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Abstract

The main topics of this technical report are quaternions, their mathematical prop-
erties, and how they can be used to rotate objects. We introduce quaternion math-
ematics and discuss why quaternions are a better choice for implementing rotation
than the well-known matrix implementations. We then treat different methods for
interpolation between series of rotations. During this treatment we give complete
proofs for the correctness of the important interpolation methods Slerp and Squad.
Inspired by our treatment of the different interpolation methods we develop our own
interpolation method called Spring based on a set of objective constraints for an
optimal interpolation curve. This results in a set of differential equations, whose
analytical solution meets these constraints. Unfortunately, the set of differential
equations cannot be solved analytically. As an alternative we propose a numerical
solution for the differential equations. The different interpolation methods are visu-
alized and commented. Finally we provide a thorough comparison of the two most
convincing methods (Spring and Squad). Thereby, this report provides a comprehen-
sive treatment of quaternions, rotation with quaternions, and interpolation curves
for series of rotations.
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Chapter 1

Introduction

To animate means to “bring to life.” Animation is a visual presentation of change. Traditionally
this has been used in the entertainment business, for example Donald Duck moving in a cartoon.
More serious applications have later been developed for physics (visualization of particle systems)
and chemistry (displaying molecules).

This paper treats a small part of the world of animation — animation of rotation. As a back-
ground for the following chapters, we will in this section give an overview of how animation was
done traditionally (i. e. before the computer), and how it is done now. The presentation is based
on [Foley et al., 1990] and [Lasseter, 1987].

An animation is based on a story — a manuscript. The manuscript is used to make a storyboard,
in which it is decided how to split the story into individual scenes. For each scene a sketch is
made with some text describing the scene. Based on the storyboard, a series of key frames is
produced showing the characters of the cartoon in key positions. The frames between the key
frames can then be made from these key positions. Traditionally, the most experienced artists
produced the key frames (and were therefore named key framers), leaving the frames in-between
to the less experienced artists (who became known as in-betweeners). The animators produce a
rough draft of the animation, which is presented at a pencil test. Once the draft is satisfactory,
the final version is produced and transferred to celluloid.

This method of animation is called key framing and has since been used in computer animation
systems. Already in 1968 animation of 3D models was known, and the idea of using computers
for key frame animation was used in 1971 [Burtnyk & Wein, 1971].

Computers are natural replacements for the in-betweeners. Given two key frames, the frames
in-between can be generated by interpolation. Admittedly there are several problems with this
approach:



e A translation between two key frames can easily be obtained by simple linear interpolation.
When the movement consists of more key frames it is necessary to use more advanced
curves (for example splines) to produce a smooth movement across key frames.

e Ordinary physics cannot be used to describe how the eye perceives moving objects in a
cartoon. Objects will change shape as they move: A ball will morph into an oval when
bouncing fast (see figure 1.1). This will not happen automatically if a computer is used
to animate the motion of the ball.

e Animation of rotational movement has also been attempted using key frames and inter-
polation. Rotation is more complex than translation, however. The problems involved in
interpolating rotations will be treated in this paper.

Figure 1.1: The cartoon version of a bouncing ball.

Computer animation consists of much more than pure motion. Apart from the problems of
interpolation of the movement there are complicated issues concerning light, sound, colors,
camera angles, camera motion, shadows, physical properties of the objects being modelled etc.

We limit this paper to treat methods for representation and implementation of rotation. The
methods are mostly based on quaternions, a kind of four-dimensional complex numbers. Through
a series of attempts to define “nice” rotation, we derive a mathematical description of rotation
through a series of key frames.

We will not discuss the matters mentioned in the first two bullets above or the other aspects
mentioned (light, sound etc.)

The main foundation for this paper is the articles [Shoemake, 1985], [Barr et al., 1992], and
[Watt & Watt, 1992]. We do not require any knowledge of these articles. It will, however, be an
advantage for the reader to be familiar with the common transformation methods using matrices
and to have basic knowledge of interpolation curves in the plane (in particular splines). Some
basic mathematics knowledge will also be advantageous (group theory, differentional calculus,
calculus of variations and differential geometry).



Chapter 2

Geometric transformations

In this chapter we will briefly discuss selected transformations of objects in 3D. The key topic
will be rotation but since interpolation between positions offers useful parallels to interpolation
of rotation, we include translation. Note that these parallels serve only as inspiration for the
rotational case — mainly because the space of translations is Euclidean while the space of
rotations is not. This difference will be discussed in depth in the following chapters.

2.1 Translation

Translation is the most obvious kind of transformation: A point in space is moved from one
position to another. Let a point P € R? be denoted by a 3-tuple (z,y,2), z,y,2 € R and
the translation by a vector (Az, Ay, Az). Then the new position P’ is calculated by simple
addition: P’ = (z + Ax,y + Ay, 2z + Az). The definition is non-ambiguous i. e. there exists only
one translation vector that takes P to P'.

2.2 Rotation

Rotation in 3D is not as simple as translation and it can be defined in many ways. We have
chosen the following definition:

We will use the definition given by Euler’s (x1707 — 1 1783) theorem [Euler, 1752] — written in
modern notation (compare with figure 2.1):

Proposition 1.
Let O, O' € R® be two orientations. Then there exists an azis | € R? and an angle of rotation
0 € | —m, 7| such that O yields O" when rotated 6 about .

Note that the proposition states existence and does not state uniqueness.

We will distinguish between orientations and rotations. An orientation of an object in R? is
given by a normal vector. A rotation is defined by an axis and an angle of rotation.



Figure 2.1: Let O, O' € R? be two orientations. Then there exists an axis | € R® and an angle
of rotation 6 € | — m, x| such that O yields O" when rotated 6 about .



Chapter 3

Two rotational modalities

Euler’s theorem (proposition 1) gives a simple definition of rotations. In most of the literature,
Euler angles are used to define rotation. From these two fundamental definitions, rotation can
be discussed mathematically in numerous ways. We will term the combination of a definition
and a corresponding mathematical representation a rotational modality. In this report we will
discuss the following two modalities:

e Rotation defined by Euler angles represented by general transformation matrices.

e Rotation defined by Euler’s theorem represented by quaternions.

The aim is of this chapter is to reach an implementation of a general rotation with each modality.
A comparison of how the modalities implement a general rotation is given in chapter 4. Conver-
sion between representations of rotation is discussed in appendix B. Finally, general conventions
for rotation used in this report can be found in appendix A.

In sections 3.1 and 3.2, Euler angles and their matrix representation are described. The descrip-
tion is brief — the reader is assumed familiar with these topics.

Section 3.3 gives an in-depth treatment of quaternions starting of with the basics of quaternion
mathematics. After the introduction, it is established how quaternions can be used to represent
rotation as defined by Euler’s theorem.

3.1 Euler angles

The space of orientations can be parameterized by Euler angles. When Euler angles are used,
a general orientation is written as a series of rotations about three mutually orthogonal axes in
space. Usually the x, y, and z axes in a Cartesian coordinate system are used. The rotations
are often called z-roll, y-roll and z-roll.

Euler originally developed Euler angles as a tool for solving differential equations. Later Euler
angles have become the most widely used method of parametererizing the space of orientations.



As we shall see below, this choice gives rise to a number of problems. If we choose to consider
a rotation as the action performed to obtain a given orientation, Euler angles can be used to
parameterize the space of rotations. To describe a general rotation as described in section 2.2,
three Euler angles (61,6, 63) are required, where 61, 03, and 03 are the rotation angles about
the z, y, and 2z axes, respectively.

The conversion from a general rotation to Euler angles is ambiguous since the same rotation
can be obtained with different sets of Euler angles (see [Foley et al., 1990]). Furthermore, the
resulting rotation depends on the order in which the three rolls are performed. This gives rise to
further ambiguity but fits well with the fact that rotations in space do not generally commute
(see appendix B). Some of the ambiguity in the conversion to Euler angles can be eliminated
by adopting a convention of which order the rolls should be performed. In this paper, we use
the convention described in appendix A. Introducing a convention does not, however, eliminate
the ambiguity altogether (see chapter 4).

3.2 Rotation matrices

Rotation matrices are the typical choice for implementing Euler angles. For each type of roll,
there is a corresponding rotation matrix, i. e. an x rotation matrix, a y rotation matrix, and a
z rotation matrix. The matrices rotate by multiplying them to the position vector for a point
in space, and the result is the position vector for the rotated point. A rotation matrix is a
3 x 3 matrix, but usually homogeneous 4 x 4 matrices are used instead (see [Foley et al., 1990]
for further detail). A general rotation is obtained by multiplying the three roll-matrices corre-
sponding to the three Euler angles. The resulting matrix embodies the general rotation and can
be applied to the points that are to be rotated.

The three standard rotation matrices are given in homogeneous coordinates in appendix B.

Matrix multiplication is not generally commutative. This fits well with the fact that rotations
in space do not commute.

Finally it should be noted that using homogeneous transformation matrices gives the only imple-
mentation that effectively embodies all standard transformations: Translation, scaling, shearing,
and various projection transformations.



3.3 Quaternions

The second rotational modality is rotation defined by Euler’s theorem and implemented with
quaternions. Since quaternions are not nearly as well-known as transformation matrices, and
since no good overview of the field exists, we will give a historical overview and then provide a
thorough treatment of quaternion mathematics.

3.3.1 Historical background

Quaternions were invented by Sir William Rowan Hamilton (x1809 — t 1865) in 1843. Hamilton’s
aim was to generalize complex numbers to three dimensions, i. e. numbers of the form a +ib+ jc,
where a,b,¢ € R and i? = j> = —1. Hamilton never succeeded in making this generalization,
and it has later been proven that the set of three-dimensional numbers is not closed under
multiplication. In 1966 Kenneth O. May gave the following elegant proof of this:

Proposition 2.
The set of three-dimensional complex numbers is not closed under multiplication.

Proof (freely adopted from Kenneth O. May 1966):
Assume that the usual rules of arithmetic for complex numbers hold, and that i? = j2 = —1.

The proof is by contradiction, so we assume that a closed multiplication exists. Since multi-
plication is closed, there exist a,b,c € R that satisfy ij = a + ib + je. Multiplying this with
i yields —j = —b + ia + ijc. Substituting the first equation in the second equation yields
—j=—b+ia+ (a+ib+jc)c,i.e. 0 = (ac—b) +i(a+bc)+j(c®> +1). Thusac—b=0, a+bc =0
and ¢? + 1 = 0. The equation ¢? + 1 = 0 gives the contradiction, since ¢ is real by assumption.

O

One of Hamilton’s motivations for seeking three-dimensional complex numbers was to find a
description of rotation in space corresponding to the complex numbers, where a multiplication
corresponds to a rotation and a scaling in the plane.

While walking by the Royal Canal in Dublin on a Monday in October 1843, Hamilton realized
that four numbers are needed to describe a rotation followed by a scaling. One number describes
the size of the scaling, one the number of degrees to be rotated, and the last two numbers
give the plane! in which the vector should be rotated. After this insight, Hamilton found a
closed multiplication for four-dimensional complex numbers of the form iz + jy + kz, where
i = j> = k% = ijk = —1. Hamilton dubbed his four-dimensional complex numbers quaternions.
The parallel to ordinary complex numbers stems from the imaginary parts.

A quaternion is usually written [s,v],s € R'v € R?. Here s is called the scalar part, and
v = (z,y, z) is the vector part.

!The zy plane can be rotated to any plane in zyz space through the origin by giving the rotation angles about
the z and y axes.



Historical aside

Hamilton presented quaternion mathematics at a series of lectures at the Royal Irish Academy.
The lectures gave rise to a book [Hamilton, 1853], the full title of which (with typography as in
the book) is:

LECTURES ON QUATERNIONS: CONTAINING A SYSTEMATIC STATEMENT OF
A Nero Mathematical Nethod

OF WHICH THE PRINCIPLES WERE COMMUNICATED IN 1843 TO THE ROYAL IRISH
ACADEMY; AND WHICH HAS SINCE FORMED THE SUBJECT OF SUCCESSIVE COURSES
OF LECTURES, DELIVERED IN 1848 AND SUBSEQUENT YEARS IN THE HALLS OF
TRINITY COLLEGE, DUBLIN: WITH NUMEROUS ILLUSTRATIVE DIAGRAMS, AND WITH
SOME GEOMETRICAL AND PHYSICAL APPLICATIONS.

In the book (page 271) Hamilton writes (again imitating the book’s typography):

285. We know then how to interpret in two apparently different ways, which are, however,
easily perceived to have an essential connection with each other, the following SYMBOL OF
OPERATION,

q0q™;

where ¢ may be called (as before) the operator quaternion while the symbol (suppose r) of
the operand quaternion is conceived to occupy the place marked by the parentheses. For
we may either consider the effect of the operation, thus symbolized, to be (as in 282, 283)
a conical rotation of the axis of the operand round the axis of the operator, through double
the angle thereof, in such a manner as to transport the vertex of the representative angle
of the operand to a new position on the unit sphere, without changing the magnitude of
that angle, nor the tensor? of the quaternion thus operated on: or else, at pleasure, may
regard (by 285) the operation as causing one extremity of the representative arc of the
same operand (r) to slide along the doubled arc of the same operator (q), without any
change in the length of the arc so sliding, nor of its inclination to the great circle along
which its extremity thus slides.

The historically interested reader is referred to [Hamilton, 1899] and [Hallenberg et al., 1993]
(only available in Danish).

3.3.2 Basic quaternion mathematics

In this section we will state the notation used for quaternions and establish quaternion mathe-
matics including addition, multiplication, subtraction, and multiplication with a scalar. Finally
we define the conjugate and the inverse of a quaternion.

2In modern usage = norm.



Notation

We use = to mean equal by definition. Closed intervals on the real line are denoted by [a,b] =
{z]a<xz<babx R} A semi-open interval is, for example, denoted by Ja,b] ={ z | a <
x < bya,b,z € R}. The set of n times differentiable functions from A to B with continuous
derivatives we denote C™(A, B).

Definition 1.
The set of quaternions is denoted H.

Quaternions consist of a scalar part s € R and a vector part v = (z,y,2) € R®. We will use the
following forms:

Definition 2.
Leti? =j? = k? =ijk = —1,ij = k and ji = —k. Then q € H can be written:

[s,V] ,sER veR
[5, (2,9, 2)] , s, x,y,2 €ER
S+i$+jy+kz 757$7y726R

q

We will identify the set of quaternions {[s,0] | s € R} with R and the set {[0,v] | v € R}} with
R3.

Definition 3.
Let q,q' € H where q = [s, (x,y,2)] and ¢ = [s', (2',y', 2")]. The addition operator, +, is defined

q+q =[5,V + [, V] =[5, (29,2 + [, (@, 2)] = (s +iz +jy + k2) + (s +i2’ +jy + k)

Proposition 3. (Quaternion addition)
Let q,q' € H, where q = [s,v] and ¢' = [s',Vv']. Then ¢+ ¢ =[s+5,v + V]

Proof of proposition 3

' [s,v] + [, V]
(s +1iz +jy + kz2) + (8" + ix' + jy' + k2')
(s +5) +i(z +2') +ily +¢) + k(z +2)
[s+s,v+V]

q+q

Definition 4.
Let q,q' € H where q = s + iz + jy + kz and ¢ = s' + 12’ + jy' + kz'. Multiplication is defined

!

qaq' = [s,V][s", VI = [s, (2,9, 2)][s', (¢, ¢, )] = (s + iz + jy + k) (s +ia +jy' + k2)

Proposition 4. (Multiplication of quaternions)
Let q,q' € H, where q = [s,v] and ¢’ = [s',V']. Then qq' = [ss' —v -V, v x v/ + sv' + s'v], where
- and x denote the scalar and vector product in R3, respectively.



Proof of proposition 4
From definition 2 the following identities can be obtained from simple algebra: jk = i,kj =
—i,ik = —j and ki = j. These identities are used in:

[s, v][s', V]

(s +iz +jy + k2)(s' + iz’ + jy' + k2')

ss' — (za' +yy' + 22') +i(s2’ + s’z + y2' — 2y )+
iy + sy + za’ —x2') + k(s + s’z + 2y’ — ya')
[ss' = v Vv v xV +sv + s'v]

qq'

O
Corollary 1. (to proposition 4)
Quaternion multiplication is not generally commutative.
Proof of proposition 1
We give a counter-example: ij = k, but ji = —k.
O

Below we will give a number of propositions without proof. The proofs are all based on the
principle used above: The constituent quaternions are written s + iz + jy + kz. Then, using
simple algebra and collection of terms, the result can be written as a quaternion using definition
2.

We state the following properties of quaternion multiplication:

Proposition 5.
Let p,q,q € H and r € R. Then:

(ra)d = pled) (Quaternion multiplication is associative.)
plg+4q) = pg+pqd (Quaternion multiplication distributes
(g+d)p = qp+dp across addition.)

Multiplying quaternions by a scalar is most easily introduced by identifying » € R with the
quaternion [r, 0]:

Definition 5.
Let g € H and r € R. Multiplication by a scalar is defined

rq = [r,0lq

Proposition 6. (Multiplication with a scalar)
Let g € H, where q = [s,v] and let r € R. Then rq = qr = [r,0][s, v] = [rs,rV].

Note that the proposition gives that multiplication with a scalar is commutative.

1
We will use the notation d to mean —¢q, where ¢ € H and r € R.
r r

We can now introduce subtraction in the usual manner:

10



Definition 6.
Given q,q' € H, subtraction is defined ¢ — ¢ = ¢+ (—1)q

!

The definition gives the expected:

Proposition 7. (Quaternion subtraction)
Let q,q' € H, where q = [s,v] and ¢' = [s',V']. Thenq—q¢ =q+ (1) =[s—s,v—V'].

Corresponding to the definition of the conjugate of a complex number, we define the conjugate
of a quaternion:

Definition 7.
Let g € H. Then q* is called the conjugate of q and is defined by ¢* = [s,v]* = [s, —V].

The definition gives rise to the following properties:

Proposition 8.
Let p,g € H. Then:

i) (@) =q i) (pg)* = q'p"* iii) (p+q)" =p*+q" ) q¢" = q"q.
The norm of a quaternion is obtained using conjugation:

Definition 8.
Let p € H and let the mapping || - || : H ~ R be defined by ||q|| = \/qq*- This mapping is called
the norm and ||q|| is the norm of q.

That this mapping is a norm in the usual sense is shown in the corollary to proposition 9. The
norm mapping has a number of interesting properties that are summarized in:

Proposition 9.

Let q,q € H and let || - || : H ~ R be given as is definition 8. The following equations hold:
gl = Vs2+v-v=1/s2+a2+y2+ 22 (3.1)
gl =l
lad'll = llallll4'll

Proof of proposition 9
The equations 3.1 and 3.2 can be seen directly. Equation 3.3 follows from:

lgd'l = Vaq'(aq)* = Vad'd*a* = ValldIPa* = Vaa'ld'I? = VIal*ld1? = llalllld'

O

We will later need the inner product of two quaternions. We also want to show that the norm
mapping is indeed a norm in the usual mathematical sense. From equation 3.1 in proposition 9
it follows that the norm of a quaternion ¢ can be written as it is usually obtained from the inner
product (if ¢ € H is identified with the corresponding vector in R*). This property is formalized
by:

11



Definition 9.
Let q,q € H, q=[s,v] = [s,(z,y,2)], ¢ =[s',\V]|=[s, (2,4, 2")]. The inner product is defined
as « : Hx H R where q o ¢ =58 +v-v' =358 +z2’ +yy' + 22'.

/

Note that the definition yields ¢ « ¢ = 52 + 22 + y? + 22, which gives rise to:

Corollary 2. (to proposition 9)
The norm of a quaternion q can be obtained by ||q|| = \/q « q. Furthermore, || - || is a norm in
the usual mathematical sense.

Proof of corollary 2
That « computes the norm squared follows directly from proposition 9 and definition 9. Now
let ¢ = [s, (z,y,2)] € H. If we identify ¢ with (s,z,y,z) € R*, the above method of computing
the norm is identical to the usual Euclidean norm on R*. Thus the quaternion norm is a norm
in the usual sense.

O

We will later need the following generalization of the two- and three-dimensional cases:

Proposition 10.
Let q,¢q' € H. Define q,q" as the corresponding four-dimensional vectors and let o be the angle
between them. Then q « ¢' = ||q||||¢'|| cos a.

3.3.3 The algebraic properties of quaternions.

In this section we prove that the set of quaternions H \ {[0,(0,0,0)]} is a non-Abelian group
under quaternion multiplication. At the end of the section we give a summary of some other
algebraic properties of quaternions.

Definition 10. .
The set of quaternions H \ {[0,(0,0,0)]} is written H

We will base the discussion on the definition of a group:

Definition 11.
Let G be a set with an operator - : G x G ~ G defined by (a,b) — a-b=ab. G is a group if

i) a(bc) = (ab)c for all a,b,c € G (The operator is associative)
ii) Ezactly one I € G exists such that Ia = al = (I is the neutral element)
a for alla € G.
iii) For every a € G there exists an element (a=" is the inverse element of a)

a~ ' €@, such that aa™' =ata = 1.

If ab = ba for all a,b € G, G is called an Abelian or commutative group.

That there exists a neutral element and inverse elements in H under quaternion multiplication
is shown in the following two lemmas:

12



Lemma 1. .
The element I = [1,0] € H is the unique neutral element under quaternion multiplication.

Proof of lemma 1
Let ¢ € H be given. Proposition 6 gives gl = Iq = [1s,1v] = [s,v] = q.

Thus I is a neutral element. I is also the only element that meets the requirements. To see
this, assume that J also meets the requirements. Then I.J = I, because .J is a neutral element.
Furthermore, I.J = J, since { is a neutral element. This gives us that I =1J =J,so [ = J is
the only neutral element in H .

O

Lemma 2.
Let ¢ € H. Then there exists ¢~ € H such that g~ = ¢ 'q = I. Furthermore ¢~ is unique
and given by:

*

-1 q
q =
gl

Proof Of lemma 2
Let ¢ € H be given.

Uniqueness
Let both p1,ps € H be inverse to q. That p; and py are equal follows from

p1 = p1l = pi(gp2) = (p19)p2 = Ip2 = p2

FEzistence
q*

Let p = TR Then
q
q* aq* gl
aw = q = = —1=1
llal? — llal*  llgll?
q* aq  q¢* _ |lq|?
llqll? gl llgll*  llqll?

o]
Thus every quaternion in H has an inverse.
O

p 1

We will write q for pg~'. Note that this is generally different from ¢~ 'p since quaternion

multiplication is not commutative.
We can now state the following:

Proposition 11.

The set His a non-Abelian group under quaternion multiplication.

Proof of proposition 11
Note that the set of quaternions is closed under multiplication. This follows directly from Ham-
ilton’s definition. The first requirement from the definition of a group follows from proposition
5. The second and third requirements follow from lemmas 1 and 2. The group is not Abelian,
since quaternion multiplication is not commutative.

O
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Other algebraic properties

The set of quaternions satisfy some other algebraic properties that are worth mentioning. These
are given without further ado:

e The set of quaternions is an Abelian group (H,+) under quaternion addition.

e The set of quaternions is a non-Abelian ring (H,+,-), where + and - are quaternion
addition and multiplication.

3.3.4 Unit quaternions

This section discusses a subset of the quaternion group — the set of unit quaternions.

Definition 12.
Let g € H. If ||q|| = 1, then q is called a unit quaternion. We will use Hy to denote the set of
unit quaternions.

The set of unit quaternions constitutes a unit sphere in four-dimensional space. We shall later
see that the set of unit quaternions play an important part in relation to general rotations. The
following propositions lead to the important proposition 21. the following:

Proposition 12.
Let g = [s,v] € Hy. Then there exists v/ € R? and § € | — m, «| such that ¢ = [cos 8, V' sinf)].

Proof of proposition 12
If ¢ = [1,0] we let & = 0 and v’ can be freely chosen amongst unit vectors in R3.

If ¢ # [1,0] we let k = |v| and v/ = £v. Then v = kv’ where v/ is a unit vector in R3. Since ¢
is a unit quaternion, we get

1:||Q||2:$2+V-v:32+k2v'.v':s2+k2

The equation s? 4+ k? = 1 describes a circle in the plane. Since a circle is also described by
cos? @ + sin? @ = 1, there exists § € ] — 7, 7] such that s = cos# and k = sinf. All in all we get
the desired:

q=1[s,v] =[s,v'k] = [cos 0,V sin6]

O
Two important results for unit quaternions are given in:
Proposition 13.
Let q,q' € Hy. The following two equations hold:
i) llag'll =1 i) g =q"
Proof of proposition 13
i) llad'll = liqllllg’ll = 1, since [Iql| = [l¢'[| = 1. (by equation 3.3 in proposition 9)
i) ¢~ = q*/|lqll> = ¢*, since [|g|| = 1.
O
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The set of unit quaternions H; is obviously a subset of H , but definition 13 and proposition 14
give that H; constitute a subgroup of H .

Definition 13.

Let G be a group and F # @& be a subset of G. F is a subgroup of G if
i) For all a,b € F: ab € F (F is closed)
i) For alla € F: a=' € F

Proposition 14.

The set Hy of unit quaternions is a subgroup of the group H .

Proof of proposition 14
Let q,q' € Hy. Proposition 13 gives that |lq¢’'|| = 1, i. e. that q¢' € Hy, and thus the first
subgroup requirement is satisfied. Equation 3.2 in proposition 9 and proposition 13 give that

llg™" 1= llg*[l = llall =1

and thereby the second subgroup requirement ¢~ € Hj.

3.3.5 The exponential and logarithm functions

We will later need quaternion versions of the real exponential and logarithm functions. The
definitions and a few consequences of them are given here (see [Pervin & Webb, 1992] for further
detail).

Definition 14.
Let q € Hy, where q = [cos0,sin0v] as in proposition 12. The logarithm function log is defined

logq = [0,0v]
Note that log[1, (0,0,0)] = [0, (0,0,0)] as in the real case. Note also that loggq is not in general
a unit quaternion.
The exponential function is introduced by

Definition 15.
For a quaternion of the form ¢ = [0,0v], 8§ € R, v € R®, |v| = 1, the exponential function exp
15 defined by

exp q = [cos 6, sin 6v]

Note that the exponential and logarithm functions are mutually inverse, and that exp maps into
H;.

From the above definitions we can define exponentiation for ¢ € Hy,t € R:
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Definition 16.
Let ¢ € Hy,t € R. Ezponentiation ¢' is defined by

¢ = exp(tlogq)

This gives rise to the following:

Proposition 15.
Let g € Hy,t € R. Then log(q') = tlogq.

Proof of proposition 15
log(qt) = log(exp(tlogq)) = tlogq

The following rule from R also holds for unit quaternions:
Proposition 16.
Let g € Hi,q = [cos 0,sin0v] and a,b € R. Then

qaqb — qa+b
Proof of proposition 16

¢“¢® = exp(alogq)exp(blogq)

exp(a[0, Bv]) exp(b[0, Bv])

[cos af, v sin af][cos b, v sin bl

[cos af cos b — sinaf sinbO(v - v), v cos af sin bl + v cos bf sin ab + (v X v) sin af sin bl

[cos af cos b — sin af sin b, v(cos ab sin bl + cos bl sin b))
[cos((a + b)0),sin((a + b)#)v]

= exp([0, (a + 0)0V])

= exp((a +b)log(q))

— qa+b
[
Another rule from the real numbers is (p®)? = p®. This rule also holds for unit quaternions:
Proposition 17.
Let p € Hy and a,b € R. Then (p®)* = p®
Proof of proposition 17
(p")" = (exp(alogp))® = exp(blog(exp(alogp))) = exp(balogp) = p
O
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One must be very careful when using exp and log as the corresponding real versions. For
example, consider the following incorrect derivation, where p and ¢ are unit quaternions.

pq = exp(log(pq)) = exp(log(p) + log(q)) = exp(log(q) + log(p)) = exp(log(q)) exp(log(p)) = gqp

This is inconsistent with the fact that quaternion multiplication is not commutative. The error
lies in the second step where the rule (log pg = logp + log ¢q) is used — this rule does not hold
for quaternions.

3.3.6 Rotation with quaternions

Hamilton sought to describe rotations in space, just as complex numbers describe rotations in
the plane. That quaternions do, in fact, perform rotation, is shown in the following propositions
(proposition 21 in particular).

Proposition 18.
Letpe H, p=[s,(z,y,2)] = [s,v] and let ¢ € H. If r € R\ {0} then (7“q)p(1"q)_1 =gpqg'.

Proof of proposition 18
Let r € R\ {0}. The inverse of rq is ¢~ 'r~!. Since scalar multiplication is commutative we

can write: (rq)p(rq)~" = rgpg~'r~! = qpq~'rr~' = gpg~'. Thus gpg~' is unchanged if ¢ is

multiplied by any non-zero scalar. O

In the propositions below, we will only consider unit quaternions, since results shown for H;
generalize to all of H by proposition 18.

Proposition 19.
Let g€ Hy, p=[s,v] € H. Then qpq~' = p', where p' = [s,v'] with |v| = |v'|.

Proof of proposition 19
Below we write S(q) for the scalar part of q.

The proof consists of three steps. We first show S(p') = S(p) for p € {[s,0] | s € R} and then
for p € {[0,v] | v € R3}. Finally these results are used to show the proposition for p € H.

If p is a scalar represented as a quaternion, S(p’) = S(p) follows from simple algebra. Let
p = [s,0], then:

gpq~" = qls,0]¢™" = [5,0]gq™" = [s,0]
We have used that multiplication with a scalar commutes (proposition 6).

Correspondingly, we will now show that the same result holds for a vector v represented as a
quaternion [0, v].

The scalar part S(q) of a quaternion ¢ can be computed by 2S(q) = ¢ + ¢*. We show the
proposition for a quaternion with 0 in the scalar part p = [0, v]:
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2S(gpg™) = (qpg™') + (gpg™ )
(qpq*) + (gpq™)*

= qpq* + qp*q* (Propositions 5 and 8)
= q(p+p")q* (Proposition 5)

= q(25(p))g*

= 25(p) (The above result)
=0 (Since p = [0, v])

Now let p € H, p = [s,v] = [s,0] + [0, V].

apg~" = q([5,0] +[0,v])g™"
= ¢[s,0]¢"' 4+ ¢[0,v]g~' (Proposition 5 )
= [s,0] +[0,V'] (The two above results)
[5,v'
All in all S(p') = S(p). Since ¢ € Hy, proposition 9, equation 3.3 gives ||p'|| = |lgp’q¢ || =
llgllplllg= Il = llpll. Since s is unchanged, it must be the case that |v| = |[v'|.

Corollary 3. (to proposition 19)
Let ¢ € Hy, p = [a,bv] € H where a,b € R and v € R®. If qla,v]¢* = [a,V'], then qla,bv]q* =
[a, bv'].

Proof of proposition 3

qpq* = qla,bvlg

Il
<
=
IS -
=
)

V'] (Proposition 19)

I

o>
=
>

We will later need the following useful rule:

Proposition 20.
Let q,p € Hy,p = [cos0,sinfv],t € R. Then qp'q* = (qpq*).

Proof of proposition 20
By corollary 3 there exists v/ € R? such that ¢[cos®,sinfv]q* = [cos@,sinfv']. We get

*

qp'q* = q(exp(tlogp))q
= q(exp(t]0,6v]))g* (Definition 14)

= q(exp[0,t0v])q*

= ¢([costB,sintOv])q* (Definition 15)

= [costf,sintOv'] (Corollary 3)

= exp(t[0,0v'])

= exp(tlog[cos @, sin Ov'])

= exp(tlog(gpq"))

= (apq")’
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We are now ready to show the main theorem of this section (inspired by [Watt & Watt, 1992]).

Proposition 21.
Let ¢ € Hy, q = [cos®,sinfn]. Let r = (x,y,2) €ER? and p =[0,r] € H. Then p' = qpq~" is p
rotated 20 about the axis n.

Proof of proposition 21

We first show how a vector r is rotated 6 degrees about n, using sine, cosine, and the scalar
and vector products. We then show that the same result is obtained through rotation with
quaternions.

Assume therefore that r is to be rotated 6 to Rr about an axis given by the unit vector n (see
figure 3.1).

Figure 3.1: The vector r is rotated 0 to Rr about an axis given by the unit vector n.

The vector r can be written as a sum of two components, r
of r on n, and r; is orthogonal to n (see figure 3.2). We get

and r |, where r  is the projection

r, = (r-m)n, and

r, = r—r,=r—(r-n)n

To see how the rotation affects r, we place a two-dimensional coordinate system in the plane
that is orthogonal to n and contains the points designated by r and Rr. To do this, we need a
vector v that is orthogonal to r; and n:

-

v=nXxr;=nX(r—(r-nn)=nXr—nxXx(rrnjn=nxr—0=nxr
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Figure 3.2: In the two-dimensional coordinate system orthogonal to n, (Rr), can be written
(Rr); =r, cosf + vsiné.

From figure 3.2 we see that Rr’s component orthogonal to n, (Rr) |, is given by

(Rr); =1  cosf + vsinf.

We now get:

Rr = (RI’)H + (RI’)J_
r, +rcosf+vsinb
= (r-n)n+ (r— (r-n)n)cosd + vsinf

(r-n)n—(r-n)ncosf +rcosf + vsind
= (1—cosf)(r-n)n+rcosf+ (n xr)siné (3.4)

We will now examine the effect of applying a quaternion to a vector, and see that we get the
same result as in equation 3.4.

We now look at R,(p) = qpq~!

quaternion [s, v]:

and remind the reader that p = [0,r] and that ¢ is a unit
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R(I(p) = [s,v][(),r][s,v]fl
= [5,v][0,r][s, —V]
= [s,V][v-r,sr —r X V]
= [s(vir)—v-(sr—rXxXV),s(st —rxVv)+(v-r)v+v X (sr—rXxXvV)
= [0,8?’r—s(rxv)+(v-r)v+vx(sr) —v X (rx V)
= [0,8%r+ (v-r)v—v x (r xv) — 25(r x v)]

[0,8°r + (v-r)v— (V- V)r + (V-1)v + 25(V x 1)] (%)
= [0,(s> =v-V)r +2(v-r)v+2s(v xr)]
(%) Here we use the identity vi X (vo X v3) = (v1 - v3)ve — (vy - Vo) Vg

Since ¢ is a unit quaternion, we can write ¢ = [cos 6, (sin@)n], where |n| = 1 (by proposition 12
on page 14).

Substituting this into R,(p), we get:

Ry(p) = [0, (cos?8—sin?f(n-n))r+2((sinf)n-r)(sinf)n
+2cos O((sinf)n x r)
= [0, (cos?f—sin?O)r + (2nsin?0)(n-r)
+2cosfsinf(n x r)
= [0, rcos20+ (1 —cos20)(n-r)n+ (n X r)sin26]

From the above derivation, we see that the result is the same vector as in equation 3.4 except
that the above equation has 26 instead of 8. Thus, given a unit vector n and a rotation angle 6,
the unit quaternion [cos €, sin #n] rotates r through the angle 20 about n. O

As a consequence of this proposition, we get the following important corollary:

Corollary 4. (to proposition 21)
Any general three-dimensional rotation 6 about n, |n| =1 can be obtained by a unit quaternion.

Proof of corollary 4
In the above proposition choose ¢ such that g = [cos g,sin gn]. Thus the desired rotation is
obtained.

O

Composition of rotation is achieved by multiplying the corresponding quaternions. This is
formalized in:

Proposition 22.
Let q1,q9 € Hqi. Rotation by q followed by rotation by qs is equivalent to rotation by qgoqq.
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Proof of proposition 22
Given p € H, the result follows directly from

e(apg e = (ea)p(a e ")
= (q2q01)p(¢7¢5) (proposition 13)
= (2q1)p(q2q1)" (proposition 8)
(Qqu)p(q2q1)_1 (proposition 13)

3.3.7 Geometric intuition

We will make some observations that can aid the intuitive understanding of rotation with quater-
nions.

The quaternions ¢ and ¢!

Let ¢ = [s,v] € H;. Then
1

[577]]71 =q = q* = [S,—’U]

It can be useful to consider the geometric interpretation of this: The inverse of ¢, ¢~!, rotates
the same number of degrees as ¢, but the axis points in the opposite direction:

q gt

_\

/

\
\

1

By inverting the axis, the direction of rotation is reversed; a subsequent rotation by ¢~" cancels

out the effect of the rotation gq.

The quaternions ¢ and —q

The quaternion —q represents exactly the same rotation as ¢ (this follows from proposition
6). This may seem surprising, but should be expected: A rotation through the angle 6 about
the axis n can also be expressed as a rotation through the angle —@ about the axis —n. It is
therefore aesthetically pleasing that we find both rotations on the unit quaternion sphere. The
same duality is also found in Euler’s theorem.
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Non-unit quaternions

It follows from proposition 18 that all quaternions on the line rq, r € R, r # 0 represent the
same rotation.

3.3.8 Quaternions and differential calculus

In this section we show a number of common results from differential calculus for functions
that map into H. The results will later be used to show that certain interpolation curves are
differentiable.

Proposition 23.
Let ¢ = [cos @,sinfv] € Hy,t € R. Then

d t t
Zat =4l
i 0g(q)

Proof of proposition 23
The equation is shown through simple calculation of the two sides of the equation.

The left-hand side:

%qt = %exp(t log(q)) = %exp(t[O,Gv]) = %[cos(w),sin(t&)v] = 0[— sin(t), cos(t0)v]

The right-hand side:

exp(tlog(q)) log(q) = [cos(t8), sin(t6)v][0, 6v]
[—0sin(tl) (v - v), 0 cos(td)v + O sin(th)(v x v)]
[—0sin(t0), 0 cos(t0)v] = O[— sin(t6), cos(t)v]

q'log(q)
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We also want to show the chain rule and the product rule for quaternions. We will first show
the product rule. The purpose of this derivation is to ensure that the order of the quaternions
in the differentiated expression is correct; it is important to make sure that this is the case since
quaternion multiplication is not commutative.

Proposition 24. (The product rule)
Let f,g € CY(R,H). Then

LU 090) = CFo(t) + F(1) (o)
Proof of proposition 24
9 gt = gy 1t D5+ 6) = Flolo)
o Fa 0)gle +0) — fla + D)gle) + (x4 )a() — F(@)g()
6—0 1)
= [f(@)g'(z) + f'(z)g(z)
O
Proposition 25. (The chain rule)
Let f € C'(H,H), g € C'(R,H). Then & f(g9(x)) = f'(9(x))d (2)
Proof of proposition 25
We compute the derivative at an arbitrary point ¢ € R:
%f(g(c)) _ glcgmcf(g(x)‘l:f(g(@)
_ i (@) = Fla(@))(g(x) = g(c) " (g(x) = g(c))
o (Fa) — Fl(e) glo) ~ a(e)
- iﬁc( o) —gl)  w—c )
= f'(9(c)d ()
O

Finally we state the following result, that has no obvious counterpart in the real numbers:

Proposition 26.
Letq € CY(R, Hy),r € CY(R,R). Since q maps into Hy, q(t) can be written [cos 0(t), v(t) sin 0(t)],
and we have

%q(t)r(t) _ [ _Sin<r(t)0(t)) (w(t)e(t) + r(t)e'(t)),

cos(r(t)e(t)) (r’(t)&(t) + r(t)&'(t))v(t) + sin (r(t)&(t))v’(t)]
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Proof of proposition 26

Cay® = % exp(r(r) log(a(1))

= % exp(r(t)[0,v(t)0(t)])

= % expl0, r(t)v(t)0(t)]

d .
= lcos(r(t)0(1)), sin(r(1)0(£) v(2)]

- [ —sin(r(t)&(t))(r’(t)&(t)—l—r(t)&’(t)),
cos(r(t)@(t)) (r’(t)@(t) + r(t)@’(t))v(t) + sin (r(t)@(t))v’(t)}

Compare this equation to the derivative of two real-valued functions u,v € C*(R, R):

., d
—u’ = —

+u”1 ()i
g Ut log(u) v

This equation is different from the equation in proposition 26, and it is unlikely that it holds in
general for quaternions.

25



3.4 An algebraic overview

This section contains a short resume of the algebraic properties of the rotational modalities.
The mathematical concepts are assumed to be known by the reader, and they are therefore
not described in detail. This section elaborates on the algebra previously discussed and is only
intended for the interested reader.

The space of three-dimensional rotations is not a simple vector-space but a closed three-dimensional
manifold and also a non-Abelian group (see section 3.3.3) known in the literature as SO(3)
[Shoemake, 1994b]. Here S is for “special” and the O(3) stems from the definition: O(n) =
{n x n matrices | O'O = I} — the set of orthonormal n x n matrices.

The set of unit quaternions constitutes a subgroup of the quaternion group (see section 3.3.4). In
the literature, H; is also called S® [Shoemake, 1985]. This subgroup constitutes a hypersphere
in quaternion space. The spherical metric for S? is equivalent to the angular metric for SO(3)
[Shoemake, 1985].

Furthermore the rotation group can be projected onto the four-dimensional unit sphere of unit
quaternions. This projection is two-to-one (see section 3.3.7): For each rotation there are
two corresponding unit quaternions — ¢ that is obtained directly and —¢q, the antipodal unit
quaternion (see [Shoemake, 1994b], [Foley et al., 1990] and appendix B). This is because SO(3)
has the same topology as the three-dimensional projection space called (RP3), while the set
of unit quaternions constitutes a hypersphere (S3) that is topologically different from R.P?
[Shoemake, 1994b].

Bearing these similarities and the small discrepancy in mind, we can see that by developing a
smooth interpolation between unit quaternions, we get a smooth interpolation between general
rotations. The problem is not trivial, in particular because H; constitutes a non-Euclidean
space, which excludes the usual interpolation methods such as splines. Our task is to find an
equivalent interpolation curve on the surface of the four-dimensional unit sphere.
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Chapter 4

A comparison of quaternions, Euler
angles and matrices

In the previous chapter we introduced two rotational modalities:

e Rotation defined by Euler angles represented by general transformation matrices.

e Rotation defined by Euler’s theorem represented by quaternions.

In this chapter we will describe advantages and disadvantages of the different modalities.

4.1 Euler angles/matrices — Disadvantages

Traditionally homogeneous matrices have been used to represent Euler angles because the basic
rotation matrices for rotation about the z-, y-, and z-axes are simple and well-known. This
historically based choice has some disadvantages, though. We will discuss the disadvantages
below.

Lack of intuition

Describing a general rotation as rotations about the three basis axes is not natural for an
animator. If, for instance, the animator wants to rotate an object 30 degrees about a rotation
axis given by the vector (1,1,1), it is quite tedious to derive the corresponding Euler angles
about the three basis axes.
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The order of rotation axes is important

The user of a graphical system must express rotations in respect to a certain convention that
defines in which order the three basis rotations are applied. Different conventions yield different
results. For example, a rotation of (7, %,0) yields different orientations depending on which

convention of z,y, z and y, z, z is being used.

As an example, we examine an object in a coordinate system (see figure 4.1). By rotating the
object in figure 4.1.i the angle 5 about x and then 7 about y the result is 4.1.4i. If the convention
Yy, T,z is used instead, the rotation is done by 7 about y and then & about z yielding 4.1.7.

i) it) iii)

Figure 4.1: In the coordinate system the x-axis points to the right, the y-azxis points up and
the z-axis point to the left. Figures ii) and iii) show the result of applying different rotation
conventions to the object in figure i).

Gimbal lock

Getting an intuitive understanding of how rotation matrices work is quite difficult. In partic-
ular, it is difficult to predict how successive rotations about the basis axes affect each other.
Considering that the matrix representation of Euler angles has an innate singularity in the pa-
rameterization makes this even more difficult. It is possible to create series of rotations, where
one degree of freedom in the rotation is lost. This situation is called gimbal lock.

Gimbal lock is a concept originating from the air and space industry, where gyroscopes are
used [Shoemake, 1985] [Watt & Watt, 1992] [Verplaetse, 1995]. A gyroscope basically consists
of three concentric rings. See figure 4.2 for an illustration of this (the example is inspired by
[McCool, 1995]).

In 4.2.¢ the inner ring represents the z-axis, the center ring the y-axis and the outer ring
represents the z-axis. A rotation about the z-axis can for example result in 4.2.74, where the
object is rotated approximately 45 degrees about the x-axis. If we then rotate 90 degrees about
the y-axis, we get the situation shown in figure 4.3.

In this situation, the z and the z-rotation acts about the same axis. This is an example of
gimbal lock.
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i) ii)

Figure 4.2: In the coordinate system the x-azis points up, the y-axis points to the left and the
z-axis points to the right. The inner ring represents the x-axis, the center ring the y-axis and the
outer ring represents the z-axis. From the starting point i) the x-axis is rotated approzimately
45 degrees in ii).

Figure 4.3: In the coordinate system the x-azxis points up, the y-azis points to the left and the
z-axis points to the right. In this situation the x and the z-rotation act about the same axis.
This phenomenon is called gimbal lock.

Mathematically gimbal lock corresponds to loosing a degree of freedom in the general rotation
matrix (see appendix B):

[ cos Bcosy cosysinasin — cosasiny cosacosysin + sinasiny 0

R(a, 8,7) cos Bsiny cosacosvy + sinasinf@siny cosasinFsiny —cosvysina 0
o . .
2l —sin (3 cos B sin « cos a cos 3 0

1

0 0 0

If we let 3 = 7, then a rotation with o will have the same effect as applying the same rotation
with —v. This can be seen from the following derivation (using the addition formulas for cos
and sin):
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0 cosvysina —cosasiny cosacosy+ sinasiny 0
- 0 cosacosvy+sinasiny cosasiny —cosysina 0
Rl = | 0 0 0
0 0 0 1
0 sin(fa—7) cos(a—=) 0O
0 cos(a—~) sinfa—=~) 0
0

1

\ 7~

-1 0 0
0 0 0

\

This expression shows that the rotation only depends on the difference o — v and therefore it
has only one degree of freedom instead of two. For 8 = § changes of o and ~ result in rotations
about the same axis.

Implementing interpolation is difficult

Normally the coordinates of each basis axis are interpolated independently. Thereby the inter-
dependencies between the axes are ignored. As an example, this results in unexpected effects
when applying simple linear interpolation. See section 6.1.1 for a treatment of this.

Ambiguous correspondence to rotations

Given a rotation matrix it is difficult to solve the inverse problem: What are the original
rotations about the basis axes? In general, there is no unambiguous solution to this problem.
See appendix A or [Shoemake & Duff, 1994] for more detail.

In addition to this, a rotation can be represented by many different rotation matrices. All in all
the mapping between rotations and rotation matrices is neither injective nor surjective.

The result of composition is not apparent

According to Euler’s theorem two successive rotations can be expressed as one. The two rotation
matrices must be composed and multiplied followed by extraction of the resulting rotation. To
determine this rotation is tedious and in general not possible as mentioned above (see page 90
or [Shoemake & Duff, 1994] for further detail).

The representation is redundant

Homogeneous matrices contain expendable information. If the matrices are to be used exclusively
for rotation, the matrices will have zeroes for indices (4,¢) and (i,4),7 € {1,2,3}. In addition
to this, the matrix uses 9 places for the 4 degrees of freedom that are necessary to describe a
rotation according to Euler’s theorem.

On top of this numerical inaccuracies will be problematic. Since rotation matrices must be
orthonormal there are 6 constraints (each row must be a unit vector and the columns must be
mutually orthogonal) that must be maintained during the computations.
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4.2 Euler angles/matrices — Advantages

An advantage of matrix implementations is that the mathematics is well-known and that matrix
applications are relatively easy to implement using standard packages. These advantages are
more historically than rationally determined though.

The main advantage of the matrix representation is the ability of the homogeneous matrix to
represent all the other basic transformations, for example translation, scaling, projection, and
shearing.

4.3 Quaternions — Disadvantages

Quaternions only represent rotation

It is possible to implement translation using quaternions (quaternion addition can be used as
a translation transformation interpreting the vector part of the quaternion as the translation
vector). In [Maillot, 1990] a kind of homogeneous quaternions are defined with a multiplication
making both translation and rotation multiplicative.

Even though it is possible to define a homogeneous quaternion and thereby including the trans-
lation composition, this extension is not as elegant as the homogeneous matrices. The homo-
geneous extension appears to be ignored in the literature. Quaternions are used for rotation
exclusively, matrices are used for all other transformations.

Quaternion mathematics appears complicated

Quaternions are not included in standard curriculum of modern mathematics. Some might study
the quaternion group in algebra, but knowledge of quaternions is, in general, not widespread.
Therefore quaternions require a bit of work in the beginning. However, quaternions should pose
no problem for someone able to understand matrix algebra.

4.4 Quaternions — Advantages

Obvious geometrical interpretation

Quaternions express rotation as a rotation angle about a rotation axis. This is a more natural
way to perceive rotation than Euler angles.

The obvious correspondence between Euler’s theorem and rotations represented by quaternions
gives a nice intuitive understanding of quaternions. The mapping between rotations and quater-
nions is therefore unambiguous with the exception that every rotation can be represented by two
quaternions. This appears to be a weakness in the quaternion representation. That ¢ and —q
correspond to the same rotation is on the other hand mathematically pleasing. This is because
rotations themselves come in pairs. Given a rotation, the same rotation is obtained by rotating
in the opposite direction about the opposite axis. (see 3.3.7 on page 22).
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Coordinate system independency

Quaternion rotation in not influenced by the choice of coordinate system. The user of an
animation system does not need to worry about a certain convention of the order of rotation
about explicit axes.

Simple interpolation methods

Quaternions allow elegant formulations of a range of interpolation methods. Achieving a smooth
interpolation is therefore simpler using quaternions than Euler angles. We will give a compre-
hensive treatment of this in chapter 6.

Compact representation

The representation of rotation using quaternions is compact in the sense that it is four di-
mensional and thereby only contains the four degrees of freedom required according to Euler’s
theorem.

In theory all non-zero quaternions can be used for rotation (by proposition 18). In practical
applications only unit quaternions will be used. Thus, only one constraint on the representation
must be upheld during computation compared to the six constraints on rotation matrices.

No gimbal lock

Since gimbal lock is innate to the matrix representation of Euler angles, this problem does not
appear in the quaternion representation.

Simple composition

Rotations are easily composed when using quaternions. The composition corresponds to multi-
plication of the involved quaternions. Rotation with ¢; followed by rotation with ¢o is achieved
by rotating with the quaternion qoq;.

4.5 Conclusion

We have stated a series of advantages and disadvantages for the two rotation modalities. Using
Fuler angles represented by matrices leads to several problems. Rotation must be expressed
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