordinary differential equations, we also need a suitable space H, of regulated functions defined on (—o0, a],
where a € R. We obtain this space by shifting the functions from Hy; more formally, for every 7 € R, let
S: be the shift operator defined as follows: if y : I — R"™ is an arbitrary function, let I+7 = {t+7,t € I}
and define S,y : I + 7 — R™ by (S;y)(t) = y(t — 7). Now, for every a € R, let H, = {S,y, v € Hp}.
Finally, define a norm || - ||y on H, by letting ||y||x = ||S—ay|/x for every y € H,.

Note that if y € H,, then y = S,z for a certain z € Hy, and y; = (Sq2)t = 2:—q € Hy for every t < a.

The next lemma shows that the spaces H, inherit all important properties of Hy; the statements
follow immediately from the corresponding definitions.

Lemma 2.1. If Hy C G((—00,0],R™) is a space satisfying conditions (H1)—(H6), then the following
statements are true for every a € R:

1. H, is complete.
2. Ifye H, and t < a, then y; € Hy.
3. Ift<a andy € H,, then ||ly(t)|| < k1(t — a)||ylx-

4. If 6 >0 and y € Hyqo is a function whose support is contained in [a,a + o], then

[ylle < wa(o) sup |y(®)]l.
t€la,a+o]



5 Ify€ Hyso and t < a+ o, then ||ytl|x < k3(t —a —0)||yll%-
6. If y € Hytor, then the function t — |ly:||x is requlated on (—oo,a + o].

In the rest of this section, we present examples of spaces satisfying conditions (H1)—(H6), which might
be used as the phase space Hy for measure functional differential equations with infinite delay. These
spaces are modified versions of examples given in [10], where we have replaced continuous functions by
regulated functions; other examples presented in [10] can be modified in a similar way.

Example 2.2. Probably the simplest example of a normed linear space Hy satisfying conditions (H1)-
(H6) is the space BG((—o0, 0], R™), which consists of all bounded regulated functions on (—oo, 0] and is
endowed with the supremum norm

9/loo = }Hy(t)H, y € BG((—00,0],R"™).

€(—o00,0

It is straightforward to check that conditions (H1)—(H5) are satisfied; in particular, (H3)—(H5) are true
with k1(t) = k3(t) = 1 for every t < 0 and k2(0) = 1 for every o > 0. Finally, condition (H6) is
a consequence of the following Lemma 2.3.

Note also that H, = BG((—o0,a],R™), i.e., the space of all bounded regulated functions on (—oo, a]
with the supremum norm.

Lemma 2.3. Ify: (—00,0] — R" is a regulated function, then t — ||yt]|oo is regulated on (—o0,0].

Proof. Let us show that lim; ., ||y:||co exists for every ¢ty € (—o0,0]. The function y is regulated, and
therefore satisfies the Cauchy condition at g, i.e., given an arbitrary € > 0, there exists a 4 > 0 such that

ly(u) —y(V)ll <&, w,v e (to -4 to). (2.1)

Consider a pair of numbers t1, t5 such that tg — 6 < t; < t5 < ty. Obviously,

1921 loo < 1[92 loo < (|92 lloo + &

For every t € [t1, 2], it follows from (2.1) that

ly@I < llyE)ll + [ly(2) =y < llye, lloo + &

Since ||y(t)]] < lye, loo < Yty |oo + € for every ¢ € (—o0,t1], we conclude that

Y22 lloo < (1Yt [loo + &,

and consequently
|||yt1||00 - ||yt2HOO| <g, tlatQ € (to - 6’ t0)7

i.e. the Cauchy condition for the existence of lim;_,4,— ||yt |00 is satisfied. The existence of lim;_,1,+ || ¥t |loo
for ty € (—o0,0) can be proved similarly.

Remark 2.4. In connection with the previous lemma, note that if y : (—oo0,0] — R™ is a regulated
function, then t — y; need not be regulated on (—oo, 0]. For example, let y(t) = sint?, t € (—o0, 0]. Then
for every h > 0, we have limsup,_, _ . [y(t+h) —y(t)| = 2, and therefore ||ys+n — y¢]|oo = 2 for arbitrarily
small values of h.

The next example is a phase space that can be used when dealing with unbounded functions; it
consists of functions that do not grow faster than a certain exponential function as ¢t - —oc.



Example 2.5. For an arbitrary v > 0, let G,((—o0,0],R™) be the space of all regulated functions
y : (—00,0] = R" such that sup,c(_ g [[€?*y(t)]| is finite. This space is endowed with the norm

lyly = sup [ey(@)ll, vy € G\((—00,0],R").
te(—o00,0]

The operator T : G((—o0,0],R") = BG((—00, 0], R™) defined by

(Ty)(t) = e"y(t)

is an isometric isomorphism between G.,((—o0,0],R") and BG((—o0,0],R"), and thus G ((—o0, 0], R")
is a complete space.

Again, it is not difficult to check that conditions (H1)-(H5) are satisfied with x1(t) = k3(t) = e
and ko(o) = 1. To verify condition (H6), let y € G ((—o0,0], R™) and note that

lyely = sup [ey(s + ) =e sup [[e?y(s + 1) = ]|zl

s€(—00,0 S€E(—00,0

where z(s) = e7*y(s) for every s < 0. By Lemma 2.3, the function ¢ — ||z;]c is regulated, and thus
t — e 7| 2¢]|o is also regulated.

Remark 2.6. Consider the measure functional differential equation

y(t) = ylto) + / £ (4er 5) dg (),

where g(s) = s. In this special case, the solutions are continuous and it might be more appropriate to
choose a space Hy that contains continuous functions only. In particular, one can modify the previous
two examples to obtain the space BC'((—o0, 0], R™) consisting of all bounded continuous functions, or the
space Cy((—o0,0], R™) consisting of all continuous functions y : (—oco, 0] — R™ such that lim;_, . €' y(t)
exists and is finite. More information about phase spaces consisting of continuous functions can be found
in [10].

3 Transformation to generalized ordinary differential equations

In this section, we establish the correspondence between measure functional differential equations with
infinite delay and generalized ordinary differential equations. The notion of a generalized ordinary differ-
ential equation was introduced by J. Kurzweil in [12], and is closely related to the Kurzweil integral. We
summarize the basic definitions and notation, and refer the reader to [15] or [13] for more information.
A function 6 : [a,b] — R is called a gauge on [a,b]. A tagged partition of the interval [a,b] with
division points @ = sg < s1 < -+ < s, = b and tags 7; € [si—1, ], ¢ € {1,...,k}, is called -fine if

[sifly Sl] C (Ti - 5(7—2')77—75 + 5(7—1))7 i€ {11 teey k}

Let X be a Banach space. A function U : [a, b] X [a,b] — X is called Kurzweil integrable on [a, b], if there
is an element I € X such that for every € > 0, there is a gauge J on [a, b] such that

k

Z(U(Ti75i) - U(Ti,Si_l)) -1

i=1

<e

for every d-fine tagged partition of [a,b]. In this case, we define f: DU(r,t) =1.



An important special case is the Kurzweil-Stieltjes integral of a function f : [a,b] — X with respect
to a function g : [a,b] — R, which appears in the definition of a measure functional differential equation,

and is obtained by letting U(7,t) = f(7)g(t). This integral will be denoted by fab f(t)dg(t) or simply
b
fa fdg

Consider a set O C X, an interval [a,b] C R and a function F' : O X [a,b] — X. A function
x : [a,b] = O is called a solution of the generalized ordinary differential equation

dx

— = DF(z,t
dr (%)

on the interval [a, b], if

d
z(d) — x(c) = / DF(x(7),t)

whenever [c, d] C [a, b].
The following conditions on the right-hand side F' occur frequently in the the theory of generalized
ordinary differential equations:

(F1) There exists a nondecreasing function A : [a,b] — R such that F': O x [a,b] — X satisfies
[F(; 82) = F(z,51)|| < [h(s2) — h(s1)]
for every x € O and sy, 2 € [a,b].
(F2) There exists a nondecreasing function k : [a,b] — R such that F : O x [a,b] — X satisfies
1F(z,52) = F(x,81) = F(y,82) + F(y, s1)[| < [k(s2) — k(s1)] - [l =yl
for every z,y € O and s1, 52 € [a, b].

According to the following lemma, solutions of a generalized ordinary differential equation whose right-
hand side satisfies condition (F1) are regulated functions (the proof follows directly from the definition
of the Kurzweil integral and can be found in [15], Lemma 3.12).

Lemma 3.1. Let X be a Banach space. Consider a set O C X, an interval [a,b] C R and a function
F : O x [a,b] — X, which satisfies condition (F1). If x : [a,b] — O is a solution of the generalized

ordinary differential equation

dx
— =DF(z,t
dr (@,%),

then
[2(s2) — z(s1)[| < h(t2) — h(t1)
for each pair s1, s2 € [a,b], and x is a requlated function.

Let Hy C G((—00,0],R™) be a Banach space satisfying conditions (H1)—(H6), to € R, 0 > 0, O C
Hi o and P = {y; y € O, t € [to,to + 0]} C Hp. Consider a nondecreasing function g : [tg,to + 0] = R
and a function f : P X [tg,tg + o] — R™. We will show that under certain assumptions, a measure
functional differential equation of the form

t
y(t) =yto) + | flys,s)dg(s), 1€ [to,to+0] (3.1)
to
is equivalent to a generalized ordinary differential equation of the form

jﬁ = DF(a,t), L€ [to,to+0], (32)
-



where x takes values in O, and F': O X [to, tg + 0] = G((—00,tg + o], R™) is given by
0 —o0 < ¥ < ty,

Fao,0)@) = 4 f) flogs)dgls), to <9<t <ty+o, s
ﬁjwwﬂwthgﬂgm+g

for every x € O and t € [tg, to + o]. It will turn out that the relation between the solution z of (3.2) and
the solution y of (3.1) is described by

where t € [to,to + 0.

Definition 3.2. Let I C R be an interval, tg € I, and O a set whose elements are functions f : I — R™.
We say that O has the prolongation property for t > to, if for every y € O and every ¢t € I N [tg, 00), the
function 3 : I — R"™ given by

o Jyls), se(—oot]NI,
y(s){y(t), seltoo)nl

is an element of O.

For example, consider an arbitrary set B C R", an interval I C R, and ¢y € I. Then both the set
G(I, B) of all regulated functions f : I — B and the set C'(I, B) of all continuous functions f : I — B
have the prolongation property for ¢ > t;.

The following theorem, which is a special case of Theorem 1.16 in [15], confirms that the values of F'
defined by (3.3) are indeed regulated functions on (—o0,ty + o]. We use the symbol ATy(t) to denote

y(t+) —y(0).

Theorem 3.3. Let f : [a,b] = R™ and g : [a,b] — R be a pair of functions such that g is requlated and
f; fdg exists. Then the function

ult) = / f(s)dg(s), t € [a,b],

is requlated and satisfies ATu(t) = f(t)ATg(t) for every t € [a,b).

To justify the relation between measure functional differential equations and generalized ordinary
differential equations, we assume that the following three conditions are satisfied:

(A) The integral f;ﬁa flye, t) dg(t) exists for every y € O.

(B) There exists a function M : [tg,t9 + o] — RT, which is Kurzweil-Stieltjes integrable with respect
to g, such that

whenever y € O and [a,b] C [to, o + o]

b b
/ Flge ) dg(t)|| < / M(t) dg(1)




(C) There exists a function L : [tg,to + o] — RT, which is Kurzweil-Stieltjes integrable with respect
to g, such that

b b
/ (P t) — Fz ) dg(t)| < / L(t)lys — 2]l da ()

whenever y, z € O and [a, b] C [tg,to + o] (we are assuming that the integral on the right-hand side
exists).

Let us remark that the assumptions (B) and (C) are weaker than similar conditions used in [3] and [4].
In these papers, it was assumed that M and L are constants. In the special case g(t) = ¢, our conditions
coincide with those given in [5].

The next lemma demonstrates the relation between conditions (A), (B), (C) and (F1), (F2). We point
out that (F2) is not really needed to establish the relation between the two types of equations. However,
we include it here for reader’s convenience since it is often needed in proofs of various facts concerning
generalized ordinary differential equations.

Lemma 3.4. Let O C Hyy4o and P ={y; y € O, t € [to,to + o]}. Assume that g : [to,to + o] — R is
a nondecreasing function, f : P X [tg,to + o] — R™ satisfies condition (A), and F : O X [to,to + o] —
G((—00,to + o], R™) given by (3.3) has values in Hy,+,. Then the following statements are true:

o If f satisfies condition (B), then F satisfies condition (F1) with

h(t) = ka(o) | M(s)dg(s), t € [to,to+ o]

to

o If f satisfies condition (C), then F satisfies condition (F2) with

s€[—o,0] to

k(t) = ka(o) ( sup Iﬁ:g(S)) / L(s)dg(s), tE€ [to,to+ o].

Proof. By condition (A), the integrals in the definition of F are guaranteed to exist. Assume that
tog < 81 < 89 < tg+ o. We have

07 —00 < T17< S1,
F(y,52)(1) = F(y,s1)(1) = [ f(ys,8)dg(s), s1 <7 < s,
fsslz f(ysvs)dg(s)a se <717 <ty+o

for every y € O. Condition (B) and the fourth statement of Lemma 2.1 imply

1F(y; s2) = F(y, s1)ll% < wa(0)  sup  [[F(y,s2)(7) = Fy,51)(7)|| =

TE[to,to+0]

= r2(0) sup
TE[s1,52]

/ jf(ys,S) dg(s)

s2
< HQ(O')/ M(s)dg(s) = h(s2) — h(s1).
s1
Similarly, condition (C) and the fourth statement of Lemma 2.1 imply that for every y, z € O, we have
[1F(y, s2) = F(y,s1) — F(2,52) + F(2,51) | %

< r2(0) b ]I\F(y,sfz)(T) = F(y,51)(1) = F(z,82)(7) + F(2,51)(7)[| =



= r2(0) sup
TE[s1,52]

/ (e, ) — F(zar ) dg(s)

S1

<o) | L) lys — 25l dg(s):

S1

By the fifth statement of Lemma 2.1, the last expression is smaller than or equal to
S2
ka(o) ( sup rals— o - a>> o=+l ([ 26 d9) = (klsa) = ko)l = 2la O
s€to,to+o] s1

The following statement is a slightly modified version of Lemma 3.7 from [3] (the original proof for
equations with finite delay and g(¢) = ¢ can be found in [5]).

Lemma 3.5. Assume that O is a subset of Hiyyo, P = {y; y € O, t € [to,to + 0]}, g [to,to + 0] = R
is a nondecreasing function, f : P X [tg,to + o] = R™ satisfies condition (A), and F : O X [tg,to + o] —
G((—o0,to + o], R™) given by (3.3) has values in Hy,+o. If x : [to,to + 0] = O is a solution of

dz
— = DF
dr (2.1)

and z(tg) € Hiyyo i a function which is constant on [to,to + o], then
z(v)(0) = z(v)(v), to<v <9 <to+o, (3.4)
z(v)(¥) = z(9) (), to<I<v<ty+o. (3.5)

Proof. Consider the case when ty < v < ¢. Since x is a solution of

92 ppe,
dr

e have 2(0)(0) = 2(to) (v) + ( / DF(e(r), ”) o
z(v)(9) = z(to)(¥) + < U

Using the fact that x(tg)(¢) = z(to)(v), we obtain

DF(x(r), t)) (9).

to

o0)0) = a(o)o) = ( [ D)) 0) - ( / DF(a(r).0)) ().

It follows from the existence of the integral f:) DF(x(7),t) that for every € > 0, there is a tagged
partition {(7;, [si—1,8i]), ¢ = 1,...,k} of [to, v] such that

k v

> (F(x(n),s:) = F(x(n),s1-1)) — [ DF(x(r),1)

i=1 to

< €.
*

By the definition of F' in (3.3), we have
F(x(7i),5:)(9) — F(2(7:), si-1)(¥) = F(a(7:), si)(v) — F(2(7i), si-1)(v)

for every i € {1,...,k}, and consequently

v k
( DF(a(r), t)) (9) = S (Fle(r). s0) — Fae(r),si))(0)

to i=1

[2(v)(9) — 2(v)(v)]| <




k k
+ Z(F(x(ﬂ'), si) = F(x(mi),5i-1))(9) — Z(F(x(ﬂ% si) = F(x(7i),5i-1))(v)
k v
+ Z(F(x(rl), s;) — F(z(m;), 8i-1))(v) — (/t DF(l‘(T),t)) )| < (ki(¥—to—0)+r1(v—1tg —0))e

(we have used the third statement of Lemma 2.1). This proves (3.4), since € > 0 can be arbitrarily small.

For 9 < v, we have
v

2(0)(9) = 2(to) () + ( DF<x<T>,t>) ().

to

v

z(9)(9) = 2(to) (V) + ( DF(%(TM)) (9),

to

o)) = 2(0)) = [ DFatr).0) ).
If {(7i, [si-1,8:]), ¢ =1,...,k} is an arbitrary tagged partition of [}, v], it follows from (3.3) that
F(z(1:),8:) () — F(z(7),8.1)(¥) =0, i€{l,... k}.
Consequently, [ DF(x(7),t)(9) = 0, and (3.5) is proved. O

We are now ready to prove two theorems describing the relationship between measure functional
differential equations whose solutions take values in R™, and generalized ordinary differential equations
whose solutions take values in H;,;,. The basic ideas of both proofs are similar to the proofs given
in [3] for equations with finite delay. However, as we have already noted, our conditions (B) and (C) are
weaker, and thus the results presented here are more general even in the case of finite delay.

Theorem 3.6. Assume that O is a subset of Hy 1, having the prolongation property for t > to, P =
{z4; £ € O, t € [to,tot+0]}, d € P, g: [to, to+0] — R is a nondecreasing function, f : PX[tg,to+o] — R™
satisfies conditions (A), (B), (C), and F : O X [tg,to+ 0] = G((—o0,to+ 0], R™) given by (3.3) has values
in Hyyro. If y € O is a solution of the measure functional differential equation
t
y(t) = ylto) + | [f(ys;s)dg(s), t€ [to,to+ 0],
to
Yo = ¢7
then the function x : [to,to + o] — O given by
y(ﬁ)a v e (700,15]3
z(t)(V) =
y(t), ve [t7t0 + U]
18 a solution of the generalized ordinary differential equation

dx

= DF(z,t), t€ [to,to+ 0]
dr

Proof. We have to show that, for every v € [to, o + o], the integral f:) DF(xz(1),t) exists and
2(v) — a(ty) = / DF(x(r),1).
to
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Let an arbitrary € > 0 be given. Since the function

t
h(t) = ka(o) [ M(s)dg(s), tE€ [to,to+ o]
to
is nondecreasing, it can have only a finite number of points ¢ € [tg, v] such that ATh(t) > ¢; denote these
points by t1,...,tn. Consider a gauge 4 : [to,to + 0] — R such that

tp — te_
5(T)<min{k2k1, l<:=2,...7m}7 T € [to,to + o],

O(t) <min{|r —tx|; k=1,...,m}, 7€ [to,to + 7).

These conditions imply that if a point-interval pair (7, [c,d]) satisfies [¢,d] C (7 — 0(7), T 4+ §(7)), then
[c, d] contains at most one of the points t1, ..., &, and, moreover, T = t; whenever t; € [c,d].
Since y;, = x(tg)s,,, it follows from Theorem 3.3 that

S

lim [ L(s)llys — 2 (te)sllx dg(s) = L) lye. — a(tr)e [« AT g(tr) =0

s—tr+ th

for every k € {1,...,m}. Thus, the gauge ¢ might be chosen in such a way that

tk+§(tk)
/ L(s)llys — 2(tr)sllx dg(s) < ke{l,...,m}.

tr

€
om+1’

By condition (B), we have

Tt T+t
/ F(ysr5)da(s)| < / M(s) dg(s) < h(r + 1) — h(r)

Io(r+0) = ()l =
(recall that ko(o) > 1), and therefore
ly(r4+) —y(7)|| < ATh(T) <&, 7€ [to,to+o|\{t1,...,tm}
Thus, we can assume that the gauge § is such that

ly(p) —y(7)l <e

for every 7 € [to, to + o]\{t1,...,tm} and p € [7,7 + 6(7)).
Let {(7,[si-1,8:]), i =1,...,1} be a é-fine tagged partition of [tp,v]. Then

0, 9 € (—00, 8i-1],
(w(s:) = 2(50-1)) (9) = { [, F(ye.5)dgls), V€ [sio1, 5],
I70 Fys,s)dg(s), 9 € [si,to + 0]

Si—1
and
0, ¥ € (—00, 8;-1],
(F(x(7:), 81) — F(x(7), 8i-1)) (¥) = f;jil fx(ry)s,8)dg(s), ¢ € [si—1,84],
[ F(x(mi)s, 8)dg(s), 0 € [sisto + o).
for every i € {1,...,l}. By combination of the these equalities, we obtain

((s1) = 2(5i-1)) (V) = (F(x(73), 80) — F(a(r),55-1)) (9) =

11



0, Je (—00,87;,1],

= L7 (Fysss) = fla(m)ss)) dgls), 9 € [si1, 8],

fsiil (f(ysv 3) - f(x(Ti)M 8)) dg(s), S [Si,to + U]'

Consequently,
2(si) — x(si-1) = (F(2(7), 80) = F((7:),5i-1)) || %

<kg(o) sup  [[(2(si) —x(si-1))(0) — (F(x(m:), 8:) — F(x(m:), 5i-1)) ()] =

9€(to,to+o]

= ka(o) sup (3.6)

V€[si—1,5i]

9
/ (F(ysr5) — F(a(:)s,5)) dg(s)

1—1

(we have used the fourth statement of Lemma 2.1). By the definition of x, we see that x(7;)s = ys
whenever s < 7;. Thus,

9
/ (F(ger8) — F(2(rs)ers)) dg(s) =

Si—

{07 Y € [51—17Ti]7
S (F(ysr8) = F@(ri)s5)) dg(s), 9 € [, 5],

We now use condition (C) to obtain the estimate

Si

9
< / L(3) s — (sl dg(s) < / L(3) s — 2(r2)s | % dg(s).

9
/ (F(yer5) — F(@(71)s, 5)) dg(s)

i

Given a particular point-interval pair (7;, [s;—1, 8;]), there are two possibilities:
(i) The intersection of [s;_1,s;] and {t1,...,%,} contains a single point ¢, = 7;.
(ii) The intersection of [s;_1, s;] and {t1,...,%n} is empty.

In case (i), it follows from the definition of the gauge § that

€
2m+1

/S L(s)|lys — z(7:)sll% dg(s) <

and substitution back to Eq. (3.6) leads to

ko(o)e
2m +1°

(si) — x(si-1) — (F(x(7:), 8:) — F((7i), 8i-1)) [l <
In case (ii), if s € [, s;], then

lys — z(m)sllx < r2(0)  sup  ly(p) — z(m)(p)|| = K2(0) sup [ly(p) —y(m:)|| < K2(0)e,
pEl—o+s,5] pElri.s)

(we have used the definition of the gauge d). Thus,

S;

[ E6 s~ 2l dgts) < mafo)e [ Lis) ),

and substitution back to Eq. (3.6) gives

i

lo(s0) = @(si-1) — (F(2(r), s0) — F(2(3),8i-1)) % < fiz(ff)zﬁ/ L(s)dg(s).

Ti
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Combining cases (i) and (ii) and using the fact that case (i) occurs at most 2m times, we obtain

l
2(v) — z(to) = Y _(F(a(r), 5:) — F(x(:), 51-1))

i=1

< onalo) (malo) [ L) a5(6)+ o)

to 2m+1

*

< eha(o) <H2(a) / " L) d(s) + 1) ,

to

which completes the proof. O

Theorem 3.7. Assume that O is a subset of Hy 1, having the prolongation property fort > to, P =
{zy; x € O, t € [tg,to+0]}, ¢ € P, g: [to, to+0] — R is a nondecreasing function, f : PX[tg,to+0] — R"
satisfies conditions (A), (B), (C), and F : O X [tg,to + 0] = G((—00,tg+ 0], R™) given by (3.3) has values
in Higtro. If @ [to, to + 0] = O is a solution of the generalized ordinary differential equation

9 DR@), e ltoto+ o]
dr
with the initial condition
9 —tp), V€ (—o0,tp,
(to)(9) = o( 0) ( 0
¢(O), Y e [to,t0+0],

then the function y € O defined by

o I(to)(rﬂ), s c (*OO,to],
v(0) = {xw)(ﬁ), 9 € [to to + 0]

18 a solution of the measure functional differential equation

y(t) = ylto)+ | f(ys,s)dg(s), t€ [to,to+0l,
to
yto = ¢

Proof. The equality y:, = ¢ follows directly from the definitions of y and z(to). It remains to prove that
if v € [to, to + o], then

o)~ o) = [ " F(ger ) dg(s).

Using Lemma 3.5, we obtain

y(v) — y(to) = 2(v)(v) — w(to) (to) = w(v)(v) — (te) (v) = ( / ) DF<x<r>,t>> (v).

Thus,
) - ulta) - [ o)agte) = ( | DF(a(r))) () - [ £y 5) dg(s). (3.7)

Let an arbitrary ¢ > 0 be given. Since the function

h(t) = ka(0) tM(s) dg(s), te€ [to,to+ o]

to
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is nondecreasing, it can have only a finite number of points ¢ € [ty, v] such that A*h(t) > &; denote these
points by t1,...,tm,. As in the proof of Theorem 3.6, consider a gauge ¢ : [to, tg + o] — RT such that

te —tp_
(5(7’)<min{k2kl7 19:27...7m}7 T € [to,to + o],

O(t) <min{|r —tx]; k=1,...,m}, 7€ [to,to + 7],

tk+§(tk)
[ 2l = a0l dgts) < ket m).

_c
th 2m +1’

Finally, assume that the gauge ¢ satisfies
[h(p) = h(T)l| <&, 7 €lto,to+o]\{tr, ... tm}, p€[r,7+0(7)).

Let {(74,[si-1,8:]),i =1,...,1} be a é-fine tagged partition of [tg,v] such that

<e

v l
/t DF(a(r),1) = 32 (Fla(r),s) = Fa(r), si-1)

i=1

*
(the existence of such a partition follows from the definition of the Kurzweil integral). Using (3.7) and
the third statement of Lemma 2.1, we obtain

¢

' Fyer ) dgs)

- H( ' DF(:E(T),??)) (v)

to

Hy<v> ~ ylto) - F0r5) dg(s)

to
l

SO (F (), 50) — Pa(m), si1)) (v) - tv F(ge. ) dg(s)

<€l€1(’l)—t0—0')+

< eni(v—to— o) + i (Pla(r). 50 = Pla(r). si-0)(0) = | gl 69
The definition of F' yields - a
(Platr).5) = Plar).sc)) = [ flalm)s) dots)
which implies |
(Pla(r).5) = Flam).sn)0) - [ F(yer ) dg(s)|| = ‘ / (f(@(r)er8) = Flysrs)) dg(s)]
By Lemma 3.5, for every i € {1,...,1}, we have o(r)s = 2(s)s = ys for s € [8i_1,7i] and ys = z(s)s =

x(s;)s for s € [y, s;]. Therefore

where the last inequality follows from condition (C). Again, we distinguish two cases:

[ G0 ~ Tl dgls)

i

[ GG ~ T dgls)

[ (atr)ens) = 5ol dgls)

i

< / L(s)l|z(rs)s — 2(s:)sll% dg(s),

3
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(i) The intersection of [s;_1,s;] and {t1,...,%,} contains a single point ¢ = 7.
(ii) The intersection of [s;_1, s;] and {t1,...,%n} is empty.
In case (i), it follows from the definition of the gauge § that

€
2m +1’

/ " L(9)llye — ()l da(s) <

and thus

<

(Plm).s) ~ Famso) ) - [ fus)dgls)]| < -2

In case (i), we make use of the fact that z(s;) — z(7;) is zero on (—o0, tg] (this follows from the definition
of F'). Lemmas 3.1, 3.4 and 2.1 lead to the estimate

[2(si)s = 2(7i)s [l % < ra(0) S [2(s:)(p) — x(7:)(p)|

< kz2(0) ( sup  K1(p —to — 0)) z(si) — z(7:) I < K2(0) < sup 'ﬁ(ﬂ)) (h(si) — h(1:)) < Ke

pels—a,s] pE[—20,0]

for every s € [7, si], where K = r2(0) sup pe(_s0,0 51(p). Thus,

(Pa(r). 50— Flar)osi) ) = [ Flyers)dg(s)

< Ke /SL L(s)dg(s).

Combining cases (i) and (ii) and using the fact that case (i) occurs at most 2m times, we obtain

l

D

i=1

(Pl s) — Flam)si) ) - [ Flyes)dgls)

< Kg/tw L(s)dg(s) + 227"5 <c (K/t0+a L(s) dg(s)+1>.

to m+1 to

Substitution back into (3.8) gives

Hy<v> ~ ylto) - / F ) dg(s)

to+o
<6(/<a1(v—t0—a)+K/ L(s)dg(s)+1),
to
which completes the proof. O
Remark 3.8. It follows from Lemma 3.5 that the definition

. 1‘(150)(19), 9 e (—Oo,to],
u9) = {x(ﬁ)(ﬁ), 9 € [to, to + 0]

from the previous theorem can be replaced by the single equality
y(0) = z(to + 0)(?), ¥ € (—00,t0 +0].

This also shows that y is indeed an element of O.
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Remark 3.9. The statements of both Theorem 3.6 and Theorem 3.7 require that F(z,t) € Hy, 4, for
every t € [tg,to+ o] and z € O. Although this condition might seem difficult to verify, it is often satisfied
automatically. Note that F'(z,t) is a regulated function whose support is contained in [tg, {9 + o]. Thus,
for Hy = BG((—00,0],R™) or Hy = G,((—00,0],R™) (or when Hj is any other space containing all
regulated functions with a compact support), we always have F(x,t) € Hy, 4o

In the classical case when g(t) = t, the function F' is continuous, and F(x,t) € Hy 4, is always
satisfied for both Hy = BC((—00,0],R") and Hy = C,((—o0,0],R™).

Remark 3.10. Throughout the paper, we have been assuming that our phase space Hy satisfies condi-
tions (H1)—(H6). However, assumptions (H5) and (H6) were never used in the proofs of Theorems 3.6
and 3.7, i.e., the two theorems remain valid if we assume (H1)—(H4) only. Assumption (H6) can be quite
useful when dealing with condition (C). For the existence of the integral on the right-hand side of this
condition, it is sufficient to prove that the function ¢ — L(t)||y; — 2¢||% is regulated. For example, if L
is a regulated function, assumption (H6) guarantees the existence of the integral. Assumption (H5) was
used to prove the second part of Lemma 3.4, which will be needed in the proof of Theorem 3.12.

Remark 3.11. An immediate consequence of the relation between the two types of equations is the
following: The initial value problem

y(t)

Yto = ¢

t
y(t0)+ , f(ysas)dg(s)v te[tO’tO""JL

has a unique solution if and only if the initial value problem

dx
E = DF(.’E,ZL), te [t07t0+0]a
¢(19 7t0), ’19 € (*OO,to],

¢(0)3 9 € [t07t0+0—]7

has a unique solution. Indeed, if we assume that the first problem has more than one solution, then
Theorem 3.6 implies that the second problem has more than one solution. Conversely, assume that the
second problem has two different solutions z1, 3, which do not coincide at a point t € (¢o,tg + 0], i.e.,
x1(t)(7) # x2(t)(7) for a certain 7 € (—o0, tg + o]. By the definition of F, this is possible only for 7 > ¢.
Moreover, by Lemma 3.5, we can assume that 7 < ¢ (otherwise, ¢ can be used instead of 7). According
to Theorem 3.7, we obtain a pair of solutions yi, y2 of the first initial value problem, and

y1(1) = 21(7)(7) = 21(8)(7) # 22(1)(7) = 22(7)(T) = y2(7),

i.e., the first problem does not have a unique solution.

(to) (V) = {

With Theorems 3.6 and 3.7 at our disposal, we can use existing theorems on generalized differential
equations to obtain new results for measure functional differential equations with infinite delay. As an
example, we present a theorem on the local existence and uniqueness of solutions for measure equations.

Theorem 3.12. Assume that O is an open subset of H;, , having the prolongation property fort > to,
P ={x; 2 € O, t € [to,to+ 0]}, g: [to,to + 0] = R is a left-continuous nondecreasing function,
I P x[to,to+ 0] = R™ satisfies conditions (A), (B), (C), and F : O X [to,to + 0] = G((—00,to+ o], R™)
given by (3.3) has values in Hyyyo. If ¢ € P is such that the functions

" (t) _ ¢(t —to), te (—007750]7
’ $(0),  teltoto+ol,
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and

¢(0) + f(#,t0)A%g(to), t € (to,to+ 0]

are elements of O, then there exists a 6 > 0 and a function y : (—oo,ty + 0] — R™ which is a unique
solution of the initial value problem

o(t) = {¢(t — to), t € (—o0, to),

y(t) = ylto) + tt f(ys,s)dg(s),
Yy = ¢ 0
on (—oo,tg + 9].
Proof. By Theorems 3.6 and 3.7, the initial value problem is equivalent to

dx

— = DF(z,t ty) =

dr (Iv )7 ‘T( 0) Zo,
where F is given by (3.3). By Lemma 3.4, F' satisfies conditions (F1) and (F2). Thus, by the existence
and uniqueness theorem for generalized ordinary differential equations (see e.g. [5, Theorem 2.15] or
[3, Theorem 5.1]), there exists a unique local solution of our initial value problem, provided that the
function z; specified in the statement of the theorem is an element of O. O

Remark 3.13. It is slightly inconvenient that the above theorem refers to the function F', which rep-
resents the right-hand side of the corresponding generalized equation and plays an auxiliary role only.
However, as we mentioned in Remark 3.9, the condition F(z,t) € Hi, 1, is often satisfied automatically.

We conclude this section by presenting modified versions of Theorems 3.6 and 3.7 for equations whose
solutions are defined on the unbounded interval [ty, 00).

In this case, the space H;,1, has to be replaced by a space H consisting of regulated functions defined
on the whole real line. The space H together with its associated norm || - ||z can be an arbitrary space
having the following properties:

1. H is complete.

2. For every a € [tg,00), the space H, is isometrically embedded into H as follows: if y € H,, then
the function z : R — R™ given by

is an element of H and ||z||z = ||yl -

The simplest example of a space H satisfying these conditions is the space BG(R,R") of all bounded
regulated functions with the supremum norm.

Alternatively, we can take an arbitrary v > 0 and consider the space G+, of all regulated functions
y : R — R” such that

max | sup [l y(0)], sup [l y(t)]]
te(—o0,to] tE[to,00)
is a finite number; this number is then defined to be the norm of y.
For the unbounded interval [tg, 00), conditions (A), (B), (C) have to be modified as follows:
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(A’) The integral fttoow f(ys,t) dg(t) exists for every y € O and every o > 0.

(B’) There exists a function M : [tg, 00) — RT, which is locally Kurzweil-Stieltjes integrable with respect
to g, such that

whenever y € O and [a,b] C [tg, 50).

b b
/ Fet) dg(t)|] < / M(t) dg(t)

(C’) There exists a function L : [tg, 00) — R*, which is locally Kurzweil-Stieltjes integrable with respect
to g, such that

b b
/ (Pl t) — F(z 1) dg(t)| < / L(t)lyr — el da ()

whenever y,z € O and [a,b] C [ty,00) (we are assuming that the integral on the right-hand side
exists).

We can now present modified versions of Theorem 3.6 and 3.7 for the interval [tg, 00).

Theorem 3.14. Assume that O is a subset of H having the prolongation property for t > tyo, P =
{ze; x € O, t € [tg,0)}, ¢ € P, g : [tg,00) — R is a nondecreasing function, f : P X [tg,00) — R"
satisfies conditions (A’), (B’), (C’), and the function F : O x [tg,00) — G(R,R™) given by

07 —oo < ¥ < to,
F(a,t)(0) = { [ fzs,5)dg(s), to <9 <t< oo, (3.9)
i Fwa,8)dg(s), to<t<d<oo

has values in H. If y € O is a solution of the measure functional differential equation
t
y() = ylto)+ | f(ys;s)dg(s), t€ [to,00),
to

yto = d)y

then the function x : [tg,00) — O given by

y(9), € (—oo,t],
x(t)(9) =
y(t), 9 et 00).
18 a solution of the generalized ordinary differential equation
d
diT” = DF(z,t), tE€ [ty,00).

Theorem 3.15. Assume that O is a subset of H having the prolongation property for t > tg, P =
{ze; x € O, t € [tg,00)}, ¢ € P, g : [to,00) — R is a nondecreasing function, f : P x [tg,00) — R"
satisfies conditions (A’), (B’), (C), and the function F : O x [ty,00) = G(R,R™) given by (3.9) has
values in H. If x : [tg,00) — O is a solution of the generalized ordinary differential equation
dx
—~ = DF(x,t), tE€ [to,
I (2, 1) [to, 00)

with the initial condition

et Ve (oot
(to)(9) = {x(to)(tO)a ¥ € [tg,00),
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then the function y € O defined by

~Ja(to)(9), 9 e (—oo,to],
u9) = {xw)w), 9 € [to, %0).

18 a solution of the measure functional differential equation

y(t) = ylto) + / F(yer5)dg(s), ¢ € [torto + o],
Yto = ¢

Let us explain why the previous two theorems are true. In both cases, the fact that x : [tg,00) — O
is a solution of the generalized ordinary differential equation

dz
— = DF(x,t
= DF(x1)
is equivalent to saying that
to+o
x(to + o) — x(tg) = / DF(x(7),t) (3.10)
to

for every o > 0, where the integral on the right hand side is taken in the space H with respect to the
norm || - ||g. For a fixed ¢ > 0, Eq. (3.10) is equivalent to

to+o
slto + o)) ~a(ta)0) = ([ DF(r).0) ) (3.11)

to

for every ¥ € [to, to + o]; this follows from the fact the both sides are constant functions on [ty + o, 00).
However, since Hy, 4, is isometrically embedded in H, Eq. (3.11) is equivalent to

to+o
F(to + o) — F(ty) = / DF(a(r), 1),

to

where Z(t) denotes the restriction of z(t) to (—oo, ¢y + o] and the integral on the right hand side is taken
in the space Hy, 4, with respect to the norm || - ||x. The whole problem is now reduced to the finite
interval [tg,to + o] (where o > 0 is arbitrary but fixed), where Theorems 3.6 and 3.7 apply.

4 Conclusion

Using the correspondence between both types of equations described in the previous section, it is possible
to utilize the existing theory of generalized ordinary differential equations to obtain results on measure
functional differential equations with infinite delay. This approach was already demonstrated in [3] for
equations with finite delay, and can be repeated for equations with infinite delay without any substantial
changes.

As shown in [3], functional dynamic equations on time scales represent a special case of measure
functional differential equations. Consequently, another possible application of our results is in the
investigation of functional dynamic equations with infinite delay; again, one can follow the methods
presented in [3] for equations with finite delay. As described in [4], the same approach also works for
functional differential and dynamic equations with impulses.
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to improve the paper.

19



References

1]

[10]

[11]

[12]

[13]

[14]

[15]

S. M. Afonso, E. M. Bonotto, M. Federson, L. P. Gimenes, Boundedness of solutions of retarded
functional differential equations with variable impulses via generalized ordinary differential equations,
Math. Nachr. 285 (2012), 545-561.

T. Faria, M. C. Gadotti, José J. Oliveira, Stability results for impulsive functional differential equa-
tions with infinite delay, Nonlinear Analysis 75 (2012), 6570—6587.

M. Federson, J. G. Mesquita, A. Slavik, Measure functional differential equations and functional
dynamic equations on time scales, J. Differential Equations 252 (2012), 3816-3847.

M. Federson, J. G. Mesquita, A. Slavik, Basic results for functional differential and dynamic equa-
tions involving impulses, Mathematische Nachrichten (to appear). Online version available at:
http://dx.doi.org/10.1002/mana.201200006

M. Federson, S. Schwabik, Generalized ODE approach to impulsive retarded functional differential
equations, Differential Integral Equations 19 (2006), no. 11, 1201-1234.

M. Federson, S. Schwabik, A new approach to impulsive retarded differential equations: stability
results, Funct. Differ. Equ. 16 (2009), no. 4, 583-607.

M. Federson, S. Schwabik, Stability for retarded functional differential equations, Ukrainian
Math. J. 60 (2008), no. 1, 121-140.

J. K. Hale, J. Kato, Phase space for retarded equations with infinite delay, Funkcial. Ekvac. 21 (1978),
11-41.

J. K. Hale, S. M. V. Lunel, Introduction to Functional Differential Equations, Springer-Verlag, New
York, 1993.

Y. Hino, S. Murakami, T. Naito, Functional Differential Equations with Infinite Delay, Springer-
Verlag, 1991.

C. Imagz, Z. Vorel, Generalized ordinary differential equations in Banach spaces and applications to
functional equations, Bol. Soc. Mat. Mexicana, 11 (1966), 47-59.

J. Kurzweil, Generalized ordinary differential equations and continuous dependence on a parameter,
Czechoslovak Math. J. 7 (82), 1957, 418-448.

J. Kurzweil, Generalized Ordinary Differential Equations. Not Absolutely Continuous Solutions,
World Scientific, 2012.

F. Oliva, Z. Vorel, Functional equations and generalized ordinary differential equations, Bol. Soc.
Mat. Mexicana, 11 (1966), 40—46.

S. Schwabik, Generalized Ordinary Differential Equations, World Scientific, Singapore, 1992.

20



