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Abstract

The aim of this paper is to generalize the classical theorems on averaging of differential equations.
We focus on dynamic equations on time scales and prove both periodic and nonperiodic version of
the averaging theorem, as well as a related theorem on the existence of periodic solutions.
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1 Introduction

The averaging method for ordinary differential equations has its roots in the works of Lagrange and
Laplace on celestial mechanics. There are many sources which describe the method and its applications;
a modern and detailed treatment is given in the specialized monograph [15] or in its second revised
edition [16]. The book [17] contains a chapter devoted to averaging, which can serve as a first introduction
with many examples. The simplest version of averaging is concerned with the initial-value problem

:L'/(t) = 5f(tax(t))v Q:(tO) = Zo,

where € > 0 is a small parameter. The basic idea is that because z is a slowly varying function, we
can obtain an approximate solution by averaging the right-hand side f with respect to ¢ while holding x
constant, i.e. we consider the equation

y'(t) =ef(y(t), ylto) = o,

where
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otherwise. According to the classical averaging theorems, the solution of the averaged equation (which is
autonomous and therefore easier to analyze) provides a good approximation to the original solution for
t € [to,to + d/¢], where d is a certain constant.

Our aim is to obtain both periodic and nonperiodic version of the averaging theorem for dynamic
equations on time scales. Note that our term “time scale” has a different meaning than in [15] and [16]
and denotes a closed subset of the real line. We assume that the reader is familiar with the basic notions
of calculus on time scales as presented in [4] and with integration theory on time scales as presented in [5].
Our proof of the periodic averaging theorem follows the proof of the classical theorem from [16]. We also
prove a related theorem on the existence of periodic solutions, which generalizes another well-known
result from the theory of ordinary differential equations. The proof is also inspired by the classical one
(see e.g. [17]), but certain technical details are more complicated.

Finally, we obtain a nonperiodic version of the averaging theorem by converting the dynamic equations
to generalized ordinary differential equations and using an existing theorem on averaging of generalized
equations. In this part, some familiarity with the theory of generalized ordinary differential equations
might be helpful (see e.g. the book [12] and the paper [13], which describes the correspondence between
dynamic equations and generalized ordinary differential equations).

Our averaging theorems unify and extend existing results for differential and difference equations
(periodic and nonperiodic averaging theorems for difference equations can be found in [6] and [1], respec-
tively). As far as the author knows, the theorem on the existence of periodic solutions is new even in the
purely discrete case.

2 Auxiliary results

Let T be a time scale, i.e. a nonempty closed subset of R. For every ¢ € T, we define the forward jump
operator by o(t) = inf{s € T, s > t} and the graininess function by u(t) = o(t) —t. If o(t) > ¢, we
say that ¢ is right-scattered; otherwise, t is right-dense. Similarly, the backward jump operator is given
by p(t) = sup{s € T, s < t}, and we distinguish between left-scattered and left-dense points depending
on whether p(t) < t or p(t) = t. If T has a left-scattered maximum M, then we define T = T — {M};
otherwise, T = T.

Given a pair of numbers a,b € T, the symbol [a, bl will be used to denote a closed interval in T,
ie. [a,blr = {t € T; a <t < b}. On the other hand, [a,b] is the usual closed interval on the real line,
ie. [a,b] = {t € R; a <t <b}. This notational convention should help the reader to distinguish between
ordinary and time scale intervals.

A function f : T — R is called rd-continuous if it is regulated on T and continuous at right-dense
points of T.

In the time scale calculus, the usual derivative f'(t) is replaced by the A-derivative f2(t), where t €
T*. Similarly, the usual integral fab f(t)dt is replaced by the A-integral f: f(t) At, where f : [a,b]T — R.
The definitions and properties of the A-derivative and A-integral can be found in [4] and [5]. We remark
that the notion of Riemann A-integral is sufficient for our purposes, although time scale versions of the
more general Lebesgue and Kurzweil integrals are available, too.

Definition 2.1. Let T' > 0 be a real number. A time scale T is called T-periodic if ¢ € T implies t+7 € T
and p(t) = p(t+T).
For example, the time scale T = |J,—,[2k, 2k + 1] is 2-periodic, but also 4-periodic etc.

The condition p(t) = pu(t+1T') is important; as the following lemma shows, it guarantees that if ¢t € T,
then the interval [t + T, ¢ + 27Ty does not contain more points than [¢,¢ + Tr.

Lemma 2.2. Let T be a T-periodic time scale. Ift € T, then the function s(t) =7+ T maps [t,t + T
onto [t +T,t+ 2T).



Proof. Let O = [t,t + T]\T. Since O is an open set, it can be written as a countable union of disjoint
open intervals, i.e. O = J,, (an,by). Assume there exists a 7 € [t + T,t + 2T |r which is not contained
in the range of s, i.e. 7 — T € O. It follows that 7 — T € (ay,b,) for a certain n; note that a,, b, € T
and p(an) = by — ap. But 7 € (a, + T,b, + T), and consequently p(a, +7T) < 7 —a, < by — ap,
a contradiction. O]

Lemma 2.3. Let T be a T-periodic time scale and f : T — R a T-periodic function. If a,b € T, a < b,
and f is A-integrable on [a,b|, then for every k € N, f is A-integrable on [a + kT, b+ kT|r and

/a  Fr)Ar = / A

+ET

Proof. The statement follows immediately from the definition of the A-integral and the fact that, accord-
ing to Lemma 2.2, there is a one-to-one correspondence between the partitions of [a, bt and the partitions
of [a + kT, b+ kT)r. O

It follows from the previous lemma and the additivity of the A-integral that integrating a T-periodic
function f over an arbitrary interval of length T always gives the same result.

Let an arbitrary time scale T be given. If t; € T and f : T — R is a regressive function (i.e.,
1+ p(t)f(t) # 0 for every t), it is known that the initial value problem

yA(t) = f(ty(t), y(to) =1

has a unique solution on T. This solution is called the exponential function corresponding to ¢ty and f

and its value at ¢ € T will be denoted by ef(t,ty). (For more details, see [4]. A more general definition

of the exponential function applicable to Riemann A-integrable matrix functions f is given in [14].)
The following theorem from [4, Corollary 6.8] represents a Gronwall-type inequality.

Theorem 2.4. Let y : T — R be a rd-continuous function and tg € T. Suppose there exist constants a,
B, v €R, v>0, such that

t
w(t) <a Bt —to) +7 [ u(s) As
to
for everyt € T, t > tyg. Then
y(t) < (a+ B/7) ey(t,to) — B/7

for everyt € T, t > 1.
The following theorem gives an estimate for the exponential function.

Theorem 2.5. Let f: T — R be a regressive rd-continuous function such that | f(t)| < C for everyt € T.
Then |ef(t,to)| < eC1) for each pair of values t, to € T, t > to.

Proof. According to [14], the value of ey (t,ty) is equal to the product integral of f over [to,t]r. This
means that for every € > 0, there is a partition D : tg = s9 < $1 < - -+ < 8, = t of interval [tg, t]T (where
s; € T for every i) such that the product

m

P(f,D) = [J(1 + f(ti1)(ti = ti-1))

i=1

satisfies |es(t,t0) — P(f, D)| < e. Thus

les(t,to)l < les(t,to) = P(f, D) +|P(f, D) < e+ [J(1 + C(ti = ti-1))
i=1



m

<e+ Hec(tﬁti_l) — ¢ 4 ¢Clt—to),

The statement follows from the fact that € can be arbitrarily small. O

In fact, we will need the last theorem only in the case when f is a constant function. However,
the statement as well as the proof can be easily generalized for Riemann A-integrable matrix functions
f:T — Rrx™,

Consider a function f : T x R®™ — R"™. For a fixed x € R™, the function ¢ — f(¢,z) is defined on T
and its A-derivative (provided it exists) will be denoted by f2. On the other hand, for a fixed t € T, the
functlon x +— f(t,x) is defined on R™ and its partial derivatives (provided they ex1st) will be denoted by
81,1 cey ;f the symbol —f; will be used for the differential (i.e., the Jacobian matrix) of f.

We need the following theorem concerning differentiation under the integral sign with respect to
a parameter; we omit the proof since it is identical to the classical one, and since the time scale version
(in a slightly less general form) was already proved in [2].

Theorem 2.6. IfU C R"™ is an open set and f : [a, bl x U — R is a continuous function with continuous
partial derivatives with respect to x1,...,T,, then the function

b
:/f(t,ac)At, xeU,

is continuous and has continuous partial derivatives in U given by the formula

d d
ai(:v):/a agi(t ) At, ie{l,...,n}.

It is easy to see that the previous statement is true even for vector-valued functions f : [a, by xU — R™.

The following mean-value theorem is proved in [5] (see Theorem 1.14).

Theorem 2.7. Let [ : [a,blr — R be a continuous function, which is A-differentiable on [a,b)r. Then
there exist numbers &, T € [a,b)r such that

f() = f(a)

b—a

fA(r) < < f2(9).

We need the following statement, which is an easy corollary of the previous theorem.

Corollary 2.8. Let f : [a,blr — R™ be a continuous function, which is A-differentiable on [a,b). If
there exists a number M > 0 such that | f2(t)|| < M for every T € [a,b)t, then || f(b) — f(a)|| < M(b—a).

A time scale version of the implicit function theorem will be used in section 4. The following result
where the implicit function is described by a single equation is proved in section 9 of [3]. The notion of
a partial A-derivative of a multivariable time scale function is introduced in the same paper.

Theorem 2.9. Consider time scales T1,...,T;, a point p° = (£9,...,t9,4°) € Ty x - x Ty x R and
a function F : U — R, where U is a neighborhood of p°. Assume that F satisfies the following conditions:

1. F and % are continuous in U.
2. F(p) =0.

3. ZE(p°) #0.



Then there is an open set V. C Ty x -+ x Ty containing the point (t9,...,t9) and a unique continuous
function ¢ : V. — R such that y° = ¢(t9,...,t)) and

F(ty,...,t,¥(t1,...,t)) =0
oOF oF

for every (t1,...,t;) € V. Moreover, existence and continuity of the partial A-derivatives N A
. . . . o) oy .
in UNTY x --- x T} implies the existence ofm,...,m in VAT x--- xTF.

In the following more general result, the implicit function is given by a system of equations (i.e.,
a single vector equation). We omit the proof since it is the same as in the classical case; it is sufficient to
use Theorem 2.9 and proceed by induction on the number of equations (see e.g. section 3.2 in [8]).

Theorem 2.10. Consider time scales T1,...,T;, a point p® = (£9,..., 2,49, ... ,y9) € Ty x---x Ty xR",
and a function F : U — R"™, where U is a neighborhood of p°. Assume that F satisfies the following
conditions:

1. F and —gF e —gF are continuous in U.
Y1 Yn
2. F(p) =0.

3. det %—5(]90) # 0.

Then there is an open set V.C Ty x --- x Ty containing the point (t,... ,t?) and a unique system of
continuous functions ¥y, ...,%, : V — R"™ such that y? = (89, ..., 1)) for every j € {1,...,n} and

F(t17~-~7tl71/}1(t17~'~7tl)7"'7wn(t1)"'atl)) =0

for every (t1,...,t;) € V. Moreover, existence and continuity of the partial A-derivatives %, ey Aaf;
in UNTY x - x T} implies the existence of 9% 4y, VNTyx---xTy forie {1,...,n} and j € {1,...,1}.

Ajt;

3 Periodic averaging

Assume that T is a T-periodic time scale, typ € T, U C R™, and f : [tg,00)r X U — R™ is a continuous
function which is T-periodic in the first argument. Throughout this section, we will use the following

notation:
1

. to+T
= — ,x) At, U
1o(x) T/tg ft,x)At, z €

We are now ready to prove the periodic averaging theorem. Our proof is very similar to the one given
in [16] (see Theorem 2.8.1 and Lemma 2.8.2) for the case T = R.

Theorem 3.1. Let T be a T-periodic time scale, U C R™, tg € T, 9 > 0, d > 0. Consider a pair of
bounded continuous functions f : [to,00)T x U = R™ and g : [tg,00) x U x (0,&0] — R™. Assume that f
is T-periodic in the first argument and Lipschitz-continuous in the second argument. Moreover, suppose
that for every e € (0,e¢], the initial-value problems

P20 = el a0) + Pt alt).€), alto) = 2o(e),
y=@) = ef"(yt), ylto) =yole)

have solutions xe,ye : [to,to + d/elr — U. If there is a constant B > 0 such that ||xo(e) — yo(e)|| < Be
for every e € (0,&], then there exists a constant C' > 0 such that

|lze(t) — ye(t)|| < Ce

for every e € (0,e0] and every t € [to, to + d/e]r.



Proof. There exist constants L, M > 0 such that || f(t,z)| < M, ||f°(z)| < M and ||g(t,z,¢)|| < M for
every t € [to,00)r, # € U, € € (0,e0], and ||f(t,x) — f(t,y)| < L||a — y|| whenever t € [to,00)r, z, y € U.
Clearly, f° is Lipschitz-continuous with the same constant L. For every ¢ € (0,&0] and t € [to, o + d/<]T,
we have the estimate

lz<(t) — g < [[zo(e) — yo(e) |l +€/t 1£(s,2(5)) +eg(s,2(s),€) — £O(ye(s))l| As

< Be+e +e2M(t — to)

/ (F(s,22(5)) — °(ue(5))) As

to

< Bete | [ (Flosa(o)) = Fls.e ) A5+ 2 | [ (Flov6) = P51 A + M (e~ 10
< Bet el [ flou(s) = uelo)] A+ / (f(5,5:(5)) — FOe()) As|| +2M(E—t0). (1)
Let m be the largest integer such that tg + mT <t. Then
/t (f(5,6(5)) — F(ye(5))) As =
m ato+iT . t .
Do g ) = M st [ (7o) = £e(6) s 2

For every i € {1,...,m}, we have

to+iT to+iT
/t (f(5:9=(s)) = FO(ye(5))) As = /t (f(5,9=(5)) — f(s,ye(to +4T))) As

g—i—(i—l)T o+(i—1)T
to+iT to+2T
+ / (F(s, 9 (to +4T)) — fO(ye(to +iT))) As + / (PO (ueto +T)) — f(ye(s))) As.
to+(i—1)T to+(i—1)T

By the definition of f°, the second of these integrals is zero:
to+iT to+T
/ (f(S,ys(to+iT))*fo(ys(toJriT)))AS:/ F(s,ye(to +iT)) As — T f°(ye(to +iT)) = 0.
t0+(i71)T to
Since y2(t) = ef°(y(t)) and the norm of f° is bounded by M, Corollary 2.8 gives
lye(s) — ye(to +iT)|| <eM(to+iT —s) <eMT, sé&lto+ (i—1)T,to+T]r.
Consequently, we obtain the following estimates for the first and third integral:

to+iT
< / Ly (s) — y=(to +iT)|| As < e LMT?
to+(i—1)T

t0+iT
/t (F(5,9:()) — F(5,ve(to +1T))) As

o+(i—1)T

to+iT
< / Ly (s) — ye(to +iT)|| As < eLMT?
tOJr(Z-*l)T

to+1T
[ (F(4e(5)) — fO(ueto +1T))) As

o+(i71)T

Collecting these results together gives

to+iT
/t (f(s,9:(5)) — fO(ye(s))) As|| < 2eLMT?

o+(:i—1)T




for every i € {1,...,m}. Using the fact that mT <t —ty < d/e, we obtain

m

to+iT
S (feels) - (s As

i=1 toJr(’L'*l)T

< 2meLMT? < 2LMTd.

Combining this estimate with equality (2), we see that

Substituting this result into (1), we obtain

/ (f(s,y:(s)) — fo(ys(s))) As|| < 2LMTd +2MT.

to

t
|z (t) — y=(t)|| < e(B +2LMTd + 2MT) + EL/ ze(s) — ye(s)|| As + 2 M (t — to).
to

It follows from Theorem 2.4 with o = &(B + 2LMTd + 2MT), B = €M, v = L that

eM

M
lze(t) — ()] < & (B +2LMTd + 2MT + L) eLe(t;to) = -

Finally, Theorem 2.5 gives

M M
e (t) — y= ()] < e <B +2LMTd + 2MT + L) esLt=to) _ %

M M
<e ((B+2LMTd+2MT+ L) eld — L) = Ce,

where C' is a constant independent of e. O

The set U C R™ from the assumptions can be a region of phase space that we are interested in. If
f and g are bounded in U, we can choose the constant d > 0 so that the solutions x, y remain in U for
every € € (0,g0] and ¢ € [to, o+ d/e]r. For example, let g € R™, 7 > 0and U = {z € R"; |z — x| < r}.
Assume that || f(¢t, z)|| < M and ||g(t, z,¢)|| < M for every z € U, t € [tg,00)T, € € (0,e0]. Consider the
solution of
(1) = f (t, 2(t)) + 29t 2(8),2), w(to) = 0

corresponding to € € (0,&0]. As long as = stays in U, its A-derivative is bounded by eM + ¢2M <
eM(1 + gg). Thus if we take d < m, then x cannot leave the ball U during the time interval
[to, to + d/e]r. The same assertion is true for y, whose A-derivative is bounded by e M.

Alternatively, we can start by choosing the constant d > 0 and finding ¢y > 0 and U C R™ such that
x,y € U for every € € (0,e0] and ¢t € [to, 1o + d/e]r.

The following example demonstrates the averaging method on a simple dynamic equation. We have
deliberately chosen an equation which can be solved analytically without averaging, so that we can
compare the solutions of the original and averaged equation.

Example 3.2. Consider the initial-value problem
2 (t) = e(sin(tr) + 1)z(t), (0) = xo

on the time scale T = (J;,[2k, 2k + 1]. A similar equation was used in [4] to describe the growth of a
plant population; in our case, the growth coefficient varies during the season instead of being constant.
This equation has the form 2 (t) = f(¢, 2(t)), where f(t,z) = (sin(tr) + 1)z is a 2-periodic function



in the first argument. It is clear that f is continuous and bounded on [ty,00)r x U whenever U is an
arbitrary bounded set. Moreover, ||f(¢,z) — f(t,y)|| < 2|jz — y| for every t € T and z, y € R™, which
means that f is Lipschitz-continuous in the second argument. The exact solution of the dynamic equation

is 2(t) = Toee(sin(tr)+1)(t,0), i.e.

2(t) = 2(2k) exp (/: e(sin(ur) + 1) du) — 2(2K) exp (;; (1_;0”’5 . 2k)> ,

k
22k +2) = (14+¢e)z(2k+1) = (1 + &) exp (e(2/7 + 1))x(2k)

for every nonnegative integer k and every t € [2k, 2k + 1].
According to the averaging theorem, a good approximation of the exact solution can be obtained by
considering the averaged equation y* (t) = e f(y(t)), where

Pw=y [ sewar=3 ([ st san) = ([ enen s =0 em

Its solution is
y(t) = y(2k) exp(e(1 + 1/m)(t — 2Kk)),
y2k+2)=14+e+e/myRk+1)= (1 +ec+¢e/m)exple(l + 1/7)y(2k))
for every nonnegative integer k and every t € [2k, 2k + 1].

4 Existence of periodic solutions

We now present a generalization of the classical theorem which says that if the averaged equation

Y (t) =ef(y(t)

has an equilibrium at pg, then the original equation has a periodic solution near pg for all sufficiently
small values of ¢ (see e.g. section 11.8 in [17]). The proof will be based on the so-called “near-identity
transform”: Given a pair of functions « : [a,b]r — R™ and u : [a,b]y x R™ — R", the near-identity
transform introduces a new function z : [a, bj]r — R™ given by the implicit formula

x(t) = 2(t) + eult, z(t)).

This is always possible for € small enough, although many texts devoted to averaging and its applications
do not discuss the validity of this transform. We provide a brief justification following the approach from
[16, Lemma 2.8.3]. The symbol B, (p) will be used here and throughout the rest of the paper to denote
the open ball {z € R"; || — p|| < r}.

Definition 4.1. Assume that X C Y C R". We say that X is an interior subset of Y, if there exists an
e >0 such that if z € X and |ly — z|| < e, theny € Y.

Lemma 4.2. Let T be a time scale, U C R™ an open set, D C R™ an interior bounded subset of U.
Consider a continuous function u : [a,bly X U — R™, which is continuously A-differentiable in the first
argument and whose partial derivatives 88—;1, ceey 3‘97" exist and are continuous in [a,bly x U. Then there

exists a number e > 0 and a unique function ¢ : [a,bly x (—eg,20) X D — U which satisfies

on its domain, is continuously differentiable with respect to € and x, and A-differentiable with respect to t.



Proof. Since D is an interior subset of U, there exists a ¢ > 0 such that if x € D and ||y — x| < §, then
y e U. Let
F(t,e,z,z) =z4cult,z) —z (3)

for every t € [a,b]T, € € R, 2 € R", z € U. This function is continuously differentiable with respect to
z, z and ¢, and continuously A-differentiable with respect to t. For every 7 € [a,b]r and every z¢ € D,
we see that F(7,0,x0,29) = 0 and %(T,O,Jio,l‘o) = I. According to Theorem 2.10 with [ = n + 2,
Ty = [a,b]r and Ty = -+ = T,,1o = R, there exist positive numbers §; (7, o), d2(7, x0), d3(7, o), and

a unique continuous function ¢ : (Bj, (7,24)(T) N[a, blT) X Bs,(r,20)(0) X Bs,(7,20) (o) — R™ which satisfies
F(t,e,z,o(t,e,x)) =0 (4)

in its domain; note that by (3), this is equivalent to
x=p(t e, z)+eu(t, o, e, x)). (5)

We know that (7,0, z0) = zo; by continuity of ¢, we can assume that 01(7, zq), d2(7, x0), d3(T, 20) are
small enough to ensure that ||p(t,e,z) — z|| < ¢ for every ¢, €, z, i.e. p(t,e,z) € U whenever z € D.

Since [a,b]T x D is a compact set, it can be covered by a finite number of neighborhoods of the form
(Bs, (,20)(T) N [a,b]1) X Bs,(r,00)(x0), where 7 € [a,bly and 29 € D. Let g9 be the minimum of the
corresponding values of d2(7,xg). Then for every e € (—¢gg,&0), t € [a,b]r and € D, there is a unique
p(t,e,x) € U such that (5) is satisfied.

Finally, Theorem 2.10 guarantees that ¢ has partial derivatives with respect to z1, ..., z,, € and partial
A-derivative with respect to t; differentiation of (4) shows that the partial derivatives with respect to
Z1,...,Ty, € are continuous. O

We also need the following statement concerning existence of solutions and differentiability with
respect to parameters, which is a consequence of Theorem 3.1 in [7].

Theorem 4.3. Let pg € R™, r > 0, g9 > 0. Assume that f : [a,b]r X B.(po) = R™ and g : [a,b]T X
B, (po) X (—e0,€0) = R™ are continuous, and that %, %, % exist and are continuous in their domains.
Then there exist €1 € (0,e9) and § € (0,7) such that for every € € (—e1,e1) and every xo € Bs(po), the
initial-value problem

z(t) = ef(t,x(t)) + 2g(t, x(t), ), a(to) = o

has a unique solution t — x(t,xo,€) defined on [a,b]y. For every t € [a,b]r, x(t, xg,€) is continuously
differentiable with respect to xo and €.

We now proceed to the promised theorem on the existence of periodic solutions.

Theorem 4.4. Consider a T-periodic time scale T, tg € T, pg € R*, r > 0, ¢g > 0, and a pair of
continuous functions f : [to,00)T X By(po) = R™, g : [to,00)T X Br(po) X (—€0,€0) — R™. Let

to+T
) = T/t F(t.2) AL,z € Bulpo).

Assume that the following conditions are satisfied:

1. é% and

655; exist and are continuous in [ty,00)t X By(po) for every i,j € {1,...,n}.

2. % and % exist and are continuous in [to,c0)r X B, (po) X (—€0,€0)-

3. f and g are T-periodic in the first argument.



4. [°(po) = 0 and det %L (po) # 0.

Then there exist numbers 1 € (0,e9), C > 0 and a continuous function p : [—e1,e1] — Br(po) such that
p(0) = po and for every e € [—e1,e1], the initial-value problem

2 (t) = ef (t,2(t)) + e2g(t, 2(t),¢), x(to) = p(e)
has a unique solution t — x(t,p(e), ) defined on [tg, 00)r, which is T-periodic and satisfies
lz(t, p(e),€) — poll < Clel, t € [to, 0)r-.
Proof. Let .
u(t.) = [ (f(s,2) = 1°(2)) Bs, @ € Bulpm), ¢ € [to, 0]

to
It follows from the definition of f° and Lemma 2.3 that the integral in the definition of u is zero when
taken over an arbitrary interval of length 7', and thus w is T-periodic in the first argument. Note that
u is always A-differentiable with respect to t. According to Theorem 2.6, % exists and is continuous in
[to, 007 X By (po).
Choose an arbitrary d; € (0,r). According to Theorem 4.3, there exist numbers €2 € (0,¢0) and
03 € (0,r) such that for every e € (—eg,e2) and every xy € By, (po), the initial-value problem

e (t) = ef (t,2(1)) + 29 (t,x(t), ), x(to) = o

has a solution ¢ — x(t, xg, ), which is defined on [tg,to + T|r, takes values in By, (po), and z(t, zg, ) is
continuously differentiable with respect to € and zg. Let §; € (d2,7). By Lemma 4.2, there exists an
g3 € (0,e2) such that if € Bs,(po), t € [to,to+ T, and € € (—e3,¢3), there is a z = (¢, ,z) € Bs, (po)
such that

x=z+eu(t, z).

We also know from Lemma 4.2 that the near-identity transform z = ¢(t, €, x) is continuously differentiable
with respect to  and A-differentiable with respect to ¢. Given a fixed € € (—e3,e3) and a A-differentiable
function z : [to, to+ 1]t — Bs,, we can let z(t) = ¢(t, &, z(t)) and thus obtain a function z : [to, to+ 1]t —
Bs, (po) such that

x(t) = 2(t) + eu(t, z(t)).
Note that z is A-differentiable; this is clear at right-scattered points, and at a right-dense point ¢, we
have

(1) = (1, 2,2(0)) + 2 (1,2, 2(0)a (1),

Now, assume that the function z satisfies 22 (t) = ef(t, z(t)) +€2g(t, x(t), ). If t is right-dense, we obtain
T 2(0) + (1, 2(0),) = (1) = 2(0) + eud (1, 2(0) + £ 91 (0, ()2 (1),

Using the obvious identity u®(t,2(t)) = f(t,2(t)) — f°(z(t)), rearranging the terms and substituting
x(t) = 2(t) + eu(t, 2(t)), we conclude that

(1 + a%(t, z(t))) A1) = e fO(2(t) — ef (t, 2(t)) + e f (£, 2() + eut, 2(t)))+

+e2g(t, 2(t) + eult, 2(t)), ). (6)
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On the other hand, if ¢ is right-scattered, we have
u(o(t), 2(o(t))) — ula(t), z(1)
p(t)
u(o(t), 2(t) — ut, 2(t)) w(o(t),z(a(t)) = ulo(t), 2(t))
(@) (0
The mean-value theorem for vector-valued functions (see e.g. [11], page 278) gives

ef(tz(t) +%g(t,a(t),e) = a2 (t) = 22(t) + ¢

_|_

+e =22(t) +¢ + eul(t, 2(t)). (7)

o0 2(0(0) = ulo(®)2(0) = | FEa(0.( = s)s(a(0) + 52(0) ds ) (:(o(0) - 3(0)

If we introduce the function M : [to,to + T]r X Br(po) X Br(po) — R™ by the formula

L ou

M(t,a,b) = ; %(O’(t), (1 —3s)b+ sa)ds,

it follows that

u(o(t), 2(o(t)) — u(o(t), 2(t)) A
= M(t,z(t), z(a(t)))z=(t).
o (t,2(1), (0 (1)) =5 1)
Substituting this into (7), using the identity u® (¢, 2(t)) = f(t, 2(t)) — f°(2(t)), and rearranging the terms
as in the right-dense case, we obtain

(I +eM(t, 2(t), 2(a(t)22 (t) = efO(2(t)) — ef (L, 2(t)) + e f (t, 2(t) + cult, 2(t)))+

+e2g(t, 2(t) + eult, 2(t)), ). (8)
Note that if ¢ is right-dense, then M (¢, z(t), z(c(t))) = %(tv z(t)). Comparing this with equation (6), we

see that equation (8) is in fact true for both right-dense and right-continuous points .
M is bounded on [tg,to + Tt X Bs, (po) X Bs, (po), thus if || is sufficiently small, we have

o}

(I+eM(t,z(t),2(a0(t))) ! = Z(—l)kekM(t,z(t),z(a(t)))k.

k=0

Consequently, it follows from (8) that

A = (Z(—n’“ew(t, 2(t), z(a(t»)k) (e£2(2(8)) — ef (t, (1)) + £ £ (t, 2(8) + eult, =())+
k=0
+e2g(t, 2(1) + eult, 2(), ). (9)

Using the mean-value theorem again, we obtain

ft, z+eult,z) — f(t,2) = < ; %(t,z—i—esu(t,z)) ds) eul(t, z).

Thus, if we let

h(t,z,e) = ( ; %(t,z + esu(t, z)) ds) u(t, z),

then (9) can be rewritten as

o0

22(t) = (Z(—l)kekM(t,z(t), z(a(t)))k> <5f0(z(t)) + &2 (h(t7 z(t),e) + g(t, z(t) + eu(t, z(t)),s)))

k=0
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After collecting all terms of order €2 together, we obtain

22(t) = ef°(2(t) + €*R(t, 2(t), 2(0 (1)), €),

where

R(t, z,w,e) = (Z kklMtzw)k>+

k=1
+(h(t, z,e) + g(t, z + cu(t, 2),€)) (i(—l)kskM(t, z, w)k> .
k=0

Note that z(tg) = z(tg). Thus we have proved that if || is sufficiently small and zo € Bs,(po), the
initial-value problem

22(t) = ef*(2(1) + €2 R(L, 2(t), 2(a (1)), ), 2(to) = 20 (10)

has a solution ¢ — z(t, zo,¢) defined on [tg,to + T, which takes values in Bs, (po) and is given by the
implicit formula
x(t, z0,€) = 2(t, 20, €) + eu(t, 2(t, 20, €)).

Since the near-identity transform x(¢, zo,e) — z(t, z0,€) is continuously differentiable with respect to
and zp, it follows that z(¢, zg,€) is also continuously differentiable with respect to £ and zg. Let

to+T
Flaod)= [ e(t20,2) + =R 2(t50.2), 20(0),20,2), DA
to
Note that by (10), z(to, z0,€) = 2z(to + T, 20, €) if and only if F(zp,e) = 0.
If e = 0, then 2(t, 20,€) = 2 for every t € [to,to + T, F(20,0) = Tf%(20), and consequently

F(po,0) =T f(po) =0,

0
det 5 (90 0) = T det 2L (30) 2 0.
An inspection of the definition of R reveals that this function is continuously differentiable in the second,
third and fourth argument. Since both z(t, zp,¢) and z(o(t), 29, €) are continuously differentiable with
respect to € and 2, we conclude that F' is also continuously differentiable with respect to € and z.
According to the implicit function theorem, there exists a number 4 € (0,20) and a continuous
mapping p : (—e4,e4) — Br(po) such that F(p(e),e) = 0 for every € € (—e4,¢4), i.e. 2(tg,p(e), &) =
z(to + T,p(e),e). Consequently, x(to, p(e),e) = x(to + T, p(e),e). Thus if x is extended T-periodically to
[to, 00)T, We obtain a T-periodic solution of z2(t) = ef(t, z(t)) + £2g(t, 2(t), €).
The implicit function theorem guarantees that p is differentiable at 0, and thus there exist numbers
B >0, 1 € (0,e2) such that ||p(e) — pol|| < Ble| if |e] < e1. We let d = &1T. By the periodic averaging
theorem (the Lipschitz-continuity assumption follows from the continuity of %), there exists a number
C > 0 such that

llz(t,p(e),e) — poll < Ce

for every t € [to,to + T|r and every ¢ € (0,e1]. The solution z is T-periodic, and therefore the last
estimate is in fact valid for every t € [tp,00)r. We still need to obtain the corresponding estimate
for € < 0. This can be done by considering the functions f(t,m) = —f(t,z), g(t,z,e) = g(t,z,—¢),
p(e) = p(—¢), Z(t,x0,e) = x(t, 209, —¢) and applying the periodic averaging theorem to the initial-value
problem

F2(t) = ef (1, &(1))) + 24(t 2(t), ), F(to) = B(e)

with € > 0. |
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Example 4.5. Consider the time scale T = Z and the dynamic equation
2 () =e(1 —z(t) + (-1)), t€{0,1,2,...},

whose right-hand side is 2-periodic in . The corresponding averaged equation is y*(t) = f°(y(t)),
where fO(z) = 1 — x. It has an equilibrium solution y(t) = py = 1. Moreover, %—’;ﬂ(po) = —1. Thus
the previous theorem guarantees that the original dynamic equation has a 2-periodic solution near pg
whenever |¢] is sufficiently small. Indeed, the equation is so simple that we can solve it analytically and
look for a 2-periodic solution; the result is z(t) = 1+ (—1)%e/(¢ — 2). Using the notation of Theorem 4.4,
we have p(e) = z(0) = 1+ ¢/(e — 2). If we restrict ourselves to € € [—1,1], we have |e — 2| > 1 and
|x(t) — 1| = |e/(e — 2)| < |¢] for every t € {0,1,2,...}.

5 Nonperiodic averaging

Consider an interval I C R, a set B C R", and a function F' : B x I — R". A function x : I — B is
called a solution of the generalized ordinary differential equation

& DF(,1),
dr

whenever
£(s2) — 2(s1) = / DF(x(r).t)

for each pair of values s, s2 € I. The integral on the right-hand side is the Kurzweil integral defined as
the limit of the integral sums

(F(1j,05) = F(7j,5-1))

k
=1

J
with respect to d-fine partitions a = ap <oy < -+ < =b, 7 € [ai—1,04], ¢ = 1,...,k (see [12] for
more details). An important special case of this integral is the Kurzweil-Stieltjes integral f; f(s)dg(s),
which is obtained from a pair of functions f : [a,b] — R™ and g : [a,b] — R by setting F(7,t) =
f(m)g(t). Generalized ordinary differential equations were introduced by Jaroslav Kurzweil in 1957 (see
the paper [9]). It is now known that this concept includes not only ordinary differential equations, but
also differential equations with impulses, measure differential equations, retarded functional differential
equations, dynamic equations on time scales etc.

In this section, we use the existing averaging theorem for generalized ordinary differential equations
to derive a nonperiodic averaging theorem for dynamic equations on time scales.

In the following text, we use the same notation as in [13]: if ¢ < sup T, we let

t* =inf{s € T;s > t}.

(Note that t* is different from o(¢) = inf{s € T;s > t}.) Since T is a closed set, we have t* € T. Further,

let
T (—o0,sup T if supT < oo,
(=00, 00) otherwise.

Given a function f: T — R", we define a function f*:T* — R" by
fr@) = f(t7), teT.
Similarly, given a set B C R™ and a function f: B x T — R"”, we let

[ (z,t) = f(z,t"), z€ B, t€T"
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Finally, a function f: B x T — R" is called rd-continuous, if the function ¢ — f(x(t),t) is rd-continuous
whenever x : T — B is a continuous function.

The following theorem describes a one-to-one correspondence between the solutions of a dynamic
equation and the solutions of a certain generalized ordinary differential equation. The statement is a
special case of Theorem 12 from [13].

Theorem 5.1. Let B be a bounded subset of R™ and f: B x T — R" a bounded rd-continuous function,
which is Lipschitz-continuous in the first variable. If x : T — B is a solution of

2®(t) = f(z(t),t), tET, (11)

then x* : T* — B is a solution of the generalized ordinary differential equation

dx
— =DF(x,t), teT* 12
L= DF(u1), 1T, (12)

where

t
F(z,t)= [ f(z,s")dg(s), v € B, teT",
to

to € T is an arbitrary fized number, and g(s) = s* for every s € T*. Moreover, every solution y : T* — B
of (12) has the form y = z*, where x : T — B is a solution of (11).

We proceed to the averaging theorem for generalized ordinary differential equations (the statement
as well as its proof can be found in [12], Theorem 8.12).

Theorem 5.2. Consider a number r > 0 and a function F' : B,.(0) x [0,00) — R™ such that the following
conditions are satisfied:

1. There exists a nondecreasing function h : [0,00) — R such that
[F(2,t2) = F(x,t1)] < |h(t2) — h(t1)]
for every x € B,.(0) and t1,ts € [0,00).
2. There exists a continuous increasing function w : [0,00) — R such that w(0) = 0 and
[F(z,t2) = F(z,t1) = F(y, t2) + F(y, t1) || < w(llz = yl)|A(t2) — At1)]
for every xz,y € B,(0) and t1,t5 € [0, 00).
3. There exists a number C € R such that for every a € [0,00)

h(a+r) — h(a) <c

lim sup
T—>00

4. There exists a function Fy : B.(0) = R™ such that

lim L(m, )

r—00 r

= Fy(x), = € B,(0).

Let xg € B,(0). Assume that the equation

y'(t) = Fo(y(t)), y(0) =0

14



has a unique solution y : [0,00) — R™, which is contained in an interior subset of B,(0). Then for every
w >0 and d > 0 there is an g9 > 0 such that for every € € (0,eq), the generalized ordinary differential

equation

& D (1), #(0) = 20

has a solution x. : [0,d/e] — R™, the ordinary differential equation
y'(t) = eFo(y(t), (0) =0
has a solution y. : [0,d/e] = R™, and
lze(t) — ye(t)|| < p for every t € [0,d/e].

With the help of the previous two statements, we prove the following averaging theorem for dynamic
equations on time scales.

Theorem 5.3. Let T be a time scale with sup T = oo and limsup,_, . pu(t)/t < 0o, to € T, p e R”, r > 0.
Assume that f : Br(p) X [to,00)r — R™ is bounded, rd-continuous, and Lipschitz-continuous in the first
variable. Moreover, assume there ezists a function f°: B,.(p) — R™ such that

to+T

tw 2 [ £ (s dgls) = ), @< B (),
to

where g(s) = s* for every s € [tg,00). Let g € B(p). If the equation

y'(t) = fy(t), ylto) = o

has a unique solution y : [to,00) — R™, which is contained in an interior subset of B,(p), then for every
>0 and d > 0 there is an €9 > 0 such that for every e € (0,¢), the dynamic equation

2B (t) = ef(x(t), 1), x(to) = w0
has a solution x. : [tg, tg + d/elr — R™, the ordinary differential equation
y'(t) = ef(y(t), y(to) = o
has a solution y. : [to, to + d/e] — R™, and
[2(t) = ye (Bl < p for every t € [to, to + d/e]r.

Proof. Assume without loss of generality that t5 = 0; otherwise, consider a shifted problem with time
scale T = {t—to; t € T} and right-hand side f(z,t) = f(z,to+t). Similarly, we can assume that p = 0. By
the assumptions, there exist numbers m, [ € RT such that ||f(z,t)|| < m and || f(z,t)— f(y,t)|| < ||z -yl
for every x,y € B,.(p) and t € [tg, 00)r. Let h(t) = m-g(t) for t € [0,00), w(r) = % -r for every r € [0, 00),
and

F(J;,t):/o F(,8)dg(s), @€ By (0), t e [0,00).

When 0 < t; <ty and x € B,.(0), we have

[F(z,t2) — F(z,t1)| = ‘ <m(g(t2) — g(t1)) = h(t2) — h(t1).

/ 7 (2,5) dg(s)
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Similarly, if 0 < ¢; < 5 and z,y € B,.(0), then
| F(x,t2) — Fz,t1) — Fy, t2) + F(y, t1)]|

<z = yl(g(t2) = g(t1)) = w(llz = yl)m(t; - 1) = w(llz = y[)(ht2) = h(t1))-

Since limsup,_, . (t)/t < oo, there exists numbers D > 0 and 7 € T such that u(t)/t < D for every
t € [r,00)7. It follows that if ¢ € R is such that p(¢*) > 7, then

to

Fes)da(s) — [ F*(y.5)dg(s)

t1 tl

/ (F(@s) — 1 (5. 5)) dg(s)

ty

t* <t+pu(p(t*)) <t+ Dp(t*) <t+ Dt =t(D+1).
Thus for sufficiently large r we obtain

h(a+r) — h(a) _ m((a+7r)*—a*) < m((a+7r)(D+1) —a*)

r r r

)

and consequently

h(a+r) — h(a) m((a+7)(D+1)—a*)

lim sup < lim =m(D+1).
r—o00 r r—00 T
It is also obvious that P
tim £00) _ 90(2), € B.(0),
T—>00 T

and thus we see that F satisfies all four assumptions of Theorem 5.2. According to this theorem, given
a >0 and d > 0, there is an g > 0 such that for every € € (0,¢q), the generalized ordinary differential

equation

dx
i D(eF(z,t)), 2(0)=0

has a solution z. : [0,d/e] — R™, the ordinary differential equation
Y (1) = (y(1), ylto) =9
has a solution y, : [0,d/e] — R™, and
() — 9e(2)]| < g for every t € [0, d/e].

To conclude the proof, it is sufficient to observe that, according to Theorem 5.1, the restriction of x. to
[0,d/e]r coincides with the solution of the dynamic equation

22 (t) = ef (2(t),1), 2(0) = 0. O

Our averaging theorem says that solutions of the original dynamic equation might be approximated
by solutions of a certain autonomous differential equation, whose right-hand side is calculated with the
help of the Kurzweil-Stieltjes integral. This integral might be difficult to evaluate, but as we now show,
it is often possible to obtain the averaged function with the help of an ordinary A-integral. We need the
following statement, which is a consequence of Theorem 5 in [13].
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Theorem 5.4. Consider a time scale T with supT = oo. Let f : [tg,00)r — R™ be a rd-continuous
function. Choose an arbitrary a € [tg,00)r and let

F(t) = f(s)As, t € [tg,00)T,

Fy(t)

Il
s
*
—
)
S~—"
Q.
K
—
)
S~—"
~
m
=S
e

where g(s) = s* for every s € [ty,00). Then Fy(t) = F;(t) for every t € [to,00); in particular, Fa(t) =
Fi(t) for every t € [to,c0)T.

Lemma 5.5. Consider a time scale T such that supT = oo and lims oo pu(t)/t = 0, a number ty € T
and a function H : [tg,00)r — R™ such that

Then ot
lim ( )

t—o00 t

=L

Proof. Given an arbitrary € > 0, we can find a T > max(tg, 0) such that for every ¢ > T we have

2]
pi(t)

— < E.
t

Then =

*(t

|72 1] <
t*
| H*(8) — Le*]| < et

and

[H7(t) = Lil| = [H(t") = Lt" + Lt* = Lt|| < [[H(t") = L[| + [[L][ (" — 1) < et™ + [|L]|u(p(t"))-

Now, if ¢ is such that p(¢*) > T, we obtain

HH (t) _LH < M) et JIE]k(p(7)
t t t o) T ()
ep(t”) + p(p()) | ILu(p(t))
< + <et+e+|Llle=e@2+|L
g e IZlle = 2+ 1)
and the conclusion follows easily. O

Combining the last lemma with Theorem 5.4, we obtain the following corollary.

Corollary 5.6. If supT = oo, limi_o u(t)/t = 0, and h : [tg,00)r — R™ is A-integrable on every
compact subinterval of [ty, 00)T, then

1 to+T 1 to+T
AT /to 7 (s) dg(s) = T—>ool,lgl+Te1r T/, hs) As,

provided the limit on the right-hand side exists.
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Proof. Let H(u) = ftz h(s) As, u € [tg,00)r. Then

.1 [t . H*(to+T) . H*(to+T)to+T . H*(to+T)

TIEEOT/tO Po(s)dg(s) = lim ———p— = lim — == = i =
* H H(tg+T H(to+T) T

= lim (w) = lim (u) = lim M = lim (to +T)

U—00 u u—oo, u€T U T—oo, to+T €T to +T T—o0, to+T€T T to +T

H(to+T 1 [ltT
= lim Alto+T) = lim — h(s) As. O
T—00, tg+TET T T—o0, to+T€T T’

In the context of our averaging theorem, we see that if lim;_, . p(t)/t = 0, then

to+T to+T
Pe=gm ot [ e = m o L[ e as

Too T T—00, to+T€T T

provided the right-hand side exists. This justifies the name “averaging theorem”, since we are calculating
the average of t — f(x,t) over [tg, 00)T.

The condition lim; o p(t)/t = 0 means that the time scale graininess grows slower than linearly
as t — oo. (In particular, every time scale with bounded graininess satisfies this condition.) Without
this condition, the corollary is no longer true. To see this, assume that p(t)/t > e for arbitrarily large
values t, and consider a function h : [tg,00)r — R which is identically equal to L > 0. If tc + T € T,

ot Ty, s)As = L. Tt follows from the properties of the Kurzweil-Stieltjes integral that the

to +T

we have 2 T f

function T+ h*(s)dg(s) has a jump of size = Lu(T) at every T’ € [to,00)r, which exceeds Leg
for arbitrarily large values T'. Thus the second limit does not exist.

Example 5.7. Consider the time scale T = Z and the linear dynamic equation

2B (t) = < 1+1i> z(t), te{0,1,2,...}, z(0)= .

1+t
and Lipschitz-continuous in B, (p) x [0,00)r (with Lipschitz-constant [ = 1). Since lims_, oo p(t)/t = 0,
we calculate

e 1 ~T+y, L
0 T _ — : i=1 4 — _
f(x’t)_Thféo (T/O ( 1+1+t>At>w <Th_r>réo T * -

According to the averaging theorem, the solutions of the original dynamic equation are well approximated
by solutions of the averaged differential equation

Given an arbitrary p € R and r > 0, the right-hand side f(z,t) = ( 1+ —) x is rd-continuous, bounded

yl(t) = 75y(t)7 te [0,00), y(O) = Zo-

Note that we have deliberately chosen a simple example where both solutions can be found analytically:

eg(_1+ﬁ)(t,0)$0: f[ (1_€+l+k> 1:[ (1_g+ )

k=0 =

8
—~

o~
=

Il
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6 Conclusion

The statement as well as the proof of the periodic averaging theorem for dynamic equations on time scales
are similar to the classical case T = R. Generalizing the proof of the nonperiodic averaging theorem turns
out to be more difficult and thus we have followed a different path via generalized ordinary differential
equations. The disadvantage is that our result applies only to time scales with limsup,_, . u(t)/t < oo,
i.e. the graininess cannot grow faster than linearly as ¢t — oo. The question whether there is an averaging
theorem applicable to all time scales remains open.

Note also that in the periodic case, the averaged equation is a dynamic equation, while in the non-
periodic case, the averaged equation is an ordinary differential equation. (See also the paper [10], which
contains a periodic averaging theorem where the averaged equation is an ordinary differential equation.)
Both approximations have their merits: ordinary differential equations are often easier to deal with, but
from an aesthetic point of view, it seems more natural to approximate a dynamic equation by a dynamic
equation again. Thus the second open question is whether there exists a nonperiodic averaging theo-
rem where the averaged equation is a dynamic equation defined on the same time scale as the original
equation.

ACKNOWLEDGMENT. The author thanks the anonymous referee whose suggestions helped to improve
this paper.
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