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When studying mappings, it is often useful to divide the pre-image of the map-
ping into smaller parts and then study how the mapping acts on these fragments.
Another method is finding connection to some other, better known mapping.
In this talk we shall follow both of these methods for permutation groups.

The first approach uses blocks, which turn out to be useful when designing al-
gorithms (for example Luks’ graph isomorphism algorithm). For the second there
are two definitions of permutation group “similarity”: permutation isomorphism
and equivalence. These definitions seem very alike, but in fact define two different
things, as will be shown in the talk.

1 Blocks

Definition 1. Let G be a group acting on a set 2. A block for G is a subset
A C Q such that for all z € G:

A" =Aor A*NA=0.

Lemma 2. FEach block A for a group G acting on ) is a union of orbits for G,
for some a € A.

2 Similarity

For this part we will need these two terms:
Definition 3. Let G < Sym(Q) and H < Sym(€’). Groups G and H are called
permutation isomorphic if there exist two mappings A and v such that:

e \: Q — ) is a bijection,

e ¢: G — H is a group isomorphism and

e Ma®) = Ma)¥@® for all « € Q and = € G.
Definition 4. Two permutation representations p: G — Sym(Q2) and o: G —
Sym(T") are equivalent if there exists a mapping A such that:

e \: Q) — T is a bijection and

o \a’@®) = (\(a))P@),

We shall show the connection of blocks to permutation isomorphism. The es-
sential fact is expressed in the following theorem.

Theorem 5. Let G be a group acting transitively on a set §2, and let H be a
normal subgroup of G. Then:

e the orbits of H form a system of blocks for G;
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if A and A’ are two H-orbits, then the restrictions of the action of H to
A and A’ are permutation isomorphic;

if any point in Q is fixed by all elements of H, then H lies in the kernel of
the action on §;

the group H has at most |G : H| orbits, and if the index |G : H]| is finite,
then the number of orbits of H divides |G : H|;

if G acts primitively on €1, then either H is transitive or H lies in the kernel
of the action.
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