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Definition
Let X be a set. The function d : X × X → [0,∞) is a metric on
X if the following holds:

1 d(x , y) = 0 ⇐⇒ x = y .
2 d(x , y) = d(y , x).
3 d(x , y) ≤ d(x , z) + d(z, y) for all z ∈ X .

A set X together with metric d is called a metric space.

Definition
Let F be a field. The function ‖ ‖ : F → [0,∞) is a norm on F if
the following holds:

1 ‖ x ‖= 0 ⇐⇒ x = 0.
2 ‖ x · y ‖=‖ x ‖ · ‖ y ‖ .
3 ‖ x + y ‖≤‖ x ‖ + ‖ y ‖ .
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Definition
Let p ∈ P be any prime number (P is set of all prime numbers).
The p-adic valuation (or p-adic order) is defined as
νp : Z→ N ∪ {∞}

νp(x) =

{
max { v ∈ N0|pv divides x } if x 6= 0
∞ if x = 0.

We can naturally extend p-adic valuation on rational numbers Q
as follows: let x = a/b then νp(x) = νp(a)− νp(b).

Example

ν3(5) = 0, ν2(12) = 2, ν5(1/5) = −1.
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Proposition

Let | |p be a map on Q as follows:

|x |p =

{
(1

p )
νp(x) if x 6= 0

0 if x = 0.

Then | |p is a norm on Q.

Proof.
Properties (1) and (2) are trivial and the triangular inequality is
easy exercise :-)
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Definition
The sequence a1,a2, . . . is Cauchy if

∀ε > 0,∃N ∈ N, ∀m,n > N : d(am,an) < ε.

Definition
Two metrics d1 and d2 on a set X are equivalent if a sequence
is Cauchy with respect to d1 if and only if it is Cauchy with
respect to d2 and two norms are equivalent if they induce
equivalent metrics.
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Proposition

Let ‖ ‖1 and ‖ ‖2 be two norms such that ‖ ‖1=‖ ‖α2 for some
positive real α. Then they are equivalent.

Proof (sketch)

let a1,a2, . . . be a Cauchy sequence with respect to ‖ ‖1
for ε > 0 find N such that ‖ am − an ‖1< εα

then for
ε > 0, ∃N ∈ N, ∀m,n > N : ‖ am − an ‖1=‖ am − an ‖α2< εα

similar to other side
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Theorem (Ostrowski)

Every nontrivial norm ‖ ‖ on Q is equivalent to | |p for some
prime p or is equivalent to the absolute value | |.

Proof
Case (i): suppose there exists positive integer n such that
‖ n ‖> 1.

let n0 be the least such n
there exists α : ‖ n0 ‖= nα0
n = a0 + a1n0 + a2n2

0 + · · ·+ asns
0

‖ n ‖ ≤‖ a0 ‖ + ‖ a1n0 ‖ + ‖ a2n2
0 ‖ + · · ·+ ‖ asns

0 ‖
=‖ a0 ‖ + ‖ a1 ‖ nα0+ ‖ a2 ‖ n2α

0 + · · ·+ ‖ as ‖ nsα
0

≤ 1 + nα0 + n2α
0 + · · ·+ nsα

0

= nsα
0 (1 + n−α0 + n−2α

0 + · · ·+ n−sα
0 )
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= nsα
0 (1 + n−α0 + n−2α

0 + · · ·+ n−sα
0 )

≤ nα(1 + n−α0 + n−2α
0 + · · ·+ n−sα

0 )

≤ nα(1 + n−α0 + n−2α
0 + · · ·+ n−sα

0 + . . . )

= nα
( ∞∑

i=0

(1/nα0 )
i
)

= nαC

‖ n ‖≤ nαC, for some constant C
‖ nN ‖≤ nαNC
‖ n ‖≤ N

√
Cnα for N →∞ we have ‖ n ‖≤ nα
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n = a0 + a1n0 + a2n2
0 + · · ·+ asns

0

ns+1
0 > n ≥ ns

0

‖ ns+1
0 ‖=‖ n + ns+1

0 − n ‖≤‖ n ‖ + ‖ ns+1
0 − n ‖

‖ n ‖ ≥‖ ns+1
0 ‖ − ‖ ns+1

0 − n ‖

≥ n(s+1)α
0 − (ns+1

0 − ns
0)
α

= n(s+1)α
0 (1− (1− 1/n0)

α)

≥ nαK

same as before ‖ n ‖≥ N
√

K nα =⇒ ‖ n ‖≥ nα

hence ‖ n ‖= nα for any positive integer
from (2) we have ‖ x ‖= |x |α for any x ∈ Q
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Case (ii)

suppose that ‖ n ‖≤ 1 for all positive integers n
let n0 be the least such n that ‖ n ‖< 1
n0 is prime, if n0 = n1 · n2 then ‖ n0 ‖=‖ n1 ‖ · ‖ n2 ‖= 1
denote p = n0

we claim ‖ q ‖= 1 if q is prime not equal to p
if not ‖ q ‖< 1 and there exists N such that ‖ qN ‖< 1/2
for p exists M such that ‖ pM ‖< 1/2
1 =‖ 1 ‖=‖ mpM + nqN ‖≤‖ m ‖‖ pM ‖ + ‖ n ‖‖ qN ‖
≤‖ pM ‖ + ‖ qN ‖< 1/2 + 1/2 = 1
hence ‖ q ‖= 1
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for any a ∈ Q we have a = pb1
1 pb2

2 . . . pbr
r

‖ a ‖=‖ p1 ‖b1 · ‖ p2 ‖b2 . . . ‖ pr ‖br

‖ a ‖=‖ p ‖νp(a)

there exists ε such that (1/p)ε =‖ p ‖
hence ‖ ‖ is equivalent to | |p
QED
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Proposition
Let a ∈ Q, and a 6= 0 then

|a|
∏
p∈P
|a|p = 1.

Proof.

let a = ±p
νp1 (a)
1 · pνp2 (a)

2 . . . p
νpk (a)
k .

|a|
∏
p∈P
|a|p = p

νp1 (a)
1 · pνp2 (a)

2 . . . p
νpk (a)
k

· (1/p1)
νp1 (a) · (1/p2)

νp2 (a) . . . (1/pk )
νpk (a)

= 1
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Thank you for your attention.
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