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Abstract

We introduce a new class of discrete Bessel functions and discrete modified Bessel functions of
integer order. After obtaining some of their basic properties, we show that these functions lead to
fundamental solutions of the discrete wave equation and discrete diffusion equation.
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1 Introduction

In their recent paper [2], M. Bohner and T. Cuchta have proposed a new definition of the discrete Bessel
function
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where F' is the hypergeometric function and (z); denotes the Pochhammer symbol (also known as the
rising factorial) given by

()1 = z(x+1)---(x+k—-1) forkeN,
1 for k= 0.

The discrete Bessel function given by (1.1) is different from the one studied in earlier papers [4, 5], and
its advantage is that it shares many properties with the classical Bessel function. For example, it satisfies
the difference equation

t(t — 1)A%y(t — 2) + tAy(t — 1) + t(t — Dy(t — 2) — n’y(t) =0

(where Af(t) = f(t+ 1) — f(t) is the forward difference), which is a discrete analogue of the Bessel
differential equation

2y (t) + ty' (t) + (£ —n®)y(t) = 0.

The goal of this paper is to introduce a new class of discrete Bessel functions denoted by JS, where
n € Ny is the order and c¢ is a parameter, and to show that these discrete Bessel functions provide
fundamental solutions to the discrete wave equation

Au(z,t) = (u(z + 1,t) = 2u(z,t) + u(z — 1,t)), z€Z, teN, (1.2)

(with A2u(x,t) being the second-order forward difference of u with respect to t). The discrete Bessel
function J, given by (1.1) is a special case of J¢ corresponding to ¢ = 1.



We also introduce a new class of discrete modified Bessel functions denoted by IS, which can be used
to construct fundamental solutions of the discrete diffusion equation

Au(z,t) = c(u(z + 1,t) = 2u(z,t) + u(z — 1,t)), x€Z, teNg (1.3)

(where Au(x,t) is the forward difference of u with respect to t).

Our motivation comes from the theory of lattice differential equations, i.e., equations with discrete
space and continuous time. In this context, it is known that the fundamental solutions of the lattice wave
equation

2
gtg(x t)=c*(u(z+1,t) — 2u(z,t) + u(zr — 1,1)), z€Z, teRY, (1.4)

which is a semidiscrete analogue of (1.2), have the form u;(x,t) = Jo.(2ct) and us(x,t) fo Joz(2c5) ds,
where J, is the classical Bessel function (see [8, Example 3.3]). Similarly, the fundamental solution of
the lattice diffusion equation

?;Z(gc t)=c(u(z+1,t) = 2u(z,t) +u(z — 1,t)), z€Z, teR], (1.5)

which is a semidiscrete analogue of (1.3), has the form u(z,t) = e~2¢Z,(2ct), where Z, is the classical
modified Bessel function (see [10, Example 3.1]).

The corresponding formulas for fundamental solutions of the partial difference equations (1.2) and
(1.3) will be obtained in Sections 3 and 4, respectively. To achieve this goal, we need the discrete analogues
of the functions ¢ — J,(ct) and t — Z,(ct) for an arbitrary ¢ > 0, which are precisely the functions J<
and IS mentioned earlier. While the functions ¢ — J,,(ct) and t — I, (ct) satisfy the differential equations

£y (8) + ty/ (1) + (£t — n?)y(t) =0,
we will show that their discrete counterparts J and I are solutions of the difference equations
t(t — 1)A%y(t — 2) + tAy(t — 1) £ 2t(t — Dy(t — 2) — n2y(t) = 0. (1.6)
By expanding the differences, we obtain the equivalent form
(t* —nHy(t) —t(2t — Dy(t — 1) + (L £ At — Dyt —2) = 0. (1.7)

We remark that the fundamental solutions of the partial difference equations (1.2) and (1.3) are
already available in the existing literature [8, 10], but they are expressed in a different form than we
obtain in Sections 3 and 4. Expressing them in terms of the discrete Bessel functions can simplify the
study of their properties. For example, following the method from [2], we prove that the function J¢ is
oscillatory. This fact implies that for each fixed x, the first fundamental solution to (1.2) is oscillatory as
a function of ¢; this result is new and would be difficult to obtain by different methods.

2 Discrete Bessel functions

Both types of the Bessel functions, J¢ and IS, will be defined in terms of the hypergeometric series
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Definition 2.1. For each ¢ € C, we define the discrete Bessel function
—c/2)"(—t)n -1 -1 1
JE(t) = (=¢/ )'( ) F<n2 ’n2 +2;n+1;—62), te Ny, neNp, (2.1)
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and the discrete modified Bessel function

n
) = C/QZL!( D (n2 t n2 Ly ;;n—|—1;02> , teNy, neN,. (2.2)

Note that if n > t, then (—t),, = 0 and therefore JS(t) = IS(¢t) = 0. Otherwise, if n < ¢, then one
of the fractions 25t and 23t + 1 is a nonpositive integer, which means that the hypergeometric series
occurring in (2.1) and (2.2) have only finitely many nonzero terms. As in [2], the definition of J¢(t) can
be extended to all ¢t € Z, but the same extension is not always possible for I¢(¢). Similarly, it would be
possible to consider Bessel functions of non-integer orders n. However, for simplicity, we restrict ourselves
to nonnegative integer values of ¢ and n; this case is the most interesting one for applications to partial
difference equations.

For ¢ = 1, the function J¢ coincides with the discrete Bessel function (1.1) introduced in [2]. For
applications in partial difference equations, the most useful case is when c is a positive real number. One
advantage of allowing ¢ to be complex is the connection formula

L (t) = ()" ;e (1),
which is a straightforward consequence of the definitions.

Our first goal is to prove that J¢ and IS satisfy the difference equations (1.6)—(1.7). The next result
generalizes [2, Theorem 1].

Theorem 2.2. Ifc € C and n € Ny, then the function

B,(t) = (=¢/2) (_t)nF<n_t,n_t+1;n+1;:|:c2>, t € No,

n! 2 2 2

satisfies the difference equation

t(t — 1)A%B,(t — 2) + tAB,(t — 1) F t(t — 1)Bp(t —2) —n?B,(t) =0, t>2,
or equivalently

(t? —n®)B,(t) —t(2t = 1)B,(t — 1) + (1 F At —1)B,(t—2) =0, t>2.

Proof. We use the contiguous relation (see [7, formula 15.5.13])

(v —a=pB)F(a, B;7:2) = (v —a)Fla = 1, B37;2) + B(1 = 2) Fe, B+ 15752) = 0
witha=2-t 41, 8=2-t 4+ 1 y=n+4+1, 2==2c to get

(ti)F(n;t+1,nz_t+;;n+1;ic2> - <Z+;>F<n;t,n;t +;;n+1;:|:02>

+n—t+1
2

—t —t 3
(1FA)F <n2+1,n2+2;n+1;i02> —0.

By multiplying the equation with 2#(70114_1, using the definition of B,, and the symmetry of F' in
the first two arguments, we obtain

—t(2t = 1)Bp(t — 1) — (n +t)(—t +n)Bu(t) + (1 F A)t(t — 1)B,(t —2) = 0. O
Corollary 2.3. For each c € C and n € Ny, the function J: is a solution of the difference equation
t(t — DA% y(t — 2) + tAy(t — 1) + Pt — Dyt — 2) —ny(t) =0, t>2,
and the function IS is a solution of the difference equation

t(t — DA% y(t — 2) + tAy(t — 1) — Pt — Dy(t — 2) —n’y(t) =0, t>2.



The next task is to obtain expressions for differences of the discrete Bessel functions. The following
result generalizes Theorems 5, 6 and Corollary 7 from [2]. Our proof is simpler than in [2] and relies on
the contiguous relations for the hypergeometric function.

Theorem 2.4. Assume that ¢ € C. For each n € Ny, consider the function

B,(t) = (=¢/2) (7t)"F <nt n_t + 1;n+ 1;:|:cz> , teNp.

n! 2 72 2

Then we have the following identities:

tAB,(t — 1) =nBy(t) £ ctB,y1(t — 1), n>0, t>1, (2.3)
tAB,(t —1) = —nB,(t) + ctB,_1(t — 1), n>1, t>1, (2.4)
B,(t) = ( n1(t —=1) F Bpya(t—1)), n>1, t>1, (2.5)
B,(t) = ( ~1(t) & By (1)), n>1, t>0. (2.6)

Proof. To prove (2.3), we need to show that
0=1tB,(t—1)4+ (n —t)By,(t) £ ctBp41(t — 1).

Using the definition of B,, and dividing by (—¢/2)"(—t)n+1/(n + 1)!, we see it is enough to show that

_ n—t 1 n—t ) 2 n—t 1 n-—t 2

0= (n+1)F<2—|—2,2+1,n+1,:|:c)+(n+1)F< 5 +2, 5 ,n+1,:|:c>
? n—t 3 n—t 9
:|:2(n+1—t)F(2+2,2+1,n+2,:|:c>.

To prove this, we use the contiguous relations (see [7, formulas 15.5.13 and 15.5.16])
ay(1=2)F(a+ 1,8+ 172 =v((y = B-DF(a. fi7i2) = (y—a = B=1)F(a, 8+ 1;7;2)),
ay(1=2)F(a+1,8+1;72) = avF(a, B+ 1;7;2) —a(y = B —1)zF(a+ 1,84+ 1,7+ 15 2).

By equating the right-hand sides and dividing by (y — 8 — 1), we get

F(a,B;7v;2) = vF(a, B+ 1,7, 2) = —azF(a—i— 1,8+ 1Ly +1;2).

The desired relation now follows by letting o = 25 + 2, B="22t v=n+1, 2=+
To prove (2.4), we have to show that

0=tBy(t—1)— (n+1t)By(t) + ctBp_1(t — 1).
Using the definition of B,, and dividing by (—c¢/2)™(—t),/n!, we see it is enough to show that

tn—t 1
Flndl; ic>—(n+t)F<”2,”2+2;n+1;ic2>

n—t 1 n—t
= — | — F [
0 (=t+n) <2 to 5
1
2

-t n—t
+ 2nF (n n + = 'ic2>.
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To prove this, we use the contiguous relation (see [7, formula 15.5.15])

(y—a)F(a,B;v+ 1;2) + aF (a+ 1,87+ 1;2) = yF(a, B;7;2) = 0.

The desired relation now follows by letting @ = "Q_t, 8= ”T_t + %, v=mn, z =%
Identity (2.5) is obtained by subtracting (2.3) from (2.4). To get the identity (2.6), add (2.3) and
(2.4), divide by 2t, and replace t by ¢ + 1. O



Corollary 2.5. For each ¢ € C, the following relations hold:

tATE(t — 1) = nJE(t) — etJC, 1 (t — 1), 0, t>1, (2.7)

tATE(t — 1) = —nJE(t) 4+ ctJS_ (t — 1), >1, t>1, 8
t

nJi(t) = S (it =D+ Jeat=1), n=1, t>1, (29)

ATo(E) = 5 (Joa(8) = Ti i (1), Rzl t20, (2.10)

tAIS(t — 1) = nlS(t) + IS, (t — 1), n>0, t>1, (2.11)

tAIS(t—1) = —nl;(t) + ctIi_{(t — 1), n>1 t>1, (2.12)
t

() = St )= Ii,(t-1), nx1, t>1, (2.13)

AIS(t) = g(fg_l(t) F IS (1), n>1, t>0. (2.14)

The next theorem provides additional information about the values and differences of J: and I.
Theorem 2.6. For each c € C, the functions JS and IS have the following properties:

e J§(0) = I§5(0) = 1.

o Jo(t)=1I5(t) =0 for allt € Ny and n € N such that n > t.

o AJS(0) = AIS(0) =0 for alln € No \ {1}, and AJ{(0) = AIF(0) = ¢/2.

Proof. The first two statements follow from the definitions of JS and IS; note that (—t),, = 0 for all
t € Ng and n € N such that n > t.

Using (2.10) and (2.14), we get AJE(0) = £(J5_1(0) — J£,1(0)) and AIE(0) = £(I5_1(0) + IS4 (0))
for all n € N. Both expressions are equal to ¢/2 if n = 1, and zero for all n € N\ {1}. For n = 0, the
relations (2.7) and (2.11) with ¢t = 1 imply AJ§(0) = AI§(0) = 0. O

The remaining results in this section are concerned with the sign of J¢ and I¢ if ¢ is a real number.
The first statement generalizes [2, Theorem 12].

Theorem 2.7. For each ¢ € R\ {0} and n € Ny, the function JS is oscillatory (i.e., J5(t) changes sign
or vanishes for infinitely many values of t € Ny ).

Proof. To simplify notation, we denote y(t) = JS(t). According to Corollary 2.3 with ¢ replaced by ¢ + 2,
we see that y satisfies the difference equation

(t+2)(t + D)A%y(t) + (t+2)Ay(t + 1) + At +2)(t + Dy(t) —n*y(t +2) =0, & Ny.
Using the formulas y(t) = y(t + 1) — Ay(t + 1) + A2y(t) and y(t +2) = Ay(t + 1) + y(t + 1), we obtain
Ay (E+2)E+1D)(1+2) + Ayt + 1) (t+2— (¢ +2)(t+1) —n®) +y(t+1)(F(t+1) (¢t +2) —n?) =0,
and therefore

t+2)(t+1)+n*—t—2 At+1)(t+2)—n?

APy(t) = al

trocrnard MU Tyasnar it tele
Let
27t t—n t+n
(It 2t F(T + DF(T +1)
v(t) = (5) B EYEE TG+ 1) , te{n,n+1l,n+2 ...}



One can verify (using a computer system such as Mathematica or by a hand calculation similar to [2,
Lemma 11]) that

At+1)(t+2)+n>—t—2
(t+2)(t+1)(1+¢?)

o0 _ iy (2.16)

500 vt + 1)

Av(t+ 1) + Av(t) +v(t) =0, te{n,n+1l,n+2,..}, (2.15)

Let
u(t) =v(t)y(t), te{n,n+1l,n+2,...}.
Using the product rule twice, we get
Au(t) = y(t + 1) Av(t) + v(t)Ay(t),
Au(t) = y(t + 1)A%0(t) + (Av(t + 1) + Av(t)) Ay(t + 1) + v(t) Ay(t)
_u(t+1)
ot +1)

At+2)(t+1)+n*—t—2 At+1)(t+2) —n? ult+1)
“’(t)( G+2)(+ )1+ ) A(t+1)_(t+2)(t+1)(1+02)v(t+1)>

A%u(t) + (Av(t+ 1) + Av(t)) Ay(t + 1)

- A2u(t) ~ At+1)(t+2)—n? o)
Sy (vmn <t+2><t+1><1+c2>v<t+1>)
02(t+2)(t+1)+”2_t_2>
(t+2)(t+1)(1+¢2)

+Ay(t+1) (Av(t + 1)+ Av(t) +v(t)

The last term vanishes thanks to (2.15), and therefore
At+1)(t+2)—n? v(t) B A2%0(t) > B
t+2)t+1)1+2)v(t+1)  ov(t+1)
This is a second-order difference equation of the form A2?u(t) + q(t)u(t + 1) = 0, where
At+1)(t+2)—n? o) v(t+2) =20t +1)+v(t)
O T S (R S Vi o(t+1)

By Wintner’s theorem (see [3, Theorem 4.45]), such equation is oscillatory if Y,= ¢(t) = co. To verify
this fact, it is enough to show that lim; ,. ¢(t) > 0. Using (2.16), we calculate

A%u(t) +u(t+1) <

2 t t+2 t
lim ¢(t) = c im o) lim o(t+2) 24 0
t—o00 2+ 1tsov(t+1) t—oo \v(t+1) v(t+1)
c? 1 2
— — +2—4/1+c2=2— —— > 0.
Ve +1l  VJe2+1 ?+1
This shows that u is oscillatory. Since v is positive, y is oscillatory. O

Theorem 2.8. For each ¢ > 0 and n € Ny, the function IS is nonnegative. For each ¢ < 0, the
function IS is nonnegative if n is even and nonpositive if n is odd.
Proof. The first statement (where ¢ > 0) is easily proved by induction with respect to ¢. For t = 0, it
follows from the first and second part of Theorem 2.6 that I5(0) > 0 for all n € Ny.

Suppose that IS(t) > 0 for all n € Ny. By the relation (2.14), we have AIS(¢) > 0 for all n € N. If
n = 0, then the relation (2.11) with ¢ replaced by ¢ + 1 implies AI§(t) = cI{(t) > 0. Consequently, we
have I¢(t+ 1) = IS(t) + AIS(t) > 0 for all n € Ny.

The second statement (where ¢ < 0) is a consequence of the first part and the identity

L;(t) = (~1)"I}(t),

which follows immediately from the definition. O



3 Discrete wave equation

In this section, we explore the relation between the discrete Bessel function JS and the discrete wave
equation
Au(x,t) = cz(u(ac +1,t) — 2u(x, t) + u(z — 1,t)), re€Z, teNg

(the forward difference operator A always applies to the time variable ¢; differences with respect to the
space variable x are never considered in this paper). Suppose that u; : Z x Ny — R is the solution
corresponding to the initial conditions

0 if z#0,
Auy(x,0) =0, z€Z.

ul(x,O){l if =0,

Then it is not difficult to check that the function us : Z x Ny — R given by

t—1
us(z,t) = Z up(z, s)
s=0

(where the sum is understood as empty if ¢ = 0) is the solution of the discrete wave equation satisfying
the conditions

ug(x,0) =0, z€Z,

1 if z=0,
AW(LO){O if 240

In [8, Theorem 3.2], it is shown that for arbitrary bounded real sequences {u®},cz, {v9}.¢cz, the function
u(z,t) = Z(ug cup(z =k t) + o) - ug(z —kit)), x€7Z, te€N, (3.1)
kEZ

is the solution of the discrete wave equation satisfying
u(z,0) =u’, Au(z,0)=1", 2cZ.

In fact, it is not difficult to see (use induction with respect to t) that we have uy(z,t) = ua(z,t) =0
whenever |z| > ¢. Hence, on the right-hand side of the formula (3.1), the terms corresponding to k € Z
such that |z — k| > t do not contribute to u(x,t), and we can write

x+t
u(x,t) = Z(ug~u1(xfk,t)+v2-uQ(xfk,t)), x€Z, teN,.

k=x—t

The solutions uy, us are referred to as the fundamental solutions of the discrete wave equation. The
next theorem shows that u; (and consequently also ug) can be expressed in terms of the discrete Bessel
function Jg.

Theorem 3.1. For each c > 0, the solution of the initial-value problem

Au(z,t) = A (u(z + 1,t) — 2u(z,t) +u(z — 1,t)), 2 €Z, teN, (3.2)
)1 af =0,

u(z,0) = {0 if 220 (3.3)

Au(z,0) =0, z€Z, (3.4)



s given by

Moreover, for each x € Z, the function t— u(x,t) oscillatory.

Proof. Let u be defined by (3.5). The relations (3.3) and (3.4) follow from Theorem 2.6. If x > 1, we use
the identity (2.10) to calculate

Au(z,t) = AJQC( t) = C(J2a: 1(t) — J2a:+1( ))
Alu(x,t) = ¢ (J35_o(t) = 2J55(t) + T35 10(t)) = ¢ (ule — 1,8) — 2u(z, t) + u(z + 1,1)).

Similarly, if x < —1, we obtain

Au(z, t) = AJ?G, (1) = (T2, 1 (t) — J*5, 1 (1)),
A2u(e, 1) = (250 (1) — 275, (8) + T 15(1)) = (ula + 1,1) — 2u(e, 1) + ulx — 1,1)).

Finally, for = 0, we use the identity (2.7) with n = 0 and ¢ replaced by ¢t + 1 to get
Au(0,t) = AJE(t) = —2cJ(t),
and consequently (by identity (2.10))
A%u(0,t) = (=2J5(t) + 2J5°(t)) = ¢ (J3°(t) — 2J5°(t) + J3°(t)) = ¢ (u(1,t) — 2u(0,t) + u(—1,1)).

Thus, the relation (3.2) holds for all = € Z, t € Ny.
The fact that ¢ — wu(z,t) is oscillatory follows from Theorem 2.7. O

Remark 3.2. The first fundamental solution of the discrete wave equation can be alternatively expressed
using the multinomial coefficients as follows (see [8, Example 3.5]):

t
t C o
t) = § —1)7 274+2z
U(x’ ) =0 <]7t—2j—2x,j+2$>( ) ‘

4 Discrete diffusion equation
We now turn our attention to the discrete diffusion equation
Aw(z,t) = d(w(a: +1,t) — 2w(x,t) + w(x — 1,t)), v €Z, teN,.

The solution w : Z x Ny — R corresponding to the initial conditions

(2,0) 1 if z=0,
wx? = .
0 if x+#0,

is called the fundamental solution. In [9, Corollary 3.8], it is shown that for an arbitrary bounded real
sequence {u},ez, the function

:Zug-w(x—k,t), v €Z, teNy, (4.1)
kEZ

is the solution of the discrete diffusion equation satisfying

u(z,0) =u’, zeZ



Observing that w(z,t) = 0 whenever |x| > ¢ (use induction with respect to t), we can simplify the

formula (4.1) to
x4+t

u(z,t) = Z ul - w(x —k,t), x€Z, teN.
k=xz—t
For d # 1/2, the next theorem shows that the fundamental solution w can be constructed using the
discrete modified Bessel function I.

Theorem 4.1. For each d # 1/2, the solution of the initial-value problem

Aw(z,t) =d(w(z + 1,t) — 2w(z, t) + w(z — 1,t)), z€Z, teN,, (4.2)
1 =0
N A (43)
0 if x#0.
s given by
w(z,t) = (1= 2a)' T2V @), zez, teN, (4.4)

Moreover, for each x € Z, the function t — w(x,t) is nonnegative if d € (0,1/2), and oscillatory if
d>1/2.

Proof. Let w be defined by (4.4). To simplify notation, let ¢ = d/(1 — 2d). The relation (4.3) follows
from Theorem 2.6. Let
z(x,t) = Iﬁfl(t)7 x€Z, teNy.

If x > 1, we use the identity (2.14) to calculate
Az(z,t) = ALZ(t) = (125, (t) + 12°4(1)) = c(2(z + 1,t) + 2(z — 1,1)).
Similarly, if x < —1, we obtain
Az(z,t) = AT () = (12611 (t) + 1251 (t)) = c(2(z — 1,t) + z(x + 1,t)).
Finally, if = 0, identity (2.11) with n = 0 and ¢ replaced by ¢ + 1 implies that
Az(0,t) = AIGE(t) = 2eI7(t) = c(2(1,t) + 2(—1,1)).
Note that
A(l—2d)" = (1 —2d)" — (1 —2d)" = —2d(1 — 2d)".
Hence, by the product rule, we have
Aw(z,t) = A (2(z,t)(1 = 2d)") = Az(z, t)(1 — 2d)"" + z(z, ) A(1 — 2d)"
- - _d2d (2(z + 1,1) + 2(z — 1)) (1 — 2d)*+1 — 2(x, 1)2d(1 — 2d)*
=d(z(z+1,t) — 2z(z,t) + z(z — 1,1)) (1 — 2d)" = d(w(z + 1,t) — 2w(z, t) + w(z — 1,t)).
The fact that ¢t — w(x,t) is nonnegative if d € (0,1/2) and oscillatory if d > 1/2 follows from the
definition of w and Theorem 2.8. O

Remark 4.2. An alternative form of the fundamental solution to the discrete diffusion equation is (see
[10, Example 3.3])

¢
t . .
t) = dHe(1—2d) 7",
w(z,t) jz;o(j,t—?j—x,jw) (1-2d)
This formula is valid also for d = 1/2, when it reduces to

(2.1) (tgl) (%)t if t + x is even,
w(x,t) =
0 if t + z is odd.
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Conclusion

conclude the paper by pointing out two possible directions for further research:

e The classical Bessel functions have their multivariable counterparts [1], which found applications
in various areas of physics (see, e.g., [6] and the references there). Is there a reasonable extension
of the discrete Bessel functions to several variables? If yes, is it related to the higher-dimensional
discrete diffusion/wave equations? (Note that an explicit formula for the fundamental solution of
the n-dimensional discrete diffusion equation, which does not rely on Bessel functions, can be found
in [10]).

e In Sections 3 and 4, we were dealing with the discrete diffusion/wave equations whose left-hand
sides involve forward differences of first and second order with respect to time. In some situations, it
might be more appropriate to consider the backward first-order difference for the diffusion equation,
and the central or backward second-order difference for the wave equation. Is it possible to express
their solutions with the help of some Bessel-type functions?
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