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L Osvonskineorem
Let X be a set. The function d: X x X — [0, c0) is @ metric on
X if the following holds:

Q dx,y)=0 < x=y.
Q d(x,y) =d(y,x).
Q d(x,y) <d(x,z)+d(z,y)forall z € X.
A set X together with metric d is called a metric space.

Let F be a field. The function || ||: F — [0, c0) is @ norm on F if
the following holds:

Q|x]=0 < x=0.
Q lIx-yl=lxl-llyl-
Q Il x+yl<lxl+Iyl-
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Definition

Let p € P be any prime number (P is set of all prime numbers).
The p-adic valuation (or p-adic order) is defined as

vp: Z—-+NU{oo}

00 if x =0.

V Aisi .
Vp(x):{max{veNoyp divides x} ifx #0

<

We can naturally extend p-adic valuation on rational numbers Q
as follows: let x = a/b then vp(x) = vp(a) — vp(b).

v3(5) = 0,15(12) = 2, 5(1/5) = —1.
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L Ostowsiitheorom

Let | | be a map on Q as follows:

i {0 Hx20
7o if x = 0.

Then | | is @a norm on Q.

Properties (1) and (2) are trivial and the triangular inequality is
easy exercise :-) O

v
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Definition
The sequence ay, ao, ... is Cauchy if

Ve >0,aN e NVm,n> N: d(am, an) < e.

Definition

Two metrics d; and d» on a set X are equivalent if a sequence
is Cauchy with respect to d; if and only if it is Cauchy with
respect to d> and two norms are equivalent if they induce
equivalent metrics.
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Let || |1 and || || be two norms such that || ||1=]|| ||5 for some
positive real «. Then they are equivalent.

Proof (sketch)

@ let a1, a», ... be a Cauchy sequence with respect to || |4
@ for ¢ > 0 find N such that || an — an ||1< €*
@ thenfor B
e>0,ANe N, Vm,n> N: | am—an |1=] am — an ||5< *
@ similar to other side
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Ostrowski theorem

Theorem (Ostrowski)

Every nontrivial norm || || on Q is equivalent to | |, for some
prime p or is equivalent to the absolute value | |.

Proof

Case (i): suppose there exists positive integer n such that
I nij>1.

@ let ny be the least such n
@ there exists a: || np ||= n§
@ n=ay+aing+ani+-- +asng

2
Inli<llao [l + [ anoll + Il @&mg ll +---+ Il asng |
=|l @ || + Il & || ng+ Il @ | m5* +---+ || as || m®
<1+ng+m*+--- +n®

_ n(s)a(-l + naa + na2a N nasa)
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Ostrowski theorem

= m§*(1 + g™ + ny?* + -+ - + 1y >*)
na(1 + naa 4+ naZoz I nasa)
n*(

1+ +m2*+ .+ +...)

IAIA

n“(gwng)’) e

@ || n||< n®C, for some constant C
o |nN|<nmNC
@ || n||< ¥Cn~for N — oo we have || n||< n®
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Ostrowski theorem

@ N=ay+aing+an+-- +asng

S+1 S
o Ny >n2n0

1 1 1
o | nst =l n+ngt =< nll+ | nST = n|
1 1

Inll =l nst | = st = n|

> aSte _ (ngt — n§)e
+1

= nl = (1 = 1/mp)*)

> n*K

@ same as before || n||> VKn® = || n||> n®
@ hence || n ||= n® for any positive integer
@ from (2) we have || x ||= |x|* forany x € Q
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Ostrowski theorem

Case (ii)

@ suppose that || n ||< 1 for all positive integers n

@ let ny be the least such nthat || n||< 1

@ ngisprime,ifng=ny-nathen | ny ||=|| N1 |- || me|l=1
denote p = ny
we claim || g ||= 1 if g is prime not equal to p
if not || g ||< 1 and there exists N such that || gV ||< 1/2
for p exists M such that || pM ||< 1/2
1=[ 1 ||=l mpM +ng™ < m I D" | + 1l n ]Il gV |
<[Pl +1IgV < 1/2+1/2=1
@ hence | g|=1
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Ostrowski theorem

e forany a € Q we have a=p?'p%...p~
o lal=lpsil”-Ipl®... |l prI®

o | al=llpl

@ there exists ¢ such that (1/p)c =|| p ||

@ hence || || is equivalent to | |,

e QED
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Ostrowski theorem

Proposition

Leta e Q, and a # 0 then

&l [T Ialo = 1-

peP
o lota=p® . px® . pt®.

V (a) Vp Vpj (a)
|al H |alp = py” R o
pEP

-(1/p1)2 @ - (1/pp) 2@ . (1/py) s (@)
—1

D/
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Ostrowski theorem

Thank you for your attention.
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