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Notation

zZ, u, Q
4y
C(Q), CH(Q)

LP(Q), Lp(92)
WhP(Q), WP(Q)
Z(X,Y), Z(X)
€(X,Y), €(X)
U(x)

D(T)

R(T)

men

T:X Y

U(T)7 oc, Op, OR

(f:9), (£, T)
card(B)

complex conjugate to z, a solution close to u, closure of the set Q)

the space of such sequences {z,,} C C that the series > |z, |? converges.

the space of continuous functions (k times continuously differentiable functions) on the set
(weighted) Lebesgue space on the set Q (with weight p)

(weighted) Sobolev spaces on the set ) (with weight p)

the space of continuous linear operators between the spaces X,Y (on the space X)
the space of compact linear operators between the spaces X,Y (on the space X)
neighborhood of a point x

domain of operator T’

the range of the operator T'

the set of all m x n dimensional matrices over R (C)

operator from X to Y (instead of T' we will write L for the unbounded

and K for the compact operator)

spectrum of the operator T'; continuous, point and residual spectrum

scalar product, duality

the cardinality of the set B



1 Operator trivia

What we will consider to be known:

o Vector space X over R or C (but there are also scalars from e.g. Q). Where it does not matter whether it

scalars
is Ror C, we will sometimes use the notation K (thus meaning ”either R or C”). In addition to the term

"vector space” (VP), the term ”linear space” (LP) or ”linear vector space” (LVP) is also used.

e Linearly independent (LN) set in VP: M C X is LN if ey + - 4+ ap2, =0 = a1 =a3=---=a, =0
for all possible tuples (x1,...z,) C M and all scalars a; € K.

Remark: Even if M is infinite, we only consider finite sums (ie, all possible ”arbitrarily long but finite” sums).
It is necessary to realize that the concept of convergence is not defined in general VP, and thus the very

concept of infinite sum has no meaning in general VP.

”Finite sums belong to algebra, infinite sums to analysis.”
e Base X (X #0, X # {0}):

1. If there exists a finite LN set B in X such that its linear envelope

Lin (B) = {Zajxj, z; € Ba; eK,n e N}
j=1
is equal to X (we say that B generates X), then we will call such a set the [vector] basis of X. Tts

cardinalit is determined in a unique way (as it can be shown), this number is then called the dimension
of X: dim X = card(B) € N.

2. If Yn € N exists in X a LN set with n elements, we say that dim X = oco. In this case, the notion of basis

is more strict: the basis of X over K is in this case such an infinite set B that satisfies:

(a) B is LN (in the sense of all finite lin. combinations - see above).

(b) Vo € X In(z) € N and the corresponding finite number of basis elements z1,...,7,(,) and coeffi-
cients a; € K such that

xr = E ajozj.
j=1

Remark: Here too, in principle, it is about finite sums of elements selected from an infinite set (for
different x it can be about different sets of elements of the base). This infinite basis is called the Hammel
basis of X over K. The question is whether every VP X (which is not of finite dimension) has a Hammel
basis. The answer yes is a consequence of the aziom of choice (for those who do not accept it, the answer

would be no).



R over R  has dimension 1: Vo € R3a =z € R that z = a - 1. So the base is {1}.
VP 1

R™ over R has dimension n .
~—

{

VP scalars

R over @Q has dimension oco: namely, every finite base of real numbers generates using
~—~ ~—

VP scalars
a countable set coefficients (from Q) only countably many elements, and R is uncountable.

This solves the problem of the dimension of R over Q. Note that the dimension co can be determined
even without knowing the answer to the question of the existence of a basis, i.e. without the
need for the axiom of choice. However, if we accept the axiom of choice, then there exists a
Hammel basis R over Q, i.e., 3B C R such that B is an LN in the sense of the above definition of
aVe € R3n(z) € N3by,...,byw) € B 31, Gue) € Q, that z = Y1) ¢;b;. Consider that B is
necessarily uncountable (otherwise we will only generate countably many elements).
e Norm on LP: ||| : X — [0,00), such that ||z + y|| < |lz| + ||y]l,
laz(| = |af - [,
|z]| =0 < 2 =0.

(X, |II) is then a normed linear space (NLP). We can define a convergence in such a space:

xnmx < Ve>0 IngeN Vn>ny ||z —z,| <e

and therefore infinite sums aleso make sense. It is possible to define Cauchy sequences as well
{zp} cauchy <= Ve>0 IngeN Vm,n>ng ||z, —znl <e
and completeness of X in a norm:
(X, |l is complete in the norm ||| <= ({zn} cauchy = Iz € X z,, > x) .

If (X,]||]) is complete in the norm ||-||, we call it a Banach space (B-space).

e We also consider to be known that under the condition of dim X < oo, all norms on X are equivalent. Recall

that norms ||-||; and |||, are equivalent, if 3e1,c0 > 0, s.t. ¢1 ||z||; < |lz|ly < c2 |z, Vo € X.

e Equivalent norms preserve the notion of convergence (z,, M T = x, M x) and also the property of

being cauchy (for a sequence), therefore also the notion of completeness of X is preserved in different norms.
Especially, for all finite dimensional spaces X it holds that if it is complete in a norm |[|-||, it is also complete

in all possible norms on X.

This does not hold in the case of an infinite dimension. For example C([—1,1]) is complete in the supremum

norm || f|| ., = max_; 1) | f(x)|, but it is not complete in the integral norm || f||, := f_ll |f|. (consider arctg nz —

5 sgn z in ||||1)

e Scalar product on LP: (~, ) : X x X —» K (therefore, if X is over C, scalar product has complex values), is
a mapping such that Vz,y, z € X we have:

(2,9) = (. ),
(z+y,2) = (2.2) + (v,2),
(xw) >0, and (amm) =0 << =0,

(ax, y) =« (x, y) Va € K.



A space (X , (~, )) endowed with a scalar product is called a space with a scalar product, sometimes also a

unitary space.

It is easy to show that ||| = 4/ (337 m) has all the properties of a norm, and therefore:

X is unitary = X je NLP (in the so-called "norm generated by a scalar product”)

If X is complete in the norm generated by scalar product, we call it a Hilbert space (H-space), and therefore

X Hilbert s. = X Banach s.

e For any unitary space X we have the Cauchy-Schwarz inequality:
veyeX: |yl <lel-lol. ke 2 = /(2.2).

e If X is unitary, we say that z,y € X \ {0} are perpendicular in X, if (z,y) = 0. We denote this by = L y.

L2, L2, by, W2, W2 W2 are Hilbert spaces.

C([a,b]), LP for p # 2 are Banach and not Hilbert spaces.

The existence of a norm (of the scalar product, or of the metric) defines the so-called geo-

metric properties (distance, convergence, and perpendicularity) on the LP.

We now recall various concepts and properties related to mappings on vector spaces.
1. Let X,Y be LP (ie, we don’t need geometry). We say, that the mapping is

e operator: T : X —Y
e functional: T : X — K

Every functional is also an operator. So we will WLOG define properties for operators only.
2. Let X, Y be an LP. The operator T : X — Y is

e linear: T'(ax + by) = aT'(z) + T (y) Ve,y € X Va,b e K

e nonlinear: not linear
Remark: from the linearity of T it follows that T'(0) = 0 (choose a = b = 0).
3. X, Y NLP (here, in addition to the linearity of spaces, we also need to have a norm), T': X — Y is linear

e bounded: VK >0 3C>0 |z||y < K = ||Tz||y < C (showing "bounded sets to bounded sets”),
equivalent to 3C>0 Ve X ||Tz|y < Clz| .

o unbounded: not bounded, i.e. IK>0 VO >0 JzceX |zcl| < KA |Tz| >C
4 Be X, Y NLP,T: X — Y is

e continuous: x, — x = Tz, — Tz (the so-called ”"Heine definition”)

e discontinuous: not continuous
Next, we will consider only Banach (or Hilbert) spaces, i.e. we will always have completeness.

Definition 1.1 (Operator Norm) Let us have a linear operator T : X — Y. We define a number

HT|\$(X,Y) = sup [Tz|y .
=]l x <1



This number can also be infinity (e.g. for some unbounded operator). For lin. however, we see the operator:

<|ITllgxv (J|T|| is the supremum of such)
Y

A0 = "T(x)

2 x

[Ty < ||TH3(X,Y) ]l

The last inequality also applies to || T'|| = oo, V& # 0. If | T'|| < oo, then both sides are finite and the inequality
holds Vz € X (ie, including x = 0).

Remark We let ||T|| = oo to have this equivalence:

Lemma 1.2 (On the characterization of boundedness) For lin. operators we have:
T bounded <= ||T|| < o0

and in that case |T'|| has properties of a norm (verify).
Proof. =" implication: T bounded: (choose K =1: 3CV|z|| <1 ||Tz|| < C) = ||T| < C.
7<” implication: ||T|| < oco: [|[Tz|| < |T|| - [|z|| Yz € X, e, |T|| < K = ||Tz| < K ||z O

Lemma 1.3 (On the equivalence of operator continuity and boundedness) Let X,Y be Banach. If T : X — Y is

a linear operator, then
1) (2) (3)
T bounded <= T continuous <= ||T| < occ.

Proof. We have already proved the equivalence of (1) and (3). We will show:

(1) = (2): If T is bounded, then 3C > 0, | T(z,, — z)|| < C||z,, —z|. From the linearity of T' then follows
| Tz, — Tx| < C||zn — z|. Now if 2, — x, then from here we have Tx,, — Tz and thus T is continuous.

(2) = (1): The continuity implies, among other things, that if ,, — 0, then T'z,, — 0. Therefore Ve (e.g. for
a fixed e = 1) 36 > 0 that ||z,| < § = | Ta,|| <e = 1. Let ||z| < K now, then || £6]| <6 = || L5 <1 =
|Tz|| < & = C. O

Definition 1.4 (Space of bounded linear operators)
Z(X,Y)={T: X =Y, X,Y NLP, T linear constrained}.

It can be shown that Z(X,Y) itself is an NLP with the norm ||-[| &y y defined by Definition Moreover, if
Y is Banach, then also Z(X,Y) is complete in the norm [|-[| (v y-) and thus Banach. In particular, the operator
spaces .Z(X,R), Z(X,C) are always Banach.

Other notations used:

Z'(X) = ZL(X.K),
Z(X) = ZL(X,X).

Theorem 1.5 (Effect of finite and infinite dimensions) Let T : X — Y, X, Y Banach, T linear, dim X = n € N.

Then T is bounded and therefore continuous.

Proof. Let us choose a fixed basis {z;}}_; in the space X. Then

n n
reX — x:Zajxj, - Tx:Zaijj
=1

Jj=1



n n
ITal <3 Joy T2y € max |Tayll - D" lay| = elal, < lle]

j=1 N . j=1
c

where ||al|; = ) |a;| is the so-called Manhattan norm, one of the possible norms of X, and the last inequality

follows from the equivalence of all norms for dim X < oo . ]

Remark In the finite dimension, all linear operators are already continuous. A natural question arises: is this also
true for dim X = oco? The answer is No: X,Y NLP, dim X = oo, then 3T : X — Y linear and unbounded.

Exercise

Exercise

X = CY([a,b]) with norm || f|| = sup|f(x)|. (In this norm, X is not complete, why?)
[a,0]

Y = C([a,b]) with the same norm. (Y is Banach, why?)

Let now f,(x) =sinnz, f, € X, |full =1. ffll(x) =ncosnz, f, €Y, ||f1/1|| =n.

A bounded set is mapped to an unbounded set = the differentiation operator is unbounded.

Let dim X = oo, Y Banach. Take {z1,22,...} LN a countably infinite set of nonzero elements in
X. WLOG ||z;|| = 1 (Otherwise we take vagﬁ instead.)

According to the so-called Zorn’s lemma (it is equivalent to the axiom of choice), every LN set can
be enlarged to became a basis. So let’s supplement it with elements {z4}aca, A is the so-called
index set.

Then according to the properties of the base B := {z; };ilu{za}aeA it holds Vz € X In(z), m(x) €
N da;, b; scalars, that

m(x

n(z) )
T = Z a;r; + Z br 2.
j=1 k=1

n(x) m(x)

We define Tz := Z a;Tx; + Z br Tz, for such that z € X.
j=1 k=1

This defines T on all of X if we define T'z; and T'z,. We define them as follows:

Tx; =35 VjeN
Tzo =0 Vz,, o€ A

Then T is linear on X (verify) with ||z,|| = 1 but ||Tz,| =n Vz,.



2 Fundamentals of spectral analysis

2.1 Motivation: solving one ODR
Consider an ordinary differential equation with an initial condition:

y" +y=f(x) on (0,a) for a >0,
y(0) =1, (2.1)
y'(0) =0,

where f € C ([0, a]).
The solution of this problem for f = 0 is yg = cosz, as we can easily find, for example, by the characteristic

polynomial method. To find one (particular) solution of the equation with the right-hand side f(x), we can use, for
example, the method of variation of constants. From the ansatz of

yp = c1(x) cosz + co(x) sinx (2.2)
we get equations for ¢ (x), ca(x)
cjcosz + chsine =0
—csinz + cycosx = f(x),
and it follows from

¢y =—fsinz,

cy = fcosw.

0

Thus, the functions ¢ (x) = — [ f(¢)sint dt, co(z) = [ f(¢) cost dt solve the equation 1)
0
We are getting

x

yp=—cosz [ f(t)sintdt +sinz [ f(t)costdt = [ f(t)(sinzcost —cosxsint) dt = [ f(t)sin(x —t) dt, (2.5)
Fromisen froosca | j

0 0

x

so finally

y(z) =yg +yp =cosz + / f(t)sin (z —t) dt. (2.6)
0

By substituting, one can make sure that the function y(z) given by the prescription (2.6)) is a solution to the problem

D).

Remark When substituting (2.6)) into (2.1]), the following lemma may come in handy, which allows the integral to
be derived both according to the parameter and according to the limits.

Lemma 2.1 (On the differentiation of the integral according to the parameter and limits) Let a,b € C*((c, 3)),
a((e, B)) C (A, B), b((cr, B)) C (A, B), g € C*((cr, B) x (A, B)). Further, let the functions a, b, g, % be bounded on
their domains. Then
d b(z) b(r)a
W / g(z,t) dt = / a—i (z,t) dt + g (b(z)) b (z) — g (a(z))ad’(z) for each z € (a, ) . (2.7)
a(z) a(z)

INote: We could of course choose for ¢1 or ca other primitive functions to —f(x)sina or f(z)cosz (differing only by a constant).

However, this choice guarantees that y, satisfies the initial conditions.



Proof. Since g is continuous in the second variable, there exists G € C!((a, ) x (4, B)) such that

0G
e (x,t) = g(x,t), (x,t) € (a,B) x (A, B). (2.8)
According to the Newton-Leibniz formula, one can write
b(x) d
/ g(z,t) dt = G(z,b(x)) — G(z, a(x)) i
x
a(z)
a P d
el - _ - 2.9
& [ setydt= 5 (6@ @) - Glaa) (29)
a(z)
= @) - O )+ O (b)) B@)— O (ra() o),
—_———
derivation only according to the 1st variable according to according to

while in the last equality the first two terms are derivatives only according to the 1st variable, the third term is
g(x,b(x)) and the fourth g(x,a(x)) according to (2.8).
The proof is completed by verifying the equality

oG 0G dg
— —— (z,d) = | == (x,1) dt. 2.10
o @0 -G @ = [ @ (210)
d
Indeed, if G(x,t) is primitive to g(x,t) in the variable ¢, then %—f (z,t) is primitive to % (z,t) in the variable ¢
under the given assumptions. We leave the details to the reader as a simple exercise. O

Let us now consider the modification of the task (2.1)):

y"(z) + y(z) = f(z)y(z) on (0,a) for a > 0,
y(0) , (2.11)
y'(0) =0.

So we have a kind of ”feedback” in the term on the right side of the equation. Only on the basis of analogy with

the first task, we dare to make the following statement:

If there exists a function y € C ([0, a]) that satisfies the relation
y(z) = cosx + / f(t)sin(z — t)y(¢) dt, (2.12)
0

then this function is already an element of C! ([0, a]) and solves the (2.11]).
We verify this statement using lemma (2.1). First of all, if y € C ([0, a]), the integrand in the equation (2.12)) is
continuous, i.e. is y € C1([0, a]) and we have

y'(x) = —sinz + / f(t)cos(z — t)y(t) dt + 0, (2.13)
0
from which by the same reasoning we have y/(z) € C1([0,d]), i.e. y € C%(]0,a]), and
y"(z) = —cosx — /f(ac) sin(z — t)y(t) dt + f(z)y(z). (2.14)
0

From the last three relations, we get v’ +y = f(x)y(z), as well as y(0) =1, y'(0) = 0.



So we verified that

If there exists y € C([0, a]) such that (2.12)) holds, this function is a solution to the problem (2.11)). ‘

We have not yet solved the problem (2.11)), we have only reformulated it. However, we will show that with a
suitable interpretation of this reformulation, we will be able to answer the question of the existence (and uniqueness)
of the solution.

Let’s break it down one more time

y(x) = cosz Jr/sin(x —t)f(t)y(t) dt (2.15)
=mu(r) 0

and denote K (z,t) = sin(z — t) f(¢) as the so-called integration factor, i.e.
y(z) = u(z) + /K(x,t)y(t) de, (2.16)
0

which is a reformulation of the problem (2.11) into a more general integral equation (known in mathematical
literature as Volterra’s equation of the second kind).
However, we now turn to an even more general formulation. We will denote

T

Ty(z) = /O " K (ot dt = / sin(z — £) f(£)y(t) dt (2.17)

0

The mapping T : C ([0,a]) — C ([0,a]) is (obviously) a linear operator. The problem of finding a solution (2.11)), or
(2.16)) can then be understood as a search for a solution to an operator equation

y=u+Ty (2.18)
on the Banach space C([0,a]). This equation can also be written in the form
(Id—T)y =u, (2.19)

where Id is the identity operator on C([0,al). If we showed the existence of the ”inverse operator to Id —T”, we
could write
y=(Id—T) 'u (2.20)

and thereby solved the assigned task.
Formulating the problem in the form of the equation (2.20)) leads us to the following questions:

e What are the properties of the operator T from ([2.20])?
e Under what conditions does the operator inverse to I'd — T exist and what are its properties?
e Is y introduced using the equation (2.20) really a solution to our problem?

Let’s answer the first question first. We show that the operator T is linear and bounded, so it is continuous on the
space C([0,a]), i.e. T € .Z(C (]0,qa])).
Recall the standard norm for C([0,a]): [|yll¢ (0.0 = suply(z)| (=lvlle)-
7 [0,a]

Proof. Linearity is obvious, for boundedness we determine it first

T

[sinte =070 @t < s [ 101Iy0] de < @l Il (2:21)
0

z€[0,a
0 0,a]

[ Tylloc = sup
z€]0,a]

10



where || f||,, = max|f(x)| and ||y||,, = mzzx|y(x)|. We see

[0,a] [0,a]
1Tl 2coapy = s [TYlloc < sup allfll 1yl < allfllo < o0, (2.22)
lyll oo <1 lyll o <1
thus T is a bounded operator (if the interval [0, a] is bounded) . O

We have the following general theorem prepared to answer other questions. Note that it is not too general.

Basically, it is a description of our task in the operator version.

Theorem 2.2 (On the von Neumann operator series) Let X be a Banach space, T € Z(X). Let us define T° = Id,
Tty = T(ij) the so-called iterated operator. Furthermore, let at least one of the following three conditions be
satisfied:

a) |IT)|zx) <1,

o0 .
b) ZOHTJHz(X) < 0,
]:

o0

c) > ||ij\|X <oo VyeX.

j=0

Then
1. Yu € X there exists a unique y € X such that (Id—T)y = u.

2. If we define the mapping "u v+ y” from the previous point and denote it (Id — T)~*, the following applies:

(Id—T)'o(Id—T)=Id—-T)o(Id—T)' = Id, (2.23)

and -
(Id-T)'=> T/, (2.24)

j=0

o0 n
where we understand the sum sum >, as lim > in the sense of convergence in L (X).
=0 n— o0 =0

Remark
1. The series (2.24)) is called the von Neumann series of the operator T'

2. In the following we show that a)=b)=-c).

We have [|Ty|[x = [IT(Ty)llx < |IT|lx)lITyllx < [ITIZx) 1yl x, whence [|T?|] = H b;“quHTQyHX <
Ylix>
||T||? and easily by induction

||Tj||.$(X) < ||T‘|zé(x)- (2.25)

Thus, if a) holds, 377, ||T7|| < S lITN < 32720 [IT|P < oo and the limit transition n — oo on the left
gives b). If b) holds, then 37— [[T7y]l < lyll g IT]] < llyll S50 |17 < o0, whence o).

Indeed, then a)=b)=-c) and it will suffice to show that condition c) implies the assertion of this Theoremﬂ

Before we prove the theorem, let’s make sure that the operator T defined in satisfies its assumptions:
C([0,a]) is a Banach space and T' € Z(C([0,a])). In addition, we showed in that ||T||¢ < al fll. -

From here we immediately get that for each [|f] < oo there exists such a > 0 such that al|f|| < 1 and
therefore ||T'|| < 1. From the assertion of the theorem, we then get the ”existence and uniqueness” of the solution
to the problem , and therefore a solution of on the corresponding truncated interval [0,a] so that

2However, we are grateful to have three different conditions: different operators can satisfy a), b), or ¢), see below.

11



allf|lo < 1. This is a typical representative of the so-called "local” existence theorems of a solution of a differential
equation. The disadvantage of this statement is that this solution existence interval depends on the size of the
right-hand side of f.

At the same time, this observation will also serve as a lesson for us. We now show that T satisfies condition (b)
without any requirements on the size of a. We just should estimate more carefully.

Ty ()| S/\f(t)lly(t)l dt <z || flloe 19l »
0

where || f||, = max|f(t)| and ||y|| . = max|y(t)|. Note that we are not looking for sup yet. Further
[va] [va] xE[O,a]

x

y 2
e < [ 15Tyl at < 11 ol [ eat = LA ol
0

0

whence we get by induction ‘
, 27 ,
Ty(@) < = 1% 9l -

Now we find the supremum over x and get

. J .
|Ty| < ; I ol

and thus .
A , a’ ,
177] = sup_ [ T7y] < ZF /11 -
Iyl <1 J:
From here -
S| < explal|fll4) < oo
§=0
Therefore, condition (b) is fulfilled and we have come to the conclusion that if we prove Theorem [2.2] we have
shown at the same time the existence and uniqueness of the (classical) solution of the problem (2.11)) for any (but
bounded) interval [0,a], and for any f € C([0, a]).

Proof of Theorem[2.4 According to point 2 of the previous remark, it suffices to show that the statement of the
theorem follows from assumption c).

Let’s define the following sequence of elements y,, € X (so-called "iterative process”)

Yo € X be any element of X
Yn+1 =u—+ Tyn
We have

y1 =u+Tyo
y2 = u+ Ty = u+ Tu + Ty,

induction shows easily
n—1

yn = _ TIu+ Ty (2.26)
§=0

We show that the sequence y, has a limit in X. Since X is Banach and therefore complete, it suffices for the
convergence of y,, to show that {y,} is a Cauchy sequence. So let’s choose € > 0, consider n > m and do the math
n—1

Yn = Ym = Y TIu+ T "y — Ty,

j=m
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SO
n—1

19 = Yl < D (1Tl + ([T yol| + 1T yol-
j=m

Since condition c) holds, the first term is smaller than e for sufficiently large n > m. Likewise the members of
T"ynll, || T yo|| are (as the nth or mth term of a convergent series of the form c¢)) smaller than e for sufficiently
large n, m.

Thus, the sequence {y, } is Cauchy in the Banach space X, therefore it is convergent in X, so there exists y € X

X . . . X .

such that y, — y. Since T is continuous, Ty, — Ty is also

Ynt1 = u+ Ty,

l l

y =u+Ty

and y is a solution to the equation y = u + Ty (for any u € X). We will show the uniqueness of this solution with

an argument. Let there be two solutions, y and z, so let hold

y=u+Ty
z=u+Tz.

By subtracting these equations and labeling w = y — 2z, we obtain the relation w = Tw.
From there, however, w = Tw = T?w = --- = T?w Vj € N. So ||w|| = ||T?w]|| Vj € N. The series Z;io || T w)|

is, however, a convergent series of type c), i.e
|Jw|| = lim ||T?w|| = 0,
Jj—o0

whence w = 0 and therefore y = z.
Thus, the problem y = u + Ty has Yu € X exactly one solution y € X. In other words: We know

Id — T is linear and continuous

Yue X Aye X, (Id—T) } = Id — T is both injective and surjective
u ly , —Ty=u

Thus, the mapping u + y is a well-defined mapping from X to X. Let us denote it by (Id —T)™ 1, i.e. y
(Id — T) 'u, Vu € X. It is linear and injective. From we get

n—1
yn =Y _ TIu+T "y,
(=
y = ZTju—F 0,

=0

thus we have for all u € X : (Id — T) 'u = > o Tou or (Id —T)™ " = > o T? in the sense of equality of
operators.
Finally, let’s denote

N .
SN = Z T7.
§=0
Then
N N+1
SyoId-T)=> T'-> T/ =1°-T"*"' =1d - T" !
j=0 j=1 |
0
and similarly for (Id —T) o Sy O
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Remark Later we will see that it holds: if an operator T' : X — X is linear, bounded, injective and on, then
its inverse T~ ' (which exists) is also linear and bounded, i.e. continuous. This introduces a so-called element of

stability into our task. If the inverse operator (in our case (Id — T)~!) is continuous, then this means that for

Uy S u = (Id—T) ‘u, 25 (Id—T) 'u

Yn Yy

in other words, "near right-hand sides of the equation u,, correspond to close solutions”, or ”small changes on the

right-hand side of the equation cause small changes in the solution”. This is what is called solution stability.

Exercise| Let’s consider

According to the previous theory, the problem has only one solution on any [0,a]. We can verify
that the function y(z) = e~7"/2 i this solution.

However, the proof of the previous theorem also shows that this solution can be obtained in the
form of iterations (ie, it can be approached arbitrarily). Consider yo = 0 and write the first few
iterations. Does it seem to converge to e=°/27 There are certainly some interesting lessons to be
learned from this. ®

At yo = 0 we get for ys

_ 164925 . 164925 ,.2 549753 _; 165437 ,.4 32383 .5 o
ys(x) =cosx + 5048 LsSInx 5048 L COST — Faag T SINT + “gia T COST + Fao5 & SINT
_ 154871,.6 143131 ,.7 126481 .8 12983 .9 .: 18889 ,.10
16080 L COST — Jiogp T SINT + Grriog T COST + 5508550 SINT — o005 COST
4 11 1 12
13960 % smx—i——31104x COS T
y(z)
1.0
0.8+
0.6 -
0.4+
0.2+ a2
L e 2
L -
I 4
-0.2

Figure 1: Comparison of the exact solution and the fifth iteration of ys.
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2.2 Basic concepts of spectral analysis

We will examine the operator equation for the unknown z € X
(T—Md)x=u, AeC, Te Z(x), ue X Banach space (2.27)

The motivation for this is the previous paragraph. Let us denote T’y := T — A d, then T\ € Z(X) & T € Z(X).
Let us denote the range of the operator T’y

R(T)\) = {yGX, dr € X, T)\:E:y} (: T)\(X))

Questions about the solvability of the equation (2.27) can be reformulated in the language of the operator Ty
as follows.

In the language of equations ‘ In the language of the operator
3 a solution for any right-hand side u € X7 Is T\ surjective, ie is R(Ty) = X7
If a solution for a given u € X exists, is it uniquely determined? Is Ty injective on X7
If Vu € R(T») 3z € X; Thrx = u,
is this solution stable? (see remark below) If Ty is injective, then is T’y ' continuous on R(T'y)?

Remark By the term stable solution we mean (to simplify a little) the situation when the equation Tz = u has
uniquely determined solutions for Vu € U(ugp), ie ”small changes in v € U(ug)” result in ”small changes in the
solution”. This exactly corresponds to the situation where the inverse mapping T;l is continuous on U (up). This
property is very important in finding an approximate solution. With it, we often approximate the right-hand side
of u by some ”its close right-hand side” @ and hope that the solution T that corresponds to the right-hand side of w
, will be a close solution to x, corresponding to the right-hand side of u. However, this may not be true for unstable

operators.

Difference between finite and infinite dimensions.

In finite dimension: T € Z(X) < 3 a matrix M € M"™ " such that T'(z) = Mx Vo € X (in X we choose one
fixed basis).
Then it applies

T is injective < T is surjective < M representing T is regular. (2.28)
3
T~ is injective < T~ is surjective < M~ is regular and represents T (ie T is lin. ) (2.29)

Since in finite dimension every linear operator is continuous, so is T~ ! € & (X).
Thus, ”all or nothing” holds in finite dimension; it is the so-called finite-dimensional Fredholm alternative for
T € £(X); dim X = n, which says that exactly one of the following situations holds:

1. T is injective and surjective and has a continuous inversion
2. T is not injective, is not surjective, and has no continuous inversion

In infinite dimension, there is generally no relationship between injectivity and surjectivity.
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Let us define the space of /5 sequences
o0
ly = {{xn};’f:l, z, € C; Z |z |? < oo}
n=1

It can be shown that o with norm |[{z, }||7, == 7", |#.|? is a Banach space (it is even Hilbert’s,

more later). On s, let’s define two so-called shift operators (”shift operators”)

A1 : (9’)1,1‘2,1‘3,...) — (0,1‘1,3;‘2,333,...)
As i (21, m0,23,...) — (T2, 23, Za,...).
Apparently
[Arz(le, = [|zlle, = [[Ax]l = sup [[Asz]] =1
[lz]|<1

| Azzlle, < lzlle, = ||A2]| <1,

thus both are bounded, hence continuous, i.e. A1, As € £ ({2).
Bute

e A; is injective, i.e. it assigns different elements to different elements, but it is not surjective

(nothing is mapped, e.g. on (1,0,0,...)

e A, is surjective but not injective.

However, as far as stability is concerned, even in an infinite dimension the following profound theorem holds.

Theorem 2.3 (On the continuity of the inversion of a bijective mapping) Let X be a Banach space, A € £ (X) is

surjective and injective. Then A™' e Z(X), so A~ is a linear and continuous operator.

Proof. Tt follows from the so-called open mapping theorem. See LUKES 4.13-4.16. O

This seems to solve the problem of the stability of the solution: the injectivity and surjectivity is enough. Yes, for
linear bounded (i.e. continuous) operators it is so. But for example, for linear and discontinuous, or for non-linear

operators, the situation is not so simplef.

Possible operator states

Let T € £(X), X is Banach, A € C, Ty =T — M d € Z(X). Then, depending on A € C , the operator T’y can
have different properties in terms of its injectivity, continuity of inversion, and size R(T'y) . The following table
summarizes all the possibilities, two of which cannot occur: the one ruled out by the Theorem (denoted in the
Table by ”V1”) and the one ruled out by Lemma which we formulate and we can prove below (denoted "L1”).

The table must be understood as defining different categories to which the A € C parameter can belong. So, for
example, the upper left corner of the table should be read as follows: "\ € C is a regular point of T, if T'y is prime,
T ' continuous and R(T) = X”.

T is surjective Ty is not surjective T, is not surjective
R(T)) =X R(T\)#X, R(TN\) =X | R(TN#X
T, injective and Ty ' (which 3) is continuous A is a regular point T A€ or(T)
T, injective and Ty ' (which 3) is not continuous A€ oc(T) A€ or(T)
T, is not injective, i.e. (ﬂT;l) A€ op(T) A€ op(T) A€ op(T)

Table 1: Spectral table for linear bounded operators in infinite dimension.

16



Remark o oc(T) ...the so-called continuous spectrum operator T. If A\ € o¢(T'), then the equation Ty = u

does not have a solution for every right v € X, however, for every e > 0 there exists u. € X, ||ue — u| y < € and

at the same time there is a solution to the equation T'yy = u. € X (this is a consequence of R(T'y) = X). They
are sometimes called ”almost solutions”. However, at the same time, Ty is unstable ( T;l is discontinuous),
so it does not make good sense to talk about what happens to the solutions when we slightly change the

right-hand sides ..

e or(T) ...the so-called residual spectrum T . Since R(T)) # X, there are no solutions for a large part of
ueX

e op ...so-called point spectrum T. Ty is not prime, i.e.
Jx1 # 22, Thwy = Thxo

def. x '=x1 — z2 # 0, i.e. dx # 0 such that

T)\l‘ =0
(T —Md)x=0
Tx = \x.

Sod€op(T)& x#£0: Te =Xz A )\ is an eigenvalue of T' and x # 0 is the corresponding eigenvector.

Definition 2.4 (Operator Spectrum) Let X be a Banach space and T € £ (X). We call the set
o(T) :=0c(T)Uor(T)Uop(T)
the spectrum of the operator T'.
Observation:
e A€ o(T) < T, is not injective or not sujective
e ) regular & Ty injective and surjective (and then T;\l continuous)
e Not every element of the spectrum 7' is an eigenvalue.

Definition 2.5 (Spectral radius) Let X be a Banach space and T € .Z(X). We define the spectral radius of the
operator T by the formula
p(T) = sup{|A[; A€ o(T)} .

Observation: If p(T') < oo, then |A| > p(T") = A is regular.
Finally, we arrive at the promised lemma from the spectral table.

Lemma 2.6 (On the discontinuity of the inversion of a densely defined injective operator) Let X be a Banach
space, A € Z(X). Let

I R(A) # X, R(A) = X,
2. there exists A~': R(A) — X (ie, A is injective on X).

-1 . .
Then A™" is not continuous.

Proof. For the sake of contradiction, let us assume that the operator A~' is continuous on R(A). Thanks to the
property R(A) # X we can choose y € X\R(A) and thanks to the property R(A) = X there exists a sequence
{yn}r—; C R(A) such that y, — y. Moreover we can also find a sequence {z,} -, C X such that Az, = y,,

which can be written as z, = A~ 'y, due to the existence of the inversion. Due to the continuity of A~! and the
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oo

o2 1, the sequence {z,} -, is also Cauchy. Due to the completeness of the space X, this

Cauchy property of {y,}
sequence converges, denote the limit element x. Then, thanks to the linearity and continuity of A, we can write

Az = A( lim z,) Aot i Az, = lim y, =y
n— oo n— oo n—oo
Since 3z € X such that Az =y, y € R(A). This is a contradiction with y ¢ R(A) above. O

Remark (Table 1] in finite dimension) We know that T € .Z(X); dim X = n € N is represented by the matrix
M e MTLX”L.
Then:

T is injective < T is surjective & M is regular and represents T'
—_————

o’
—~~
T is injective < T~ is surjective < M™! is regular and represents T

In the situation described above, there is also always T~ € .Z(X).

Table [1| can therefore be schematically rewritten as

|| |
OO |W
@|6WW
OINONIO

Table 2: Table [[] rewritten in finite dimension

@ In finite dimension only this situations occur, and so here we have

1. A € C — ) is either regular or already an eigenvalue
2. o(T) ={X € C, X is an eigenvalue T} = {\ € C; X is eigenvalue of M}.
@ Cannot occur in general

@ This column describes the situation R(Ty) # X, R(T») = X. However, this cannot occur in a finite

dimension, because R(T'y) = R(T'y)there.

@ It cannot occur because for dim X = n, T' is injective < Ty is surjective.

The following theorem shows that p(T) is always finite for T € Z(X).

Theorem 2.7 X Banach, T € Z(X) (ie, ||T|| < o). Then for |A| > ||T|| holds

a: AN¢o(T), i.e. \is regular

NE+T
k=0

b: (T—-Nd) ' =T,"' =~ € Z(X)

Remark
e From a) it immediately follows p(tT") < ||T]-

e The series in b) is called the von Neumann series of the operator (T'— AId). Proposition b) says, among other

things, that if | T"|| < |\|, the operator Ty is injective, continuous, surjective, and has a continuous inversion.
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Proof. If |A| > ||T||, then certainly A # 0. Let us put A := $T". Then ||A|| = ﬁHTH < 1 and we can use Theorem

on A. This gives us that:
a) Id — A is injective and surjective = T — A\Id = (—=\)(Id — A) is injective and surjective Theorem B2,

(T — M\Id)~! is continuous. Hence, \ is regular.

b) Theorem [2.2] gives also >
= (Id—A)~'=>_A*
k=0

1. =TF
Id-5D)7' =3 5/ (-1
k=0
—1 o) k
1 T 1
—_T_ _ L 13
(/\T Id) ,;_0 /\k/ 3 be carefull.
-1 00 k
1 T
-1 o

A k=0
(T—XId)-1

O

3The inverse mapping to y=3x is y=x/3, so the inverse mapping has the value of the coefficient reversed. On the left-hand side of
the equation, one can (alternatively) proceed:

1 -1
(XT - Id) =ANT —Md)™ !,

and then it is clear why we have to divide the equation by A.
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e}
Consider (o = {{xn}ff_l, T, €C, 3 |z,)* < oo} the space of all complex sequences that are
n=1

so-called ”summable with the square”i. It holds that ¢ with the scalar product ({z,},{yn}) "=

o0

> 2,7, which induces the norm [|{z,}||s, = /D ey |Zn|?, is complete, and therefore a Hilbert
n=1

(i.e. also a Banach) space.

Consider the operator

T:fg—)gz
T: (21,29 ..., Tk, Thop1s--.) = (0,21, 20y .oy The1, They - - ).
Since |[Tz|le, = [[z[l¢,, [|IT|| = sup |[Tz||= sup [[z]|=1.

[lzl|<1 [lzl]<1
Thus p(T') < ||T|| = 1 and therefore [A\| > 1 = X is regular. Thus, the entire spectrum T lies in

the unit circle in C.

e )\ = 0: We already know that T is not surjective, but it is injective. At the same time, it can
be seen that no element from ¢s can be mapped on (a,0,0,...), a € C, a # 0. Therefore,
no sequence from R(T') can converge to, for example, the element (1,0,0,...). Therefore,
R(T) # {5, from where 0 € og(T) it follows (from the table [1).

e A <1,A#£0

1. We first show that none of these A is an eigenvalue of T'. If that were the case, then 3z # 0,
s.t.
Txr=\x

(O,x1,$27. . ) = (>\$17>\$27. . .)7
i.e.

i) )\.Z‘l =0
11) )\xk:xk,l Vk:2,3,47...

x1 = 0 follows from i) (because A # 0), and z3 = 3 = --- = 0 follows from ii) by induction.

Thus, = = 0, which, however, conflicts with the fact that it should be an eigenvector of T'.

2. We show that Ty is not surjective, specifically that no = € ¢5 is mapped on (1,0,0,...). Let

such x € /5 exist. So then
Tz = (1,0,0,...),
I
(—)\,Tl, 1 — )\.’172,$2 — /\.’173, .. )

801:—)\3:1:>x1:—§

Tk 1 1 1
3 4y 9y Tk Th41 Th41 €T ( )\7 )\27 )\37 )

So it seems we found such z, but H:v||?2 =5 ﬁ = 00, because it is a geometric series with the
k=1

quotient 1/A?, for which |A| < 1 = [1/A2| > 1. Since T is linear and (1,0,0,...) ¢ R(T)), so

(a,0,0,...) ¢ R(Tx)VaeC, a#0 = R(T») # la.

So we are in the last column of the table |1, VA # 0, |A] < 1. However, since at the same time

no such A is an eigenvalue, A € or(T) for all such A. (This could also be shown independently by

showing the injectivity of the T'y.)

Conclusion: For this T, o(T) = or(T) = {\ € C,|A] < 1}. The spectrum is therefore the entire
unit circle, so there are countless elements of the spectrum (while none of them is an eigenvalue).
Such an operator is therefore "relatively 121%1y”, but at the same time it does not generate any

eigenvectors.



Perform a spectral analysis of the following operators:

a) Let us have the operator T : {3 — {5
(21,2, 23,...) — (gcg, LB ) Additionally, try to think about what ||T'|| is.
Solution: T' € £ (¢3), o(T) = op(T) = {0}, or(T) =0, oc(T) =0

b) Let us have the operator T : lo — o

(x1,22,23,...) — (0,3:1, B L ) Additionally, try to think about what ||T|| is and whether
0€o0c(T) or0€ogr(T).

Solution: T' € Z({s), o(T) = {0}, op(T) =0, oc(T) =10
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3 Compact operators

We know from the previous chapters that for linear operator between Banach spaces T : X — Y the following
applies:
T is continuous < T is bounded,

we write T' € Z(X,Y). Next we will use the notation .Z(X) = Z(X, X).
Recall that boundedness of the operator means that T'(bounded set) = bounded set. This statement therefore
characterizes the connection for linear operators, in other words VA C X bounded, is T(A) bounded in Y.

Definition 3.1 (Compact operator) Let X,Y be Banach spaces, K : X — Y be a linear operator. We say that
K is compact if for each bounded set A C X it is true that K(A) C Y is a compact set. The set of all compact
operators is written as €(X,Y) and ¢(X) = (X, X).

Remark

1. ¢(X,Y) c Z(X,Y). If A C X is bounded, then K(A) C Y is compact and according to the necessary

compactness condition K (A) must be a bounded and closed set, i.e. also K(A) C K(A) is bounded, being

subset of a bounded set.

2. Recall that boundedness and closeness are sufficient conditions for compactness only in finite-dimensional

normed linear space (NLP).
3. For compact sets we can use Weierstrass sub-sequences selection, which we will use further.
Operator characterization using sequences For T € Z(X,Y) we had:

continuity: z, - = Tx, - Tx
boundedness: {z,} is bounded = {T'z,} is bounded

The compactness characterization is best summed up in a theorem.

Theorem 3.2 (About characterizing a compact operator by a sequence) The operator K : X — Y is compact if
for each bounded sequence {x,,},., C X there ezists a selected subsequence {xy, }5., and the element y € Y such
that K(xn, ) = y.

Observation:
If the entire Y space had the property that any constrained sequence in Y could select a convergent subsequence,
then

Z(X,Y)=%(X,Y).
It suffices to prove
Z(X,Y)Cceg(X,)Y),

since we have already proved the opposite implication. Let T' € £ (X,Y) and {xn}ff:l C X be a bounded sequence.
Due to the boundedness of T', the sequance {T'z,},. , is bounded. By guaranteeing that we can already select
a convergent subsequence from each such sequence, we would prove the compactness of each continuous operator.
Surely not every metric space can have such a property. In honor of the Bolzano-Weierstrass theorem valid in R,

we call this property (just in this textbook) the B-W property. O

Lemma 3.3 (About the equivalence condition for the B-W property) Let Y be the Banach space. Pak

Y has the B-W property < dimY < oco.
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Sketch of a proof:

7<” On R, we can use the Bolzano-Weierstrass theorem from the first semester. In the R™ space we make
successive selections by folders. Now since dim X = n € N, we can find the base and assign n-tici coordinates to
each element of x € X relative to this base.

’=" Let dimY = oco. For the sake of better geometrical interpretation we restrict ourselves to Hilbert space
and will be working with the ”set of infinitely many mutually perpendicular coordinates”. We select y; € Y,
lly1]] = 1 (the member of a canonical OG basis, lying in the direction of the first coordinate) and then by induction
select elements yi+1 € Y, ||yr+1]| = 1 on the respective perpendicular direction and observe that the distance of
the element yr,1 from the elements y;, j = 1,...,k is greater than or equal to one. We therefore have bounded
sequence (lying on the unit sphere) from which we are not able to select a convergent subsequence (every element

of a sequence is "too far” from any other element.) O

Lemma 3.4 (About identity compactness) For Banach space X ii holds:
Id: X — X is compact < X has B-W property.

Proof. Obvious. 0

From the previous two lemmas, it is interesting to note that in an infinite dimension the identity is not a compact operator.

Generally, as a consequence of the previous two lemmas, we have:
Id € Z(X) is compact < dim X < oco.

Remark In the theory of partial differential equations, the process of ”compact embedding” of one space into
another is applied. In this situation we consider two spaces X C Y, but equipped with different norms [|-||  , |||y -
Mapping Id : X — Y in this case can be compact. However, this is due to different norms that are not equivalent
on infinitesimal spaces.

An example of such a process is the so-called Rellich theorem:

Let © C R™ be an open bounded set with a smooth border. Define Sobolev space
1/2
Wh(Q) = {f QSR s = [ /Q (172 + IV £12) dx} < +oo} .

Then W2(Q) C L*(Q) and Id : W2(Q) — L?(Q) is a compact operator.
The practical use of this theorem consists in selecting a convergent subsequence in L? from a bounded sequence

in the space W2,

3.1 Properties of compact operators

In this subsection, we formulate seven key properties that greatly simplify the issue of spectral analysis for compact

operators.

Lemma 3.5 dimY < o0 = Z(X,Y)=%(X,Y)

Proof. A C X is bounded LeLXY), T(A) is bounded = T(A) is bounded and closed in Y MRIRIE N T(A) is
compact. ]
The corollary of this lemma is T' € Z(X), dim X = oo, dmR(T) < o0 = T € €(X).

Lemma 3.6 S € Z(X), Kc¢(X) = SoK c¢(X), KoS € ¢(X).
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Proof. Choose the bounded sequence {z,} -, C X. Then {Sz,},., is bounded and due to the compactness of
K we can select a convergent subsequence from {(K o S)z,},-, therefore K o S is compact. Further, from the
{Kuz,},° | we can select the convergent subsequence { Ky, };-, and due to the properties of the S operator, the

{(S o K)x,, },-, is convergent, therefore S o K is compact.

O
Lemma 3.7 K € ¢(X) dimX =00 = 0 € o(K)
Proof. 10 ¢ o(K) = 3K ' € Z(X). Then according to Lemma we get that
Kok, sl
where identity compactness is in contradiction with Lemma [3.4] O

Lemma 3.8 K € ¢(X), A # 0. Then
1. R(K — MId) is a closed set (see LUKES 5.17).
2. K is surjective (i.e. R(K — AId) = X) & K — Md is injective (see LUKES 5.27).
Remark The second part of the previous lemma is called ”Fredholm’s alternative in an infinite dimension”.

For K € €(X), A # 0, we can modify the spectral table based on our new knowledge. Specifically, we found
that

a) the situation R(K ) # X, R(K ) = X cannot occur because R(K ) = R(K ).

b) K, is injective <& K, is surjective.

So we have
| RIEN=X | RIK))#X,REN=X| REN#X |
K, is injective, K ;1 is continuous A is regular
K ) je injective, K;l is not continuous
K, is not injective A € op (is eigenvalue)

Summary:

e 0 is always in the spectrum of the compact operator. It is the only element of the spectrum that does not

have to be an eigenvalue.
e All non-zero elements of the spectrum are already eigenvalues.
Lemma 3.9 K € ¥(X), A#0, A € 6(K). Then
e ) is an eigenvalue,
o dim Ker (K — A\d) < +o0,
e Ker (K — Md) is the space of all eigenvectors of the respective eigenvalue A, and is a closed subspace X.
Proof. see LUKES 5.15. O

Definition 3.10 (Multiplicity of the eigenvalue) The number dim Ker (K — Md) € N is called the multiplicity of
the eigenvalue A € op(K).
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According to the previous lemma, we know that every non-zero eigenvalue has a finite multiplicity - the dimen-

sion of space generated by eigenvectors, belonging to the non-zero eigenvalue, is finite.
Lemma 3.11 K € % (X). Then Ve > 0 the o(K)N{\ € C: |A| > ¢} is finite.

As a result, the spectrum of the compact operator is at most countable. Moreover, if the spectrum of a compact

operator has a cluster point, it can only be 0.
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4 Duality

4.1 Dual and duality

Definition 4.1 (Dual) Let X be a Banach space. Space X' := Z(X,K) is called the (topological) dual to X.

Remark

The space X' is therefore formed by all continuous linear functionals, where we consider continuity in the

sense of

T, g = T, —» Tz forall T e X' .

e We know that if X,Y are normed spaces and Y is Banach, then .Z(X,Y) is also Banach. Therefore, X’ is
automatically a Banach space.
e If T € X', then its norm is naturally ||T'||y, := sup |Tz|.
llzll x <1
e A topological dual is not the same as a vector dual (only a linear mappings X — K, we do not require

continuity). There are more elements of the vector dual (the ”discontinuous” ones). In finite dimension vector

dual is always a topological dual.

Definition 4.2 (Duality) Let X be Banach and X’ its dual. We call the representation S : X x X’ — C duality

if it satisfies the properties:
1. sesquilinearity: S(ax + By, 2) = aS(z,2) + BS(y,2), S(z,ax + By) = aS(z,z) + BS(z,y),
2. continuity: S(z,,yn) — S(x,y) whenever (z,,y,) — (z,y) in X x X'

Sometimes we write S(z,T') = <l’, T>. In general, <~, > is often the symbol for duality.

Remark e If in some sense we are often able to identify the spaces X and X’ (we will see in the following),
then the role of duality is played by the scalar product. By identifying spaces, we mean the following: we
write X ~ Y if there exists a mapping D : X — Y that is isometric and isomorphic, i.e. it preserves the

norm and is bijective.

e The mapping ”with swapped components” S : X’ x X — C, which is sesquilinear and continuous in the sense
of the previous definition, also has a duality structure. It is a matter of agreement which order of spaces X

and X’ is chosen in a given situation.

Example Consider the vector space R™. We know that every linear form T € (]R”)/ is representable by a scalar
product T'[(z1,---,x,)] = Y27, ajz;. This is an isometric and isomorphic representation, so one can write
R" ~ (R")/. A duality on such a space is, for example, the scalar product on R™. We will see later that the same
can be considered in any Hilbert space - in this sense, duality is a generalization of the scalar product.

Theorem 4.3 (On the identification of conjugate Lebesgue spaces) Let @ C R™ be an open connected set, T €
LP(Q), p € (1,00). Let g € (1,00) be such that % + % =1 holds. Then there exists exactly one element g € L1(Q))
such that:

T(f) = /Qfg dv VfeLP(Q) and at the same time | T|| 00y =19l ey -

Proof. We will not provide a proof. O
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The previous theorem shows that L?(Q)" ~ L?(Q) holds. In this sense, we identify T" and g, and we identify the
duality (f,T') — T(f) with the duality

<f7g>'—>/ﬂf§, ferLl geL?. (4.1)

Note that if we put p = ¢ = 2 in the previous theorem, we obtain the property L?(Q)’ ~ L?(Q2) and the duality (4.1])
has the same form as the scalar product on L*(Q), (f,g) = (f,g) .- It is natural to wonder if there is something
deeper behind this result. The answer is positive.

Theorem 4.4 (Riesz-Fréchet on representation) Let H be a Hilbert space with scalar product (-, )y, T € H'. Then

there exists exactly one element f € H such that the following satisfies:

1. T(x) = (a:,f)H for each x € H |

2Tl g = Ml -
Proof. see Lukes 2.9 O
Corolarry 4.5 The mapping "z — f” is an isometric isomorphism (it is bijective and norm preserving). Therefore,

for all Hilbert spaces H we can make the identification H' ~ H.

Lemma 4.6 (On the inclusion of dual spaces) Let X,Y be Banach and let X C Y and |[z||y = ||z]y V& € X.
Then

Y' c X'
applies in the sense of mapping restriction (see proof). However, it is important to be very careful here, it is easy

to misinterpret this result!
Proof.

Let’s T € Y’ = T continuous and linear (on elements from Y')

= T|x continuous and linear (on elements from X) = T|x € X’

Example Headless application of previous inclusion can drive us into dead ends.

Consider the space R C R?. According to the previous statement, we can declare (R?)" C (R)’. Since both spaces
are Hilbert, they can be equated (R™)" = R", so R? C R should hold, which is apparently nonsense. But where is
the mistake?

RCcR*> = (R’ CR
Il I
R? CcR
In the previous considerations, we made two mistakes: one major, one minor.

1. We made a minor mistake by considering (R™)" ~ R™ to be an equality, it is actually an identification. Each

linear mapping on R™ has the form
n
T(z)= Z a;x;
j=1
and is identified with an n-tition of coefficients
T ~ (a1,...a,) € R" represents (R™)" .
Representing space R™ should therefore really be viewed as a space of elements, which represent a linear

mapping.
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2. We made a big mistake when we considered the inclusion (R?)" C R’ to be a set inclusion. The statement

should be understood in this sense:
” All linear mappings working on R? can be restricted to work on R.”

If the linear mapping T’ € (R?)’ is representable by the pair (a1, as) € R?, then this mapping can indeed be
reduced to T'|g represented by (c,0), which we can think of as the space R. This is the true meaning of

”inclusion” Y’ C X'.

Remark ”Duality” is often manifested by the fact that the formulas containing the elements X and X’ show

certain symmetries. For example, we know that

1T x, = sup |T(x)].
el <1

Furthermore, we know that |T'(z)| < ||T|| ||z x-

Now consider a functional T' € X’ such that || T||, < 1. Then it certainly holds |Tz| < ||z|| v, and after passing

to the supremum

sup |T(x)| < ||zl -
1Tl <1

The following theorem shows that even equality holds:

sup [T(x)| = ||zl -
1Tl <1

Theorem 4.7 (Hahn-Banach) Let X be Banach, x € X such that x # 0. Then there exists T € X' with properties
T()=llzlx . ITIx =1.

Proof. see Taylor, p. 181 O

4.2 Dual mapping, dual operator

Definition 4.8 (Dual mapping) Let X,Y be Banach spaces, T € Z(X,Y), T' : Y’ — X’. We say that T' is a
dual mapping to T if (written formally)

T oy =y’ oT foraly €Y',
or more precisely

(T'y') (z) = 3y (Tx) forally €Y' andallze X.
NEGANGIAIN PN

eX’ €X €Y’ ey

In the previous definition, it is crucial to properly identify individual objects.
e y' €Y’ is a map working on Y,
e T'y' € X’ is a mapping working on X,

e (T(-))(-) is an object that assigns a number to the elements of X’ x X. This corresponds to the structure of
duality.
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Using the so-called canonical duality <F , g> = F(g) we can write the definition of the dual mapping in symmetric

form:
(T'y',z) = (y', Tx) .
Note that on the left we have the representation X’ x X — C and on the right we have the representation Y'xY — C.

Lemma 4.9 (On the linearity and continuity of the dual operator) Let X,Y be Banach spaces and T' € Z(X,Y).
Then T € Z(Y', X).

Proof. The linearity is obvious. Let’s show the continuity. Let us fix {y},} -, C Y’ such that y,, — y’. We show
that the sequence {T"y/,} -

/.
n=1 :

C X’ converges to T'y

1Ty, = T'y'[| ., = ey [Ty (2) = Ty (2)|| = Sup [y, (Tx) — ¢ (T2)||y = Sup Iy — ) (T)llx <

< sup |y, =y T Izl = lly7, — ¥l T] — 0,
llzll<1

which we wanted to show. O

Remark It can be shown that: T is a compact operator if and only if T' is a compact operator (the so-called

Schauder theorem). Try to prove yourself that |T|| = ||T”||.

Furthermore, we will be interested in whether T and T’ can be equated in some sense (just as we equate the

Hilbert space with its dual proper), that is, whether we could write

T ~ T
N Nagg”
XSy  yISX

So something like this would hold:
X~Y a Y~X'.

If we now consider the duals of the previous expressions, we get
X/ ~ Y// a Y/ ~ X/I

Combining the two ”equations” with a bit of handwaving gives us the expression
X~X" a YY",

This could be true for Hilbert spaces, where even X’ ~ X holds. In general, there may not always be a T’ for a

given T', the above properties only apply if there is. But in the Hilbert space the situation is again better.

Theorem 4.10 (On the dual mapping between Hilbert spaces) Let Hy, Hy be Hilbert spaces
aT € £(Hy,Hy). Then there exists exactly one mapping T' : Hy, — Hy such that

(Tz,9)m, = (2, T'y)m, forallz € Hy, y € Hy. (4.2)
In addition, for such a mapping we have:
1. T' € £ (Hy, Hy),
2 |7 = |7

Remark Applying the complex association to the equation (4.2), we get

(TCU’y)H2 = (QC’T/y)H1 - (le’x)Hl = (y7T‘T)H2 :

In Hilbert spaces, therefore, the scalar product plays a role of the duality.
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Proof. Let us fix y € Hy and define

L, 2(H,,C),

Ly(z) = (Tx, y)H2 .

According to the Riesz-Fréchet theorem (Theorem , there exists exactly one z € H; such that

L,(z)= (SL',Z)Hl .
Now we define the mapping:

T : Hy — Hy ,
T (y) = z.
This mapping has a property
(Tz,y)m, = (2, T'y)g, forany x € Hy,y € Hy .

With this, we proved the first part of the statement about the existence and uniqueness of the mapping T".
Let us show its linearity. Apparently, for every x € H; is satisfied

(T'(ayr + By2),x) . = (a1 + By, T) gy, = oy, Tx) g, + Blyo, T, =
=a(T'y1, ), + B(T"y2, )m, = (aT'yr + BTy, 7)1,
and from there
T'(ays + By2) = aT'y1 + BT'ys .

Let us show the continuity of the mapping T” using the boundedness of its norm. According to the definition
of the mapping T" and the second part of the Riesz-Fréchet theorem (Theorem [4.4), we get

1Tyl = 12, = 1Ly - (4.3)
Furthermore, by the definition of L, and the Cauchy-Schwarz inequality,
Lyl = (T, y) m, | < 1T g, (9l g, < NTN 2l g, 190,

and from there using (4.3)) follows

1Ty, = 1Lyl = sup [ Lyz|ly, <ITIylg, -
! ]l g, <1
IT'| = sup ||IT"y|| < |IT| sup |lylly, = Tl < +oc.
lylly <1 llyll<1

We have therefore verified the continuity of T € .2 (Ho, Hy).

It remains to show the equality of the norms ||T/H = ||T||. To that end, we define T” = (T")’. We already
know about this representation that T € £ (Hy, Hs), (T"x,y)n, = (z,T'y)m, and |[|[T”| < ||T’||. Then, using
the previous parts of the proof, we get

IN

(T//xay)H'z = (xaT/y)H1 = (le7x)H1 = (vax)HZ = (Txvy)H2 for all x € Hlay € H2 ’

SO
T'"z =Tz foreachz e H;.
From here
IT| = ||T"|| < |T"|| < IT]
and therefore equalities must apply everywhere in the previous chain. O
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Definition 4.11 (Hermitian adjoint operator) Let H;, Ho be Hilbert spaces, T' € £ (Hy, Hs). We call the rep-
resentation T” with the properties from the previous theorem a Hermitian adjoint operator with T (or an adjoint
operator to T').

Definition 4.12 (Self-adjoint (Hermitian) operator.) Let H be a Hilbert space. We call the operator T' € Z(H)
self-adjoint (or Hermitian) if T = T".

Remark In the previous definition, both operators T, T’ are defined on the entire Hilbert space. We emphasize
here that we are talking about ”bounded self-adjoint” operators. In the case of unbounded operators, we will see
that the domain of operators completely changes the spectral properties, and the definition of Hermitianity and
self-adjointness is more complicated.

4.3 Properties of self-adjoint operators

Lemma 4.13 (On eigenvalues of self-adjoint operators) Let T € £(H) be self-adjoint. Then it has only real

eigenvalues and the eigenvectors belonging to different eigenvalues are mutually perpendicular.

Proof. The first part of the statement follows from the equality
Mzl = Oz, )i = (Tz,2)u = (2, T2)u = (v, 70)n = Ma,2)g = X|z|F -
Let A\; # Ao be the eigenvalues corresponding to the eigenvectors y1,y2. Then from the equality

(A = A) (W1, 92)m = My, y2)m — Wi, Aeve)u = (Ty,y2)m — (W1, Ty2)m = (Ty1,y2)a — (Ty1,y2)uw =0
we see that (y1,y2) = 0 must hold. O

Remark However, the self-adjoint operator can also have other elements of the spectrum. We generally know
nothing about them.

Theorem 4.14 (On spectral properties of self-adjoint operators) Let H be a Hilbert space and T € £ (H) be a

self-adjoint operator. Let’s denote
m(T) = nf{(Tz, 2)p : oy =1} M(T) = sup {(T2,2)n : |zl z =1}
Then
1. If x€ o(T), then A € /m(T), M(T)].
2. It holds that p(T') = ||T'||. Specially: at least one of the values of A = £ ||T|| is an eigenvalue of T.

Let A € M"*" be a real symmetric matrix, z € R" and f(z) = (Az,z) = >, ; a;z;x;. Determine
the minimum and maximum of f under the condition ||z|| = 1.

4.4 Compact self-adjoint operators on Hilbert spaces

First, we repeat the results we have so far on compact self-adjoint operators. On the Hilbert space H, consider
K € ¢(H) such that (Kz,y)g = (v, Ky)g for all ,y inH. Then

1. K has at most countably many eigenvalues and all are real.
2. The only other element of the spectrum o(K) can be the number 0, which may or may not be an eigennumber.

3. For every nonzero eigenvalue, there are at most finitely many linearly independent eigenvectors. Moreover,

the eigenvectors corresponding to different eigenvalues are always perpendicular to each other.
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The basic question of this chapter is:
7If we take the eigenvectors of all nonzero eigenvalues, do they form a basis of H?”

The so-called Hilbert-Schmidt theorem will give us the answer. But first we have an intermezzo, in which we will

remember direct sum, orthogonal complement and Fourier series.

Definition 4.15 (Direct sum of subspaces) Let H be a linear vector space and A, B be subspaces of H. We say
that H is the direct sum of A and B (we write A® B = H) if

1. A+ B = H, i.e. for every h € H there exist a € A, b € B such that a +b = h,
2. An B = {0}.

Example If A and B are two different (not necessarily perpendicular) straight lines crossing the origin, then
R? = A @ B can be written.

Definition 4.16 (Orthogonal complement) Let H be a Hilbert space and A be a closed linear subspace in H. We

define the orthogonal complement A+ C H by the formula
At :={ye€ H: (z,y) =0 for cach z € A} .

Theorem 4.17 (On properties of the orthogonal complement) Let H be a Hilbert space and let A be a closed linear

subspace of H and A be its orthogonal complement. Then

1. At is a closed linear subspace of H,

2. (AHt = A,
3. Ap At =H.
Proof.

1. Linearity is obvious. The closure follows from the continuity of the scalar product. For the convergent

sequence {yn }. -

_1 :Yn — y we have
0= (Jjayn)H_> (.Z‘,y)HZO.

2. We leave the second part to the reader as a simple exercise.

3. The third part can best be seen in the context of the so-called perpendicular projection lemma:

Lemma 4.18 If A is a linear subspace of H, then for each x € H \ A there exists an element Pz € A such that
(fo:c,y) =0 forallye A,

orx — Pxre AL,

Now the statement is obvious. For z € A we have x = x + 0. For x € H \ A we can write

x = (x— Px)+ Pz .
—_—
cAL €A

Moreover, for v € AN A+ we have (v, v) =0, hence v = 0. This proved the directness of the sum.
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Recall that a metric space X is said to be separable if there exists a countable dense set in it. An orthogonal
system in H is a sequence {e,} ., C H such that (e;,e;)g = 0 holds for i # j. An orthogonal system is said to be
complete if and only if

ye H, (y,en)g=0Vn = y=0.

Theorem 4.19 (On Fourier series in Hilbert space.) Let H be a Hilbert space. Then the following statements are

equivalent:
1. H is a separable space,
2. There exists a complete countable orthogonal system {e,},-, C H,

3. Each element of H is the sum of its Fourier series, i.e. for each x € H it holds
o~ (2, en)
T = Z s En 2H en
n=1 |

4. For every x € H, it holds

s 2
||9€||?{ = Z (&, en) s . (so-called Parseval’s equality)

2
r=1 llenll

We are now ready to prove the key theorem of this chapter.

Theorem 4.20 (Hilbert-Schmidt) Let H be a Hilbert space, K is a compact self-adjoint operator on H. Let A

denote the closed subspace H generated by all eigenvectors K corresponding to all nonzero eigenvalues K . Then
H=AdKer K.

Proof. We divide the proof of the theorem into several steps.

Step 1: Properties of the A space.

Due to the compactness and self-adjointness of K , there exists at most a countable sequence {\; }(;il C op(K) of

nonzero eigenvalues. Let us denote the subspace corresponding to the j-th eigenvalue
Ej=Ker (K- NId)={z € H:2#0,Kz = \z}

Due to the compactness of K , dim E; := n; < 400 . Let B; denote the basis of the space E;. Without loss
of generality, we can assume that this basis is orthogonalized (otherwise we can use, for example, Gram-Schmidt
orthogonalization). Let’s define

B = Bj.

T

j=1

Then even B is at most a countable set and is formed by eigenvectors. Let us show that it is also an orthogonal
set: we choose  # y € B. Then both elements either belong to the same B; and are perpendicular to each other
due to the assumption above, or they are from different bases B;, B; and are perpendicular to each other due to
the self-adjointness of K.

Let us define the space of all at most countable sums of elements from B by the formula

(oo}
A:=Lin B = zeH:z:Zajej, a; €C,e; €B
j=1

Then A is a closed linear subspace of H, so it is a Hilbert space.
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Moreover, A is separable. The countable dense set in it is

N
zeH:z:Z(rj—i—iqj)ej, rj,q; €Q, ej € B, NeN
j=1

Step 2: The sets K(A) and K(A1).
We first show that K(A) C A. Let’s choose x € A. Then

00 o) oo
K=K Z’yjej :Z’yjKej :Z’YjAjej,
Jj=1 j=1 Jj=1

thus Kz € A.
Next, we show that K(A+) C At. Let’s choose z € A,y € A+. Then Kz € A+ and from the equality

(Kyvx)H = (y’Km)H =0

we see that Ky € A+ must necessarily hold. Thus, we proved that K(A+) C A+,
Step 3: The validity of the statement K (A1) = {0}.
Let us define the restriction of the operator K by the formula

K:Z K|AL

Since K(A+) c A+, K : AL — AL . Thus K is also a compact and self-adjoint operator on AL
We show by contradiction that K has no nonzero eigenvalue. Let the negation of this statement hold and there

exists an eigenvalue A # 0 and an eigenvector y € AL,y # 0 such that Ky = \y. By self-adjointness, then
Ky=Ky=)y,

and therefore A is also an eigenvalue of the operator K. However, according to the second part of the proof, then
y € A. Thus, y € AN AL, which implies y = 0 and this contradicts the assumptions.
Overall, we find that K is a compact operator that does not have a nonzero eigenvalue, that is, o(K) c {0}.

According to Theorem [4.14|on spectral properties of self-adjoint operators p(K' ) = 0, and therefore Hf{ H = 0, which

is equivalent to K = 0. From the construction of K, we can easily see that K (A+) = {0}.
Step 4: Completing the proof.
The previous part of the proof gives us A+ € Ker K. Obviously, A @ A+ = H, so

A+Ker K=H.

It remains to show that A N Ker K = {0}, thereby proving the directness of the sum of these spaces.
Let’s choose z € AN Ker K. Thanks to its membership in A, one can write

0=Kz=K iajej ziajKej:iaj)\jej.
j=1 j=1 j=1

This is the Fourier series of the zeroth element. From the theory of uniqueness of Fourier series it follows that
ajAj =0 foralljeN.
Due to the nonzeroness of \;, we get
a; =0 foralljeN (4.4)

and thus z = 0, which we wanted to show. O
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Remark 1. The first part of the proof actually just illuminates the properties of the A space. Let’s note that
we used the separability of the A space at the end when we decomposed the zero element into a Fourier series,

which we could not have done otherwise.

2. In the proof, we only needed to show that A+ C Ker K. It can even be shown that A+ = Ker K.

Let us choose z € Ker K \ At such that z # 0. Then there exists n € N such that (z,e,) # 0. (Indeed,
otherwise (z, Z]oil Bnen) =0 and hence z € A+ would hold.) But then Kz = 0, since z € Ker K. From here
we get for all n € N

0= (Kz,en) = (z,Ken) = (z,)\nen) = )\n(z,en) ,
which is in conflict with \,, # 0. We thereby verified that A+ = Ker K.

Corolarry 4.21 (On the decomposition of the Hilbert space using a compact self-adjoint operator) Let H be a
Hilbert space, K is a compact self-adjoint operator on H, {e; }(;il C H is an orthogonal system of all eigenvectors
belonging to all nonzero eigenvalues of the operator K. Then for each element h € H there exists a sequence
{a;};2, such that

h= Zajej +z, (4.5)
j=1
while z € Ker K. Further
Kh = Zaj)\jej (46)
j=1
and holds
h
o= ) ke
el

Remark The Hilbert-Schmidt theorem and the corollary extend the well-known theorem from the fourth
semester of mathematical analysis (Theorem also to Hilbert spaces that are not separable. The non-separable
part of the space is precisely Ker T'. While this non-separable part also appears in the equation , it no longer
appears in the equation . This property then makes it possible to use the properties of decomposition into

Fourier series for compact self-adjoint operators even on non-separable spaces.

At the end of the chapter, we say goodbye with a theorem that (among other things) allows constructing compact

operators on Hilbert spaces.

Theorem 4.22 Let H be a separable Hilbert space, {e; }Joil C H be a complete orthonormal system, and {c; };il C

C be a bounded sequence. Let’s mark

M = sup{|e;|} < +00.
JEN

Let us define the operator T by the formula

o0

Th= Z(h,ej)]-] c Q€ .

j=1
Then
1. T is well defined on the entire H, T € £ (H) and ||T| = M.

2. T is self-adjoint <= o; € R for all j € N.
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3. T is compact <=> there exists a permutation of the sequence{c; };’;1 such that lim,_,o o, = 0.

Example

1. Let’s choose the sequence «, = 1. Then the operator generated by such a sequence is apparently Id.

According to the second and third parts of the previous theorem, Id is self-adjoint but not compact.

2. Let’s choose the sequence «,, = Then, according to the previous theorem, this sequence generates an

3=

operator that is self-adjoint and, moreover, is compact due to a,, — 0.

Remark In quantum statistical mechanics, one works with the so-called density operator p defined by the formula

pi=> pil;) (|, where {|¢);)}32, € H are such that |(v;]¢;)] =1 and » p; =1.
j=1

Jj=1

Note that in non-Diracian notation we would write such an operator with the formula

p(h) = pi(w;, h) ;.

=1

To fulfill the conditions from the previous theorem, it lacks only that {Wj)};il does not have to form (and usually
does not form) an orthonormal sequence. However, it can be shown that the density operator is always compact
and self-adjoint. It even belongs to a special class of compact operators, for which the so-called operator trace can

be defined by the formula
Tr =D (051pl;)
j=1

(so-called trace-class operators). More can be found, for example, in the book: BLANK, Jikf, PAvEL, EXNER
AND MiLosLav HAVLICEK. HILBERT SPACE OPERATORS IN QUANTUM PHYSICS THEORETICAL AND MATHE-
MATICAL PHYSICS. MELVILLE, N.Y.: SPRINGER, 2008. ISBN 9781402088698.
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5 Unbounded operators

In the introductory chapter, we showed the characterization of continuous linear operators on Banach spaces:
forT: X — Y linear holds

T is bounded & ||T|| < o0 & T is continuous .
Note in particular that the chain of these equivalences also gives this chain of equivalences of negated propositions:
T not bounded < ||T|| = +o00 < T not continuous .

In this chapter, we will introduce some properties of linear but unbounded and thus discontinuous operators.

We will work only on Hilbert spaces, where we have the properties of the scalar product at our disposal. It turns
out that there are problems with the very domain of the relevant self-adjoint operator, and even the L operator
itself.

Remark Instead of L' as the notation of an adjoint operator, here we will use the notation L* to distinguish
adjointness from the notation of derivatives on function spaces.
5.1 Symmetry and self-adjointness

Definition 5.1 (Adjoint operator) Let H be a Hilbert space, D(L) C H be a linear subspace, and L : D(L) — H
be a linear operator.

1. Let us define D(L*) :== {y € H; 3'h* € H, (Lx,y) = (z,h*) Vo € D(T)}
2. If D(L") is a non-empty set, we define the adjoint operator L* : D(L*) — H by the formula
L'y =h".
Remark If D(L*) # (), then from the definition we immediately get
(Lz,y)g = (z,L*y)g for all x € D(L),y € D(L).

While for bounded (continuous) operators the previous equality is a consequence of the Riesz-Fréchet theorem
(Theorem [4.4]), for unbounded operators this equality must be postulated.

Naturally, we also introduce the notion of a self-adjoint operator.

Definition 5.2 (Self-adjoint operator) We call the operator L : D(L) — H self-adjoint if
1. ID(L*) # 0, D(L*) =D(L),
2. L* =L on D(L").

Remark The equality of domains is very important here. We will see later that if D(L) # D(L*) and L = L* on
D(L)ND(L"), we get different spectral properties for L than if it were self-adjoint.

The following lemma follows directly from the definition.
Lemma 5.3 D(L*) #0 = L" is linear.
Important question: When is D(T™) # (7

Theorem 5.4 (On the existence of an adjoint operator) L is a linear operator with domain D(L). Then

D(L*)#0) < DL)=H .
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Proof. Can be found in LUKES textbook, 11.6. O

Remark: The simplest implementation of D(L) = H appears to be D(L) = H directly. We will get to the

explanation of why this situation cannot occur later.

Definition 5.5 (Symmetric operator) L : D(L) — H is a linear operator. We say that L is symmetric if
(L:v,y)H = (x,Ly)H Va,y € D(L).
Which is not the same as self-adjointness for unbounded operators/[]

Lemma 5.6

D(L) C D(L)

L is symmetric < N
L=L"onD(L)

This implies L is self-adjoint = L is symmetric. In particular, L is not symmetric =

L is not self-adjoint. This is often used in practice to prove that L is not self-adjoint, without looking for D(L*).

Theorem 5.7 (On the boundedness of a symmetric operator on the entire space)

D(L)=H

o ) = L is bounded
L is linear and symmetric

Proof. Can be found again in the textbook LUKES, 11.10. O

It flows from there

D(L) = H

= L is bounded,
L is linear and self-adjoint

thus, the unbounded, self-adjoint operator has D(L) # H.
The only possible situation for self-adjoint unbounded operators on H is

D(L) # H, D(L) = H
D(L) is lin. subspace.

Such an operator L is said to be densely defined on H.

4The terminology used in the literature varies. Some authors use the terms ”symmetric” and ”self-adjoint” (in addition to this text,
e.g. Lukes, Formének) and others ”Hermitian” (for what we call here symmetric) and ”self-adjoint” ( e.g. Cerny-+Pokorny, Cihdk).
Many authors do not even distinguish between the terms, mostly because of working with bounded operators, where all the terms really

merge.
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(An operator of differentiation) H = L2 ((0,1)), D(L) = C*([0,1]). Let us define Lf = f’ on this

space.
We know that C! ([0, 1]) = L2((0,1)). The operator is apparently linear and unbounded.

Let us examine symmetry as a necessary condition for self-adjointness. Apparently it is

(Lfag)Lz = (f/ag)Lz :/0 f'(a:)g(x) dz, (fv Lg)Lz :/0 f(x)gl(x) dz.

Applying the per-partes method, we get

[ s@i i = (1@, - [ @ .

Even if we get rid of the boundary terms using appropriate boundary conditions, the derivative
operator L can never be symmetric, i.e. not even self-adjoint, due to the change of sign before the
integral. ) )

We now determine D(L*) by examining the set [fﬁ](l)*{ for=[ = ()

{g€ C* ([0,1]) : 3h* € L?((0,1)) such that (Lf, g)L2 = (/, h*)L2 Vf et ([0,1]) },

By choosing special functions f, we find the necessary conditions for D(L™).

1. We choose the functions f. as in the picture:

1.0
0.8
= 0.6
= 04f
0.2¢

0.0
0.0 02 04 06 0.8 1.0

X
Substituting these f. into (x) and performing the ¢ — 07 limit, we get [fg]$ = 0.

2. We choose functions f. according to one of the images

1.0 1.0
0.8 0.8f
3 0.6 E 0.6f
= 04r = 04r
0.2F 0.2F
0.0 0.0
0.0 02 04 06 08 1.0 0.0 02 04 06 0.8 1.0
x T

we get the condition g(0) = ¢g(1) = 0. This is the first refinement from which

D(L") € {g € C'([0,1]), g(0) = g(1) = 0}
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3. Thus, () reduces to
1 1
~[s7= |7
[/
1
[ fTFRT =0 vreci (o),
0

It follows (from the du Bois-Reymond lemma) that ¢’ + h* is s.v. equal to zero, and thus h*
is s.v. equally continuous function —g’. Thus, after redefining h* at the points of measure

zero (by the values of the —¢’ function), h* can be considered continuous.
We have found h*, so there is no need to modify D(L*) further. We have

D(L") = {g € C'([0,1]), g(0) = g(1) = 0}
L'g=—g

Evidently L # L*, moreover D(L*) G D(L). So it is definitely not a self-adjoint operator.
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(Modified operator of differentiation) For the self-adjointness of this operator, it is necessary to
modify both L (so that L* = L) and D(L) (so that D(L*) = D(L)). The idea for the modification
comes from an observation

Li=J = L'f=-/

which says that the minus sign must be ”halved between L and L*”. So let’s define

Lf:=if on L*((0,1)).

Since a necessary condition for self-adjointness is symmetry, it will be necessary for symmetry to

have properly captured boundary conditions in D(L). Let’s consider three options
1. D(Ly) = L?((0,1))nC* ([0,1]),
2. D(L») = L*((0,1)) N C* ([0, 1]) N {f () - £(0) = f(1)},
3. D(L3) = L2 ((0,1)) n C* ([0, 1]) N {f () : f(0) = f(1) = 0}
and three restrictions
L,=L|pw,, Ly = Li|pw,), L3 = L|p,) -
Let’s explore symmetry again using per partes:

(Lf,9) 0/1 zo/l fq @+O/lfz ’ + (f,Lg)

(**) (%%)

=0 for f7g € D(LQ)v or fvg € D(Ld)
£0 for f,g € D(Ly),

*k

from which it follows that only Lo, L3 are symmetric, and Lq is not symmetric. As an exercise, try

to show yourself

e D(L}) = D(L3) & D(Ly) (another confirmation that L; is not symmetric)
e D(L}) =D(Ly) (i.e. it is symmetric and can also be self-adjoint if L} = Lo)

e D(L3) = D(L;) 2 D(L3) (i.e. confirmation of symmetry, but at the same time proof that L3

is not self-adjoint.)

The only candidate for self-adjointness is Lo, which is symmetric and satisfies D(L3) = D(Ls). It
remains to verify that L = L* on this domain of definition. This flows similarly to the previous

example. From symmetry we have

on D(L3)

(Lf,9)=(f.Lg) = (f.h")=(f.L*g) Vfec'(o,1])

and we proceed in the same way using the du Bois-Reymond lemma.

Conclusion: L; is not symmetric (nor self-adjoint), Ls is symmetric (but not self-adjoint), and Lo
is self-adjoint. We see that even in the case of D(L) the boundary conditions is ”split” between
D(Ls) and D(L3).
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Remark Recall the quantum mechanical momentum operator
R o d 2 1
p= _Zh@ defined on L*(R) N C*(R).

By modifying the previous example, we easily see that the operator defined on such a set is symmetric, but not
generally self-adjoint. It is necessary to realize from which space we take the eigenvectors. If we were trying to find

a solution to the equation

—ih e = k()

we would find that solving the equation 1 (z, k) for the eigenfunctions
Wl k) = Ce ™,
these do not belong to L?(R). Thus, the momentum operator on L?(R) has no eigenvectors. In the following

chapter, we will be able to deal with this deficiency using the so-called weighted Hilbert spaces Lz.

5.2 Spectrum of unbounded Ooperators

In the case of bounded operators, the following classes of operators played a crucial role in the character of the

spectrum:
e Self-adjoint operators: they are also introduced for unbounded operators, but in a more complicated way.

e Compact operators: however, no unbounded operator can be compact because every compact operator is
already bounded. The role of compact operators for unbounded operators will be partially taken over by the

class of so-called closed operators, which we will now define.

Definition 5.8 (Closed operator) L : D(L) — H is a linear operator densely defined on H. We say that L is
closed if for z,, € D(L):

r, — x€H

=z €D(L), Lz =y,
Lx, — g€ H

or if L has a closed graph: [x,,Lz,] — [z,9] = g = Lz and [z, Lz] € graph.
Next, for bounded operators, we studied whether they are injective and surjective. This question makes sense
even with unbounded operators. Finally, we studied the continuity of inverse operators. Quite surprisingly, it makes

sense to deal with this question in this chapter as well. It turns out that discontinuous linear operators in infinite dimension can |

closed even though they are discontinuous and can have a continuous inversion even though they are themselves discontinuous.

This just goes to show how little intuition we have in infinite dimensional spaces.

Theorem 5.9 (On spectral properties of unbounded operators) L : D(L) — H is a linear operator densely defined
on H. Then

1. R(L) = H = L is injective and surjective R(L).
2. R(L) = H = L is injective and surjective on H, self-adjoint, and L~ is continuous.
3. L™ is continuous < L is injective and surjective on H and closed.
Proof. See e.g. RUDIN: Functional analysis, 13.11 et seq. O

Definition 5.10 (Resolvent, operator spectrum)

e Resolvent L = Res (L) := {\ € C, L, injective and surjective on H, L;l continuous}.
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oint spectrum (eigenvalues) := {\ € C, 9z € D(L), x # 0, Lx = A\x
e Spectrum L = (L) := C\Res L = P P (cig )= A L), = # J
the rest

Remark The spectrum of an unbounded operator can be any unbounded subset of C, including the entire C.

Spectrum properties of linear unbounded operators L on H

1. L is closed = o(L) is a closed set in C.

2. L is closed and symmetric, then exactly one of the following situations occurs:

(a) o(L) =

(b) o(L) = {)\ € C, Im A > 0},
(¢) o(L)={x e C, Im A <0},
(d) o(L) is a closed subset of R.

Ounly in d) is L self-adjoint, otherwise it is only symmetric.

3. If L is symmetric and has real eigenvalues (or if it is closed and self-adjoint), then the eigenvectors belonging

to different eigenvalues are mutually perpendicular.
Remark

1. The second part of the previous proprosition shows a big difference between the self-adjoint and the symmetric
operator. An unbounded symmetric operator can contain elements of spectrum that are not real. Such a

situation cannot occur with a self-adjoint operator.

2. An unbounded operator can generally have an uncountable number of eigenvalues and vectors. The branch
of mathematics dealing with this issue is called continuous functional calculus, which uses a more general

integral instead of summation when decomposing elements into eigenvectors.

3. In the theory of unbounded operators, we do not have a priori theorems about the completeness of the specified

system. In specific cases, their completeness must be proven on a case-by-case basis.
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6 Linear differential operators

In this chapter, we will introduce a special case of linear unbounded operators, linear differential operators, for

which we will generate bases in polynomial form.

6.1 Expressions in self-adjoint form

Definition 6.1 (Linear differential expression of the nth order) Let —oco < a < b < 00, y € C"(a,b). We call the

expression a linear differential expression of the nth order
n

() =3 prl@)y®, (6.1)
k=0

where y = y(z), Vk is pi € C™(a,b) and it holds p,, Z 0 on (a,b).

Remark In this definition, we require the existence of a larger number of continuous derivatives for the functions
pi than is necessary for the correctness of the definition. However, we do so with respect to . Terminologically:
in the previous definition, we do not use the term linear differential operator to distinguish the fact that to define
the operator we also need to have a suitable domain — not only the space of all functions for which makes

sense, but such a domain that from ¢ will at least make a symmetric operator.

Definition 6.2 (Linear differential operator) By the term linear differential operator L of the nth order, we mean

the corresponding linear one the differential expression £(y) on some pre-specified domain of definition, that is

L =/!|p)

In accordance with the considerations of the previous chapter, we will want L to be densely defined on the
Hilbert space H, i.e. D(L) # H, D(L) = H. Typically we will have D(L) € (H NC™(a,b)) so that D(L) forms a
linear subspace H.

We know that symmetry is a necessary condition for self-adjointness. We will continue to look for more necessary
conditions of self-adjointness, or symmetry and we will work on a much smaller space C,(a,b), i.e. infinitely

differentiable functions with a compact support.

Remark Thanks to this approach, we do not have to deal with boundary terms when performing per partes since all
functions from the considered space Cgy;(a,b) (and their derivatives) are zero on some neighborhood of the extreme
points. We can afford this simplification, since we are looking for the necessary conditions of self-adjointness, or
symmetry. If an operator will not satisfy the conditions for such ”nice” functions, it cannot satisfy them for any
other scope. When examining or constructing D(L), however, we must always keep in mind (or make sure) that
Coni(a,b) is a dense space in D(L) so that the results obtained on CZ5;(a,b) can be transferred to D(L) using the
density argument. For example, note the end of the proof of Lemma[6.4]

Definition 6.3 (Adjoint expression to £(y)) We denote the adjoint expression to the expression £(y) by £*(y) and
define it as

) =30 (el v) (6.2

k=0

Lemma 6.4 Given ¢, £* is the only linear differential expression for which
(K(y),z) = (y7£*(z)) Vy,z € Cg;t(a7b)'

Proof. In each of the members of the type f: pe(x)y® (x)2(x), k = 1,...,n, we first perform k- times per partes

and we get:

=(=1) /ab (pk(x)z(x))/y(’“*) = (—1)® /b (pk(m)z(z))w) .

a

b
/mm%mw
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the boundary terms are zero due to which spaces we take y, z from. In total, we then have

z / L i 0 [ (@7@) u = ),

=0

The last equality holds due to px(x)z(x) = pr(z)z(z).
We can prove the uniqueness by contradiction, suppose there are two adjoint operators ¢* and l satisfying the
equality. We have

(£y),2) = (4, £°(2)) = (:0(2))  Vy,2z € Clab).
But then necessarily from the last equality, which must hold for all y from the dense subset in L?, we get
0(z) =l(z)  VzeCZ(ab).

Indeed, if we choose a fixed z, then due to the continuity of the scalar product, the elements in the second component
of the scalar product must be the same. However that means that £ = £ on C°

opt (@, b). However, this feature set is
dense in D(L) and therefore

¢* =0 on D(L).
O

Another condition we need for self-adjointness is £ = £*, which imposes a condition on the shape of the individual
coeflicients py

n n n k
> = S0k ) = o0 (4)
k=0 k=0 k=0 j=0
Let’s compare the coefficients of y(")
Pn = (*1)np7n
n even : p, = P, — pn is real

nodd:p, = —p, = pn+Dn = 2Re(pr) =0 = p,, is purely imaginary

and we proceed in the same way. We now define elementary differential expressions, with the help of which we

subsequently write the linear differential expression £ = £*.

Definition 6.5 (Elementary differential expression) We call the elementary differential expression in the form

Eap = (—1)* (p y(k))(k)

Eop_1 = % {(p y(k—1)>(k) + (p y(k))(k_l)] ’ (6.3)

where p is a real function.

Theorem 6.6 (On the combination of elementary differential expressions) £(y) = (*(y) Yy € Co, <= L(y) is a

finite linear combination of elementary differential expressions Eoi, and Eoj_1. For more, see CIHAK, p. 210.

Let’s see how the elementary differential expression works out for k =1 and k£ = 2.

Ev=5(y)+py) =50 y+2py) =ipy +5p"y. Forp=1we get iy’
Ey = —(py') ... the so-called differential expression of the 2nd order in self-adjoint form.
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Remark If we were to work in a higher dimension, Fs will correspond to the basic form for the second-order
equation for the function u
—div(pVu).

For p = 1, we then get the Laplace operator (when restricted to the relevant domain)

—Au

which is therefore in self-adjoint form.

6.2 Orthogonal bases in L% composed of polynomials

We will consider space

b
H= Li(a,b) = {f : (a,b) — (C;/ p|f)? < oo, where p: (a,b) — R is the so-called weight
satisfying p > 0,p € C(a,b),p € Ll}.
Remark A more general weight than p € C(a,b) is often considered.

It can be shown that Lf%(a7 b) is a Hilbert space with scalar product

b
(y,Z)ZpE/ pyz
a

b 2
HyIIQ,pZ/ plyl”.
a

Remark We consider the space Lf), for example, because we want to work with polynomials on R. At the same

and norm

time, no polynomial P is an element of L?(R), but all polynomials are an element of szz%

symmetric on D(T'), while let D(T') be such that D(T) & L2, D(T) = L? and

. . 2
Now consider T : D(T) — L = Ly,

p7
2 2
D(T) ¢ L2N L2

Definition 6.7 (Eigennumber and eigenfunction with weight p) T' is densely defined on L2(a,b). We call the
number A an eigenvalue with weight p if y # 0,y € Li such that

Ty = \py (64)

Let T be at least symmetric on D(T) in the sense (Ty, 2)2 = (y, Tz)2 Note that here we are working with the

scalar product unweighted, even though we consider the eigenvectors and eigenvalues weighted. Then

b
2
(Ty,y), = (M, y)y = Moy, y), = A/ply\z =Mlyllz,
I J
NI
(y,Ty)2 = =A ”y |2,p .
Thus, if y € D(T) is A € R.
Furthermore, for Ty; = \jpy;, 7 =1,2..., (T is symmetric, so both of these eigenvalues are real), \; # Ay, we
have
)\1(y1,y2)27p =X (y1p,92)y = (Tyr,42), = (Y1, Ty2) = -~ = X (ylay2)27p' (6.5)

Since we have different eigenvalues A\ # Ay, we get perpendicularity in L3: (yl, yz) 20p= 0.
Conclusion: In the case of the symmetric operator 7, the weight eigenvalues are real and the eigenvectors then

form an orthogonal system in Lf). Generally, however, in this case it is not available
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e statement about the multiplicity of the OG function system created in this way,

e a statement about the completeness of this system, i.e. about the fact that it would form a basis (must be

proved for individual cases separately).

However, we know that we are generating OG sets. The situation of function spaces on compact sets is simpler,
where we have the Weistrass theorem that polynomials are dense in C(K) (for K compact) if the given system
contains polynomials of all degrees. So it seems reasonable to focus on this special OG set. Since C(K) is dense
in Li(K ), the completeness of the OG set of polynomials (containing polynomials of all degrees) in Lﬁ(K ) follows
from the Weistrass sentences. On non-compacts, the completeness of any OG feature set is much more difficult to
prove.

Based on this remark, we will now consider the OG sets of eigenfunctions that are polynomials.

Theorem 6.8 (Recurrence Formula Theorem) Let us have a space L%(a,b), —oo < a < b < +00, p such that
|Plly, < oo V polynomials P. Let {¢n}pZq be a system of real OG polynomials in L2(a,b), degree(on) = n,
n=20,1,2,3,... ThenVn € N 3dA,, B,,C, € R that

T = Apnpnt1 + Cnon + Bron_1. (66)
Remark
c b c b
n=0 = po=c#0,then xpg=cxr=—(ax+b)——_ ¢ = zpog=—p1 — —¥o
A ~—— o~ a a
p1, a#0 o

Proof. n € N : degree(zpy,) =n+1 = v, € R that

n+1

LTPn = Z Yn,kPk (6.7)
k=0

The relation (6.7 applies in general to any polynomials, degree(y,) = n, these polynomials need not be OG. Now
we perform the scalar product ”with weight” on the (6.7): (e,¢;), , %7 =0,1,... and we get

n+1 2 .
Tn,j ”‘Pj”z, jsn+1
(zon, <Pj)27p = Z%,k (ek, %>2,p = r (6.8)
=0 —_—— 0 elsewhere,

Srillerll,,

since v, ; = 0 for j > n + 1 (the sum is equal to zero for j > n + 1 because ¢y Ly; for k € {0,...,n + 1} and
j>n+1).
Due to the reality of ¢, is
j+1 j+1
(20n,05)5, = (n:295),5, = (P ) Vinep)s, = D Vin(#n:00)s - (6.9)
p=0 p=0

We will compare this relation with , where we will read that ”the resulting expression is zero if the index of
0, which is not an addition index, is greater than the upper bound of the sum”. Here it means that the expression
is zero for n > j + 1 and therefore nonzero only for j > n — 1. However, the last expression in is still
equal to the last expression in , SO

Yoi leila, (6.10)

while we find that this expression is nonzero only for n —1 < j < n 4 1. Since the norms of all polynomials ¢;
are non-zero (they are polynomials of degree j), the coefficient v, ; determines the nullity of the expression (6.10).
This means that the only nonzero coefficients are v, n—1, Vn.n, and v, n41. It then follows from (6.7))

TPn = Yn,n—1Pn-1 + TYn,n Pn + TYn,n+1 Pnt1-
g = g
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This recurrent formula can be used, for example, to calculate systems of OG polynomials and calculate their
norms. We know that:
Tpn = Apont1 + Cnon + Brpn—1, n=1,2.3,.... (6.11)

Above all, we see that

o A, # 0Vn, otherwise the degree of the polynomial on the right would be n, while the degree of the polynomial
on the left is n + 1.

e By multiplying the equality (6.11)) first (0, 90n+1)2 ) and then (0, gpn,l)z , we get using the orthogonality of
the system {p,} that

2
(xﬁpna ¢n+1)27p = Ap ||90n+1||2,p

2
(‘TSDTLJ Sanl)Q’p =B, ||Spn*1||2,p
|
2
(WPnH» SDTL)QVI) = Bn1 ||<Pn||2,p :

Since all polynomials are real, (x(pn, <pn+1) = (xcan, ‘Pn)g 0 and it follows by comparing the first and

2,p
third lines of the previous calculation A, ||@n+1

2 2 . .
l5,, = Bnt1ll¢nlly,,, from which we get the recurrence relation

for the norms

B
2 n+1 2
||‘pn+1||2,p ~ A ||90nH2,p n=123,... (6.12)

Of course, we need to know ||o|| and ||@1|| . Moreover, from the (6.12]) and from the fact that A, # 0Vn € N
follows that also B, # 0 Vn.

Remark We have convinced ourselves that the coefficients A,, and B, in (6.11)) are always non-zero. However, the
coefficients C,, can be zero in a special case. Specifically, if b = —a, and the weight p is even on the interval (a,b),
then C,, = 0Vn € N.
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The proof of this remark can be done, for example, as follows: Again, by the general property of

polynomials, we have

pn(—x) = Zﬂmkgok(:c) /(o, ©; (x))2 ) for j =0,...,n, otherwise the product is 0
k=0

Bugleslly, = (pu(=2), 04(2),,

- / on(—2)p; (2)p(z) da 7 — / on(t)ps (—t)p(t) dt

= (@n(x)vgoj(_x))gm = (‘pn(x)’ Z Bj,m‘pm(x)) =0 for n > J-
m=0

Thus B, ; are non-zero only for j = n and from the first relation we have ¢, (—2) = Bn npn(z).

Now let’s compare the coefficients of z™ in the polynomial ¢, (z) = > ;_, axz":
an(_l')n = ﬁn,nanxn - Bn,n = (_1)71

Therefore @, (—x) = (=1)"¢0n(x) = (on(—2))% = (pn(x))?, ie. |on|? is even.
In conclusion, we have

Tn = Apnng1 + Cnon + Bpon_1 /(.7 QDn)Q’p

————
I

——f

/x\gpn|2p(x) =0, since z are odd and \gonﬁ even,

from which C,, = 0 follows.

6.3 Gauss’s reduced equation and orthogonal systems of polynomials

Consider the so-called Gaussian Reduced Equation (GRR)

’J;y” +(+1—2)y —ay=0|, x#0; a,s€C; s# —1,-2,-3,... (no spoilers, we’ll find out the reason soon).

1. We first show that this equation can be written in the form ”eigenvector and eigennumber with weight”, i.e.
in the form
Ty = Apy for A € C with suitable weight p,

where Ty has the form of a differential expression in self-adjoint form, i.e., Ty = (—py’)’. So,

(=py") =Xpy, p#0
-y —py" —Apy =0

/
v+ Zy 2Ly =0
P’ p

Comparing the last equality with the GRR entry and adjusting for x # 0, we get
1
Yy + <S+ _1>y1_ay20.
x x
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Since we only need to find an arbitrary, non-trivial solution, we can write
/
1

po_s+l

P x
!/ /

(In|p]) = (s+1)(In|z|) — 1
Ip| = |z|*Tte K, K >0

p=a°te™ we chose the branch z > 0.
For x > 0, we require p € L'(0,0), so s > —1. Moreover, we have A = —a, g = % = p=2L p=ae"
So we got the equation
(—a*te2y) = (—a)gse "y, (6.13)
p P

the solution of which solves by GRR. It is important to realize that we are working on the space L%(O, o0) =
L? (0,00), s > —1

rse~*

2. We will look for a GRR solution in the form of a series. However, for this we must make the following

considerations.

e For z = 0 the GRR degenerates (loses order), it needs to be investigated separately at (—oo,0) and at
(0, 00).

e We can assume that these two separate solutions will be possible to ”glue” together at the point x = 0 so
that a solution is created on some interval (—a,a) C R. If we are looking for GRR solutions in the class
of such ”glueable” solutions, which are also analytic in the neighborhood of zero (they can be expressed
there by a Taylor series), we can also look for them in the form of a Taylor series centered at zero. With
the risk of not finding a solution in this form, which would lead us to conclude that the problem has no

”glueable” solutions in the form of the Taylor series.

oo
Under this condition, we put y =t > ¢,z™ and substituting into GRR we get
n=0

oo o0 oo o0
Z can(n —1)z" 22 4 (s + 1) Z epna Tt — Z cpnz” — o Z cnx™ =0
= = = n=0
o0
ZCH_H (n+ 1)nz” —|—Z (s+ Deprr(n+1 chnx chax”:O
n=0

n=1 n=0
Now let’s compare the coefficients:

0 !
: 1)y = = ¢ =
x (s+ 1)1 = coa L= o

(hence s # —1)

forn > 1 we have 2" :  cpp1i[(n+Dn+(s+1)(n+1)] =cu(n+a)
n+a
(n+1)(s+n+1)

while the obtained recurrence relation is also valid for n = 0. Since each multiple of the GRR solution is in

Cnt1 = (hence s # —2,-3,...) ,

turn its solution, one can WLOG choose the basic solution for ¢g = 1. We get that the coefficients of the

series that define the solution would have to have the form
Co = 1
n—+a«a Cn,
n+s+1n+1’

Cnt1 = forn=0,1,2,...;5 # —1,-2,

However, we still have to show that the series with coefficients ¢y, ¢; given in this way converges somewhere.
Since series with coefficients of this type form one very important class of series, we devote the following

intermezzo to them.
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Intermezzo: Hypergeometric Series

Definition 6.9 (Hypergeometric series) We call a hypergeometric series a power series of the form

oo
n
§ CnT
n=0
for coefficients satisfying

e 7 polynomials P, @ with coefficients at the highest power equal to 1, st P =p > 0, st Q = ¢ > 0, @ has no
roots between N U {0},

Cn _ P(TL) 1 _ . .
.%7WT+1’ n—O,l,Q,...,co—l
n+1
Remark For P(n) = Q(n)(n+ 1) we have = =1, =427 | — ||, i.e. a geometric series with the quotient x.

Member ﬁ_l is here only for historical reasons.

Let us now decompose P and @ into root factors in C (unlike standard practice, we denote the roots by —a;
and —b;). We will get
ent1 (a1 +n)(az+n)...(ap+n) 1

n (it m)batn). (bgtn) ntl (6.14)

The following hypergeometric series notation is introduced for this situation:

chxn :qu[ala'-' )a’p;b17"'7bq](‘r>‘
n=0

From the equation [6.14] we immediately see:

e p<qg+l = |2 50 = R=+00 = )_c,2" defines a holomorphic (C*°) function on the entire C.

Cn

ep=q+1 = |2 31 = R=1 = ) c¢,2" defines a holomorphic (C*) function on U*(0).

Cn

ep>qg+1l = |&tl| 5 00 = R =0, which defines no differentiable function.

Cn

Definition 6.10 (Pochhammer symbol) For a € C, let us define

(a)o=1, (a),=ala+1)...(a+n—-1)

n€N members

The Pochhammer symbol is sometimes also called ”Rising factorial” and the notation (a), is also used. We will

read it ”a Pochhammer n”, or "a down n”. Finally, notice that, for example, (1),, = n!, or (a), = F(I?(J;)”).

With this notation, we rewrite the equation [6.14]
B (a1+n—1)(a2+n—1)...(ap+n—1)10
" i+ n—1)batn—1)... (byg+n—1)n """
(a1 +n—1(az+n—2)]...[(ap +n—1)(ap +n — 2)] 1 1

- Cpn—2 =
[(bi+n—1)(b2s+n—-2)] ...[(by+n—1)(b;+n—2)] nn—1
next steps go to (b1+n—1)...(b1)=(b1)n goes to
P

l;Il(aj)n

a n!’

(bk)n

(@) (ap)a 1 1
(01)n - - - (bg)m n!:%-/
k=1
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This leads us to explicit expression of the hypergeometric series

« M@
qu[al,...,ap;bh___’ Z];
n=0 1;[( )

—

The reason for adding that historical term %ﬂ stands out in the hypergeometric series o Fy[;](x). According to

the previous conclusion, it is equal
o0

oFoli](@) = 5 =

n=0

Exercise

e Show:

The series on the left has p=0,g=1 = p < g+ 1 = the series defines a smooth (and

holomorphic) function in C.

Solution:
| 2 = 1 1 2\ "
F — — | = —_— ——
H( 1) ;)u/zm'( 1)
’X"V | o0 1_’:1
_ -1 71‘1:'_)71 _ 7—1)17
;)< ) nl4n L ( fracl2+1)...(3+n—1) g( T (2n)!
27 1
nld"(1-3...(2n—1))  (2n)!
e Show

273%1 1 [;g} (—2?) = \/2%/966_752 dt = erf (z),
0

where the row on the left makes sense for Vo € C, but the row on the right only makes sense
for z € R. Thus, the series on the left can be understood as an extension of erf (x) to complex

numbers.

end of intermezzo. Let’s go back to GRR.

3. The solution of GRR is the series > ¢, z", where

n+a« 1
(&) ) Cn+1 TL+S+1’I’L+1C”7 n y Ly 4y

It is therefore a hypergeometric series for p=1, ¢ =1, i.e. p < ¢+ 1 and we have

oo

VFy e B+ 1] ( kZ:O s+1 —GC (R), aeC;seC\{-1,-2,-3,...}

1F1[o, s + 1](z) is a polynomial if and only if the series on the right contains a finite number of terms, which
happens if and only if 3n € N, (), = 0 VE > n. Moreover, since (o) = a(a+1)...(a+k — 1), we get for
a = —n the equivalence

(a)y =0 & k>nforneNU{0}.
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Definition 6.11 (Laguerre polynomial) A Laguerre polynomial of order s and degree n is a polynomial
defined for z,s € R, s > —1, as

n k

s NP n —n:s ) = (7n)k £
Ly (z) = 1F1[=n; s+ 1](x) ,;) 5+ n bl

Remark

— L2 (x) solves the GRR Vn € NU {0} if we put @ = —n in it.
— Referring to the form of the equation we perform the following restrictions:
e We consider > 0, i.e. € (0,00)
e We consider s € R, s > —1, p(x) = 2%¢~%. Then p > 0 on (0,00), p € C(0,00) N L1(0,00), which
shows the validity choices p, as weights.
e So we consider the Hilbert space Lise,z (0, 00).

e a=-n,neNU{0}.
We have shown that the GRR can be written in self-adjoint form (equation (6.13))

Ty =npy,

where Ty = —(py')’, p(z) = 25Tle~2.

Then n=0,1,2,... are eigenvalues T with weight p (on L%(O, 00)) and their corresponding eigenfunctions are

Laguerre polynomials L; .

According to the calculation made earlier (see considerations behind the equation 7 the Laguerre polyno-
mials (for fixed s > —1 and for n € NU {0}) form an OG system of polynomials in Lise,z(o, 00). There is
therefore a recurrent formula for their generation (we derive it further).

In addition, Laguerre polynomials are a complete system, i.e. every function from L? (0, 00) can be written

rSe— =

in the form > ¢, L% (z). The proof is beyond the scope of this lecture notes and can be found, for example,
in CiHAK ET AL: MA for physics V. (Theorem 31, p. 196).

6.4 Some important properties of Laguerre polynomials
Explicit statement

It applies

L} (z) = —a %" (x”"e_“:)(n) (6.15)

It follows that

Li(x) =x~%e"z%e” =1

Li(z) = 2 %e®(2* e ™) = 2 %" (s + )a*e ™ + o "2 T (—e ) = (s + 1) — z etc.

Another use of the explicit expression |6.15|is offered in the calculations of integrals of the type [ L% (z)f(z) dz,
0

because it allows the per-partes method to be used. We will perform such a calculation later.
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Proof. We start the proof of the expression by modifying GRR
vy +(s+1—-2)y —ay=0
(ss“e*my’)/ = azr®e "y, denote the equality as GRR(y,s + 1,q) .

By derivation we get

xy///+y//+(8+1_x)y//_y/_ay/:O

"

zy" + (s+2—2)y" — (a4 1)y’ =0, denote equality: GRR(y',s+2,a+1).

O
We thus get n — 1 derivatives
GRR(y™ Y, s+n,a+n—1)= (z*"e2y™) = (a+n— 1)z Le oy
————— —_— —————
=V, Vao1
thus V! = (a +n — 1)V,,—1 and by further differentiation we have
VIi=(a+n—-1)V,_;=(a+n—1(a+n—2)V,_o.
We then gradually have
Vi = (), Vo = (@)nz®e ™y,
from which we have n)
<xs+ne—wy(n)> — (a)nmse—wy
and by substituting o :== —n we get
1 (n)
y = x e’ (xs+"e_my(")> . 6.16
= (6.16)
If &« = —n , the GRR solution is L7 , which is a polynomial of degree n . Its n-th derivative is therefore a constant,
(L2)™ = a,n!, where a, denotes the coefficient of 2. A polynomial can be written as a series
(s+Dn x~ (—n)i a*
LS J— —_
n(®@) n! Z (s+ 1) k!~
k=0
S0 a, = (sﬁ)" ((51"1))" L therefore (L3)™) = 7(_7?!)”.
Substituting [6.16] into the equation, we have
(n)
1 - n
L;s1 (1’) — T 5e® xs-&—ne—m ( n)
(=n)n n!
LS _ 1 —s T s+n —x (n) 6.17
n(m)—ﬁx e’ (z°t"e™™) (6.17)
Recurrence Formula
We start from the equation [6.1
Lo —zy(n)
S _ s x s+n x
L (x) = —r e (z*Fre™ )" .
=F,
Then by direct differentiation we get
_ s+n+1_—z\/ (n) _ s+n _—=x (n) s+n+l_—=x (n)
Epii=((z e ") =(s+n+1) (z*"e )" - (z e ). (6.18)
E, =1,
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Our goal now is to express I, in terms of E,,.

I, = (z- J:H"efx)(n) = Z <Z)x(k)(xs+”ez)("k) = /is nonzero only for k € {0,1}/
k=0

(n=1)

=z (ms+ne—z)(”) +n (xs-l—ne—w) — LL'En +n (ms-i-ne—w)(n—l) ,

S
In—1
ie. I, =xFE,, +nl,_1.
If we additionally take forn—1,1e. E,=(s+n)E,—1 — I,_1, we get

I, =zE,+n(s+n)E,—1 —nE, .
We substitute this equation into which gives
Ep,yi1=6+n+1)E, —zE, —n(x+n)E,_1 +nk,

1

2By = (54 20+ 1)Ep — Epyr —n(s +n)En_1 / g
n.

|L; (@) = (s + 20+ DL; (@) — (n+ D)Lj 4y (2) = (s +n) Lo () |

which is the recurrent pattern sought. From the knowledge of the first two terms (L§ =1, L§ = (s+ 1) — ) all L?
can be generated.

Standards

We know from before B
2 +1 2
lpn+illz, = Z lenllz, , n=12,...,
n

if
TPp = An§0n+1 + Oncpn + Bnﬁan—l .
Here we have A, = —(n+ 1), B, = —(s + n), that is

+n+1
|Lnsall, = 2 L

2
n+1 ”||2,p’ n=123,....

o0
We calculate the first two norms directly: We have ||L8H§,p = [1-2%¢* =T(s+1).
0

L3I, = [ (65 4+ 1) = 070%™ = (54 105 + 1) = 205 + DI (s +2) + T(s +3)
0
=(s+1DI'(s+2)—2(s+ 1) (s+2)+T(s+3)
=T(s+3)—(s+1)I'(s+2)
=(s+2)T(s+2)—(s+1I'(s+2)=T(s+2)

and using recursion we get

s+ns+n—1 s+ 2
n n—1 "~ 2

1

HLZ”;,) = ||L{||§p = —T(s+n+1), which also applies to n € {0,1}
n!
—— .

D(542)

n

1
HLngp _ 7'1"(84_”4'_1) VYn=0,1,2 dots
’ n.
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Genereting Functions

Definition 6.12 (Generating Functions) Generating functions for a given system {¢, }5%,, ¢ = ¢n(z), I will call
such a function F' = F(x,t) which is analytic in the neighborhood of ¢ = 0 (for all fixed x) and whose expansion

into the Taylor series according to t in U(0) generates ¢, (x) coeflicients. I mean
oo
F(z,t) = Z on(z)t" .
n=0

So here we are looking for such F' for which F(z,t) = > L5 (x)t".
n=0

We will proceed by expanding the appropriate function f € L/%(O7 o0) with parameter ¢ into a series in Laguerre
polynomials. This gives us a series of the type Y.~ ¢, ()L (z) and we will tend to make ¢, ~ t".
The theory says that if f € L2, _,(0,00) and L (z) is complete in L2, _,(0,00), so from the general theory of

Fourier series it follows that de,, € C of the form

1 S - S
Cn:?(fvl/n)gmv thatf:ZCnLna
” nHQ,p n=0
while the equality of the sum is meant in Lise,w (0, 00).

We will expand the function e~** (then we will look for a = a(t)).
The first step is to find a condition for a € R where e=%* € L?

rSe—

(0,00) , i.e. when
/(e‘ax)gxse_w dz < o0
0

(e ]

1
/x567(2a+1)“"dz<oofors>flif2a+1>0<:>a>75.
0

For this a we calculate

o0
1
= —5— /e*“xse*“?l}fl(x) dex = /explicit expression LZ/
S
||LnH2,p 0
n! 7 1
e —az, . s,—x [ ~ . —s, x(,s+n, —x\(n)
F(s+n+1)/e z°e (n!x etz e ") )dx
0
1 o0
= m / e—‘w(x””e—m)(") dx = /n X per partes, boundary terms are Zero/
0
_ L —ax,.s+n _—x d
I'(s+n+1) /qu’ ’
0 (a+1)z=y
o s+n
n 1
= ai/e_y L dy
I'(s+n+1) a+1 a+1
0
an 1 1 a n
= F 1 == .
Totntl) @rnrrl et =rm (a—i—l)
From there we get
R R Y AR 1
ax SV LS , > ——, 6.19
e (a+1)s+17;)(a+1) n(l”) a B ( )
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Remark e In general, the equality applies in the sense of the space in which it was derived, i.e. in Lise_m (0, 00),
or almost everywhere (s.v.). However, if there are continuous functions on both sides (e.g. the series on the

right converges at least locally uniformly in R), the equality holds in all z € R.
e By substituting a = 0 into the equation [6.19] all terms for n > 1 drop out and we get 1 = L§(x).

e For a = 1, the equation gives [6.19
o0

w1 L(x)
€ = 2s+1 z;) on ?

especially for s = 0 we have

+1
n=0 2
The second step is to build the generating function.
Let’'s put t = 45 (& a = 15) in the equation The derivative of this expression % = ﬁ > 0 and

therefore t(a) is simple. It holds a > —% just for t € (—1,1). Modifying the equation then we have

(a+1)"e " = iL;(x) ( a4 )n /a 5t (6.20)

s a+1
1 — = S s n
(e :Z%Ln(x)t , te(=1,1), (6.21)

create. fce for Laguerre p.

The table ”Orthogonal systems of polynomials” in the appendix lists the Laguerre, Hermite, Legendre, Chebyshev
and Gegenbauer systems of polynomials. We always state the generating function, the series expression, the explicit
form, the recurrent relation and the magnitudes of the norms, the generating function and especially the space in

which it forms the basis.
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