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Q Reflexivity: a < a.
Q Antisymmetry: (a <band b<a)=a=b.
Q Transitivity: (a <bandb<c¢)=a<c
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Pis aposet, HC P and a € P.
o upper bound of H: h < a, Vh € H.
o supremum of H (\/ H):a < b, Vb - upper bound of H.
o lower bound of H: h > a, Vh € H.
infimum of H (A H):a < b, Vb - lower bound of H.
obePa<b<= b<aandfornox e Pb<z<a.
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o A poset (L; <) is a lattice if sup{a, b} and inf{a, b} exist for all
a,be L.

o A poset (L; <) is a lattice iff sup H and inf H exist for any finite
nonvoid subset H of L.
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Definitions are equivalent. I

H C L,H +# @, finite.
o H={a} thena<a=\H=a.
o H ={a,b,c} then \/{a,b} =d, \/{c,d} =e.
a<db<d,d<e,c<e=>h<eVheH.
a< f,b<f=d< fralsoc< f=e<f=e=\H.
o H={a,a9,...,an},n>1=\H=
Vi V{V{a1, a2}, as} ... an}
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o A lattice L is called complete if \/ H and A\ H exist for any subset
HCL.

o An element a of lattice (L; <) is an atom if a > 0, i.e., if a covers 0.
It means that a > 0 and fornox € L, a > = > 0. A lattice L is
atomic iff it has 0 and for every b € L, b # 0, there is an atom a < b.

o Let L be a complete lattice and let a be an element of L. Then a is
called compact iff a <\/ X for some X C L implies that a < \/ X3
for some finite X; C X. A complete lattice L is called algebraic iff
every element of L is a join of compact elements.

Veronika Heglasova



Height function:
h(a) =

the length of longest maximal chain in [0, a],if there is a finite one
{ oo otherwise
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o A lattice is called semimodular iff it satisfies the Upper Covering
Condition, thatis, ifa<b=aVe<bVcoraVec=>bVe.

o Modular lattice is lattice satisfying condition
x>z=(@xAy)Vz=xzA(yVz),

which is equivalent to the following identity:

(xAy)V(eAz)=xA(yV(zAz)).
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Let L be a finite lattice. Then
L is semimodular <= h(a) + h(b) > h(aAb)+ h(aVb) forall a,b e L.

Proof
z,y €L

Vet [z Ayl = [y, 2 Vylve(2) = 2V
maximal chains to maximal chains
length of [y, z V y] > length of [z Ay, y]

assume r Ny <
hz)=h(xANy)+1=h(zVy) <h(y) +1
zVy>y=hzVy =hly)+1=y=<zVy
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o A lattice L is called geometric iff L is semimodular, algebraic and
the compact elements of L are exactly the finite joins of atoms of L.

o A geometry (A,” ) is a set A and a function ~: P(A) — P(A),
satisfying the following properties:

XCX;
if X CY,then X CY;
X =X.

@ =2, and {z} = {z} for all z € A.

If z € XU {y}, butzgéX then y € X U {x}.

If x € X, then z € X; for some finite X; C X.
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Let (A,~) be a geometry. Then L = L{A,~) = {X|X C A} (i.e, the
lattice of all closed subsets of A) is a geometric lattice. Conversely, if L is
a geometric lattice, A is the set of atoms of L, and for every X C A, X
is the set of atoms spanned by X, then (A, ) is a geometry and

L= L{A ™).
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Lemma (without proof)

A lattice L is algebraic iff L is isomorphic to the lattice of closed sets of
an algebraic closure space.

Proof (Theorem)

algebraic (by Lemma).

(X is compact & X = X, finite X1 C X) = (X is compact < X
is finite join of atoms).

X,YELY=XU{z},z¢X. Then X < Y.

LetUe L, YVU=YUU=XUzUU and XVU =XUU.
Hence X VU =Y VU or X VU <Y VU = semimodularity.
(A,™ ) is closure space, (ii) and (iv) from definition.
reXUyz¢X. XUy=XV{y} =X
XCcXU{z}CXU{y}=>yeXUuU{z}.

p: X > VX, XCAXeL(A™)

XCY & VX >VY, pis onto, one-to-one and isotone.
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Thank you for your attention.
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