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Abstrakt: Zkoumame spojitost zobrazeni s konecnou distorzi, funkce
které maji slouzit jako model elastickych deformaci pii nelinedrni elas-
ticitée. Zaméfujeme se na podminky pro spojitost na vnitini distorzi a
navic ukazeme, ze jisty odhad modulu spojitosti je ostry, t.j. nemuze byt
vylepsen. Uvedeme dikaz spojitosti pro zobrazeni s konecnou distorzi za
zjednodusenych ptredpokladu na distorzi.
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Abstract: We study the continuity of mappings of finite distortion, a set of
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1 Introduction

Let 2 C R™ is an open and non-empty set. It is well-known that functions
and mappings from the Sobolev space W1P(Q) are continuous if p > n and
may be discontinuous for p < n. Mappings in the corresponding spaces
WLP(Q,R") (see Preliminaries for the definition) are often considered as
model deformations in nonlinear elasticity (see [2] for reference and motiva-
tion) and therefore continuity is an important property, which is of interest
to us. To be specific, if we imagine that such a mapping represents an elastic
deformation, then continuity guarantees that the material does not break.
Let us first introduce mappings of finite outer distortion (often referred to
as mappings of finite distortion), which are usually considered in this context.
A mapping f : 2 — R” is said to have finite outer distortion if the deter-
minant of the Jacobi matrix J(z, f) = Jy(x) belongs to Li..(2) and there

exists some positive measurable function Ko(z) finite almost everywhere in
Q) such that the following condition is satisfied

|Df(z)|" < Ko(x)J(x) for almost all = € Q.

If we replace this condition with the existence of a function Kj(z) such
that
|D! f(x)|" < K](%)J?_l(x) for almost all z € Q

then we arrive at the class of mappings of finite inner distortion. See also
Definitions 2.16 and 2.18. To be more precise we examine continuity con-
ditions and results for these two classes of mappings. It can be proved by
linear algebra 1that the following inequality holds between the two distortion

functions, K I"fl < Kp < K?_l. More detailed information can be found in
[2] on pages 108-112.

Theorems 1.1 and 1.2 are known and their proof can be found in [2] and
[4]. Their results are actually more general and we have extracted these
proofs in the two most important cases where some technical details can be
simplified making them easier to understand.

Theorem 1.1. Let 2 C R"™ be open and let f € VVIL”(Q,R") be a mapping

of finite outer distortion. Then f is continuous.

Theorem 1.2. Let 2 C R™ be open and let f : 2 — R™ be a mapping of finite
outer distortion. Suppose that there is X > 0 such that exp(AKp) € Li. ().

loc
Then f is continuous.



To prove these theorems it is necessary to build a theory of weakly
monotonous mappings and the distributional Jacobian. We do this in sec-
tions 3 and 4 and our proofs are self-contained.

It would be desirable to know the optimal integrability of inner distortion
function that guarantees continuity. From the inequality Ko < K}~ and
Theorem 1.2 it is easy to deduce that the condition exp(K} ') € L' implies
continuity. Surprisingly it was shown by Onninen [9] that a weaker condition,
given in Theorem 1.3 suffices .

Theorem 1.3. Let 2 C R"™ be an open set and let f : 2 — R™ be a mapping
of finite outer distortion. Suppose that there is X\ > (n — 1)*> — 1 such that

exp(AK[") € LL .(Q). Then f is continuous.

loc
The condition A > (n—1)?—1 seems to be unnatural and actually comes
from some technical estimates in the proof. Let us recall that all the classical
counter-examples of discontinuity in this theory are radial and have the form

flz) = |§—|¢<|x|>

where the differentiable function ¢ satisfies lim; o ¢(¢) > 0 (see Section 5).
Therefore the usual counterexamples form a cavity at the origin and map
a ball to some annulus. We show that there are no such counterexamples
of discontinuity even for A < (n — 1)> — 1. This new result gives a strong
indication that the condition A > (n — 1) — 1 in the previous theorem is
superfluous.

Theorem 1.4. Let f € WY (B(0,1),R™) have finite outer distortion. Fur-
ther let f be a homeomorphism B(0,1) \ {0} onto B(0,2) \ L, where L C
B(0,1) is a closed, pathwise-connected, whose projection onto some hyper-
plane p has positive (n — 1) dimensional measure. Let also 0 € X, then it
holds that )

exp(AK[") ¢ L'(B(0,1)) for all A > 0.

Let us note that it has been proved [5] that the condition exp(AKp) € L*
in Theorem 1.2 has some degree of sharpness in the sense of Orlicz spaces,
namely that for all § there exists a mapping of finite distortion such that
exp(K}°) € L', which is not continuous (see Example 5.5). We even show
that exp(K}lfé)/ ("71)) € L' for this map and we give further examples in
Section 5 showing that other conditions like J; € Li. or Jy(z) = 0 =
|Df(x)| = 0 cannot be omitted.

Another interesting question is to find the sharp modulus of continuity
for the mappings of finite outer distortion which satisfy exp(AKp) € L. Let
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us first recall the history of such estimates. First it was shown in [4] that
mappings in this class satisfy
C

|f(z) = fy)] < log!/™ log(e¢ + 1/|x — yl)

and this was later improved using the isoperimetric inequality in [7] to
C
log""~*(1/|z — y])

Finally using very delicate arguments it has been shown in [10] that

C
) = 0 S oz

Extremal mappings for continuity of mappings of finite distortion are

[f(x) = fy)| <

(1.1)

usually radial maps and therefore the natural candidate for the extremal

map is
x 1

Fo) = o (1 ]y

Standard computation will give us

n 1
K(z) = —log —
(2) =  log |$|
and hence 1
exp(AK (z)) dx = / T = 00.
B(O,%) B(O,%) ||

This elementary computation suggests that there is some room for the im-
provement in the estimate (1.1) and maybe we can add some supplementary
factor like loglog 1/|z — y| to some negative power to our estimate. We show
that surprisingly this is not the case and the modulus of continuity (1.1) is
already sharp. Let us point out that this new fact was not only surprising
for us but also for all three authors of [7] and [10] who actually expected a
better estimate to hold.

Theorem 1.5. For every A > 0 there is a ball B := B(0,1), some C > 0
and a mapping of finite distortion f : B — R™ such that

/Bexp()\Kf(x)) dr < o0

d
an 1

T) — C——F————.
0= O > O

(1.2)



Let us consider the mapping

_y_ @ (log L/ | meire
T = Tl Log 1 1al)

where a > 0. The additional factor clearly satisfies

lim (log 1/|]) =171 = 1
|z|—=0

and thus the modulus of continuity of our f is exactly as required in (1.1). On
the other hand this alteration slightly affects the distortion and the standard
computation (see Section 7) will give us

and hence

for sufficiently large a.



2 Preliminaris

2.1 Basic definitions

Let us begin this section with some basic and well known but necessary
definitions.

Definition 2.1. We define the open ball B(z,7) C R™ for x € R" and
r € (0,00) as
B(x,r)={y eR" | |z —y[ <r}.

To simplify notation we will write
AB = AB(z,r) = B(x, \r).

Definition 2.2. We define the sphere S(xz,r) C R™ for x € R™ and r €
(0,00) as
Sx,r)={yeR" | |z —y|=r}.

Definition 2.3. Let Q1,5 C R" be open and f : Q1 — Qs. Let f be a
continuous mapping, whose inverse f~1 is defined everywhere on Qs and is
also continuous. Then we call f a homeomorphism.

We will use the letter ¢ to represent some positive constant which is de-
pendent only on certain parameters like the dimension of R™. The specific
value of ¢, however, may change during the process of a proof, even dur-
ing a single string of estimates. We will classify what ¢ is dependent on
(respectively independent of), whenever necessary or unclear.

As we will be dealing with mappings, which may be differentiated in
different senses it is necessary to define the symbols we will use to denote
this.

Definition 2.4. Let f be a function on some open set 2 C R™. We define

0. Fla)  ti 1 E ) = @)

t—0 t

forall z € Q, v € R\ {0},
if the limit exists. If f = (f1,..., fm) : @ — R™ then we define
O, f(z) == (0, fi(x),...,0yfm(x)).

Definition 2.5. Let f be a function mapping some open set & C R™ to
R™. Let {ey,...,e,} be the canonical basis of R™. Further let the partial
deriwatives 0., f(x) exist for alli € {1,...,n}. Then we define

Oif (x) = 0., f(x)

7



and
V(@)= (01f(x),...,0.f(2)).

Definition 2.6. Let f be a function mapping some open set Q@ C R™ to R™
and let « = (a(1),...,a(n)) be a multi-indez, whose height is |a|. We define

O f as follows
olal
Ouf(z) = ———— f(x),
(z) T 0, (z)

giwen that all of the partial derivatives, which come into consideration exist
and are continuous on some open neighborhood of x, irrespective of what
order we derive in and that they are all continuous.

Definition 2.7. Let f be a function from some open set Q C R" — R™

and let k € N. If O, f is a continuous mapping on 2 for all o multi-indices,
la| < k, then we say f € C*(Q,R™). If f € C* for all k € N, then we say
that f € C.

Definition 2.8. Let f be a function on some open set 2 C R™. We define
supp f :={z € Q| f(x) # 0}

where we take the closure in R™.

Definition 2.9. For k € Ny we define C*(Q) as the set of all functions such
that f € C*(Q) and supp f C Q. Further we denote C°(2) as D().

Definition 2.10. Let f € Li_(Q) for some open set Q C R™. Let i €

loc

{1,...,n} and let there exist some g € Li () such that

[ saretaris = = [ rjoptois

for all ¢ € D(2). Then we define the weak derivative of f in the direction
x; (we write D;f) as g.

For the above defined weak derivative we may also use the term distri-

butional derivative. All relevant distributional derivatives of all functions we

1

e function.

consider in our results can be expressed as some L

Definition 2.11. Let f € L .(Q,R™) for some open set Q C R"™ be such
that D; f exist. We define

Difi, Dsfi, ... Dyfi

Dify, Dsofs, ... D,
b | D Do i

lema D2fm7 anm



Definition 2.12. Let f € L (Q,R") for some open set Q C R™ be such that
Df exists. We define the Jacobian as Jy := det Df.

2.2 Sobolev spaces and mappings of finite distortion

Definition 2.13. Let p € [1,00]| and Q@ C R™ be an open set. We define the
symbol W'P(Q), as the set of all elements f € LP(2), whose weak derivatives
|D; f| € LP(Q) fori € {1,...,n}. Further for all f € W'P(Q) we define

1
[lullwrr) = <||f||§ + IIDz'fH£>
i=1

for p < oo and

[lullwre ) = max{|[flloo, [[D1foos - [[Dnflloc}-

We use the shortened notation ||u||w1r@) = ||...]||1,, when there is no
danger of confusion to the reader. It is well known that (W'?(Q),||...||lw1s@))
is a Banach space. We say that a Sobolev function, that is a function bel—
longing to W1P?(Q), is continuous when it has a continuous representative.

Definition 2.14. Let p € [1,00]| and Q C R™ be an open set. We define the
symbol WyP(Q) as the closure of C2°(Q) in the space WP(€).

Definition 2.15. Let p € [1,00| and Q@ C R™ be an open set. We define
the symbol WbP(Q) as the set of elements of LY., for whom D;f € L¥ (),

ie{l,...,n}.

We define the spaces W'P(Q,R") as a set of functions whose coordi-
nate functions belong to W?(Q) and analogously we define W, (€, R") and
WLP(Q,R™).

loc

loc”

We may now define the class of mappings, which will be the focus of our
study.

Definition 2.16. We say that a mapping f : Q@ — R™ on the open set
Q C R", has finite outer distortion if f € VVIM(Q R™), Jp > 0 a.e., Jy €
Li () and there exists some function Ko : Q — [1, 00|, Ko(x) < 0o almost
everywhere such that

|IDf(z)|" < Ko(z)Js(2) for almost all x € €.
For mappings of finite outer distortion we can define Ko(x) = 1 on the set
{Jf =0} and

[Df @)l

Role) = Jp()

for all x € {Jy > 0}.



Definition 2.17. Let A be a real n X n matrix. Define flk,m for all k,m €
{1,...,n} as the (n — 1) x (n — 1) matriz given by the omission of the k-th
column and the m-th row from A and put Ay, = det Akm Then we may
define the adjoint matriz of A as

Definition 2.18. We say that a mapping f : 2 — R™ on the open set ) C
R™, has finite inner distortion if f € VVI})’Cl(Q,R"), Jr >0 ae., Jp € Li.(Q)
and there exists some function Kr(z) : Q@ — [1,00], K[(z) < oo almost

everywhere such that

|D* f(x)|" < Kf(m)J?_l(x) for almost all x € Q.

For mappings of finite outer distortion we can define K; = 1 on the set
{Jy =0} and
Dt n
Ki(x) := ﬂ for all x € {J; > 0}.
Ji ()

Hereby K and Ko are defined almost everywhere in . Where J¢(z) < 0
or is not defined we do not define the distortion functions.

2.3 Properties of Sobolev functions

Now we cite a special case of the first part of the Sobolev embedding theorem.

Theorem 2.19. Let €2 be an open non-empty set with a Lipschitz boundary
in R". Further let p € [1,n) and f € W'(Q). Then f € Lo+ (Q) and
moreover

1111, 22, g < ell oo

Definition 2.20. Let f € L'(E) for some measurable set E C R™. Then we

define 1
fomf fm g [

Theorem 2.21 (Poincaré). Let f € W'P(B(0,r)), p € [1,00). Then there
exists some ¢, which depends only on n and p such that

/Blf—fglp < crp/B|Df|p.

10



Definition 2.22. Let f be a mapping of some set X into R™. We define

oscy f = diam(f (X)) = sup{|f(x1) — f(z2)| | x1,22 € X}.

Lemma 2.23 (Sobolev imbedding theorem on spheres). Let p > n — 1 and
u € WHP(B(0, R)). Then there is a representative of u such that for almost
every t € (0, R) we have

1
P
0sCop(0) U < ct <][ |Du|1’) .
aB(0,t)

The following lemma is a special version of the area formula, proved in
[8], for spheres. It is easy to note that the dimension of the sphere is n — 1
and that the area formula applies to Sobolev functions on the sphere as long
as the integrability is higher than that of the dimension, here n — 1.

Lemma 2.24. Let p > n — 1 and let f € W'P(B(0, R),R™) be a mapping
such that |f(B(0, R))| < co. Then for almost all t € (0, R) we have

/ D] > H (F(S(0,1))).
5(0,t)

The following isoperimetric inequality can be found in [1, Theorem
3.2.43].

Lemma 2.25 (Isoperimetric inequality). Let X C R™ be a measurable set of
finite measure and let us denote by 0X its boundary. Then

H L (OX) > o X|"

Definition 2.26. Let f € L. (R"). We define the Hardy-Littlewood mazimal

loc
function

Mf(x) = sup ]{? Wl

r>0

Theorem 2.27. Let f be in L'(R™). Then there exists some ¢ dependent
only on n such that

rem | Mi@ o<t [ i

«

We will need the following Kirszbraun theorem, which can be found in

[6].

11



Theorem 2.28. Let K C R™ be a compact. If f is a Lipschitz function (with
the constant cy) defined on K then there exists some F' Lipschitz function
defined on R"™ such that f(x) = F(x) for all x € K and whose Lipschitz
constant satisfies cp = cy.

We will need to use functions in C*°(2) to approximate elements of
WP(Q). For this we use so-called mollification. Generally let ® € C5°(R"™)
fulfill the following

supp® C B(0,1)
P(z) = D(y) for |z| = |y|
O(z) > 0 (2.1)

/ o= 1.
B(0,1)

For a given ® we define the family {®,};eny on R™ as follows
®;(x) == j"®(jx).

As n is fixed for all proofs there is no danger of misunderstanding. Hereby
®; satisfy (2.1) for all j € N and supp ®; C B(0, %) for all j.
For simplicity and to be precise we will work with

. 1
) (I’) = cexp <|1}|2——1> s

where ¢ is chosen such as to fulfill (2.1). We may define the mollification
{f;}jen of all elements f € L{ (R™) as the convolution of f with ®; that is,

fi(z) = . fW)®;(z —y)dy. (2.2)

Should f not be defined on the whole of R™ we may still define f;(x) if f is
defined on some open neighborhood U of x. Then there exists some jq such
that B(xz,j,') € U and we redefine f as zero outside U for the purpose of
integration in (2.2).

If f:Q CR"— R™ we define the mollification of f = (fi,..., fi,) as the
mollification of its component functions fi,..., f,,. The following theorem
on the mollifications of a function can be found in [2] on page 58.

Theorem 2.29. Let f € Ll () for Q some open set in R™. Then

1. limj o fj(x) = f(x) for almost all x € 2.

12



. If f 1s continuous then the convergence in 1. is locally uniform.

Iff e WH(Q) forp € [1,00], i € {1,...,n} and if X CC Q is a
compact set such that dist(X,0) > j~' we have that

HaifjHLP(X) < HDifHLP(Q)'

. If in 3. we assume moreover that p < oo then

]ILI?O HDz.f] — DifHLP(X) =0.

. IfQ =R" then 3. and 4. hold for X = R™.

13



3 The distributional Jacobian.

The proofs of Theorem 1.2 and Theorem 1.1 use a concept called weak mono-
tonicity. In order to show that a mapping of finite distortion is weakly
monotonous we need to use Theorem 3.3 on the so-called distributional Ja-
cobian.

Definition 3.1. Let Q C R™ be open. For functions [ € Wl’nnTl(Q,R”) we
define the distributional Jacobian of f, we write Jy, as follows

Ti(p) = _/th](%fz, ceos fn) for all ¢ € D(Q),

where J(p, fo, ..., fn) is the classical Jacobian defined as the determinant of
the Jacobi matriz of (v, fay ..., fn)-

We claim that the integral on the right hand side in the definition is finite
for all ¢ € D(Q) and for all f € W=+ (Q). Any product of the form

HD,yjfj ’}/jE{l,...,n}
j=2

2

lie in the space L=*—1. Because ¢ € W1*(€) it follows that

2

for n > 2. By Theorem 2.19 we have that

ferLm(.

loc

Now we can prove that the integral is finite by using the Holder inequality
on f1 and J(¢, fa, ..., fn) because

1 n?—1
5 =1.

n2

n

Therefore the given integral is finite.

Definition 3.2. Let f be a measurable function on some open set 2 C R"™.
We say that f € L™log™' L(Q) whenever,

T
/Qlog<e+ TR

14



We can note the following. Firstly f € (L"log™" L)joc(€) implies that
f e Lt (Q) for all p € [1,n). The Sobolev embedding theorem 2.19 im-

loc
plies, that f € L (Q) for all p € [1,00), given that f € Wh(Q), and
IDf| € (L™log™" L)1c(2). Therefore if f has finite distortion and |Df| €
(L™1log ™! L)16e(€2) then the distributional determinant is well defined as f €
W.hP(Q) for all p < n.

loc

The following theorem was published in [3].

Theorem 3.3. Let Q@ C R™. Let f € W,2H(Q) and let J; be non-negative
almost everywhere. Further let |Df| € L"log™" L(Q). Then we have

Jf < Lt (Q)

loc
and
J(p) = / oJy  for all o € D(Q).
)
In order to prove this we will need the following lemmata.

Lemma 3.4. Let Q C R™ be open. Letn —1 < p <n and B := B(x,r) be
a ball such that B CC Q. Let f € WH(Q) and |Df| € L™ log™" L(2) with
f1 € Wh(Q) N W, P(B). Then

R
B

feCXQRY) and f; € CX(B). (3.1)

Proof. Firstly let

Let for the purpose of this proof 5, signify the set of all permutations on
{1,...m}. Take any m € S,, and any j € {2,...,n} and define

Arj i =sgnm 10z f5 [ Onir /-
i#1,5

Let the mapping w : S, X {2,...,n} — S, be defined as,

(1) =]
wlr )= nli) it
()  i=1.
Hereby we see that
sgnw(m,j) = —sgnnm forall j € {2,...,n} (3.2)

15



and w is surjective and the pre-image of a permutation in w is always a set
with n — 1 elements in S,, x {2,...,n}. Moreover (7, j1), (72, j2) € w™ ()
implies that either the two elements are identical or m; # 7o and j; # jo.

Choose any m € S,,. Let x be the orthogonal projection of R™ onto
(span{e; })* and B’ := x(B). Further for every b € B’ define

b:={b+Xey | \eR}NB
A= inf{A € R | b+ Ae; € b}
Xy :=sup{A €R | b+ Aey € b}

bl =0 + )\161
b2 =b + /\261.

Then by the Fubini theorem and by integration by parts we get that
/ SgnWHan(i)fz’ = sgnw/ ﬂaw(l)fl Haﬂ(i)fi =
B i=1 B Jb i#1

:_ng/B,/gfl ([T 0w fs) = - / d

1#1

where we have used the fact that f; € Cy(B) and thus the boundary terms
are zero.

Now we take the sum over all 7 € S, and j = 2,...,n to get
w fa= [ | X Ssmellown) - [ (£ ¥ 4.
j€{2,..n} TESH TESy j€{2,..n}

Similarly however, thanks to the fact that w is (n — 1)-tuply surijective, we
have that

-0 [ == [ (X ¥ A
B TESy j€{2,..n}

Here we can interchange the second derivatives because f € C?. Further by
(3.2) we have
Aurj) = = Arj,

which finally gives that

Q(n—l)/BJf:—/ Y Ayt A | =0

mESy je{2,..n}

16



Let us assume we have f given satisfying the assumptions of the Lemma
and chose ¢ € (0,1). We use Theorem 2.29 for the mollification of com-
ponents fo, ..., f, individually to find a sequence of functions f3*, ..., f",
which converge to fs, ..., f, in the space W1"¢(B). Further, thanks to the
fact that C2°(B) is dense in Wy **(B) for all s < co we may assume that there
exists some sequence of functions {g,, }°°_;, which converge to f; in the space
W1 (B) and also belong to the space C°(B). Note that for the exponents

chosen
n—1

S ] (3.3)

n—e - n—e
=1

We will now, for the purpose of this proof, simplify notation by denoting
fi* := g instead of the mollification of f; and f™ := (f{",..., f"). Using
the triangle inequality we have that,

TI D=0 f: = T] Pr £ < 1Dz fr [ [ P fi = Dy 7 [ [ P £l
: : P :

n

+1Dx) 1 [ Drr fi = Decy 7 ] [ Do £

=2 =2

= |Drayf1 — Dz fi"|| HDW(i)fi|
=2

n

+1Da T ] Dr 77 = T ] Do fil
=2

=2

The integral over B of the first of these terms tends to zero for m tending to
0o thanks to the fact that f™ — f; in W1 (B) and the Holder inequality,
where the exponents are as in (3.3). We now iterate this operation until we

get,
LI Prrfi = T P £771 <DL Pt F71 |1 Dy 7 = D £l
i=1 i=1 j=1 i<j
i<k<n

where for simplification we use the definition that [[, = 1. But for j > 1
we have that the second factor tends to zero in L"7¢(Q2) in all terms and
the product of the first and third factors is in L#-1-= (Q). Therefore by the

Holder inequality, using ”;:5 + # = 1, the sum tends to zero as m tends

to oo.
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Because the set .S, is finite, the same follows for the sum of all 7 € .S,,,
which means nothing different than

B

m—ro0

But as
/me:() forallm e N
B

we get

/;f m—>ooBf

]

Lemma 3.5. Let B = B(xg,70) be a ball in R™ and let w € WH1(4B). For
all A > 0 we define

F\={x € B: M|Du(x)| < A\}N{x € B | x is a Lebesgue point of u}.
(3.4)

Then there is some constant ¢ > 0 such that,
[u(z) —u(y)| < eAlz —yl for all x,y € F).
Proof. Let us choose A > 0 and z,y € F\. We define

Bj:= B(x,27 |z — y|) j € No
Bj:= By, 2 e —yl) je-N

Since x and y are Lebesgue points we obtain

|U(ZL‘) - u(y)| < Z |qu - qu+1|

JEZL

but because for such u and for any of the balls B’ we have

1 2B’
lup — usp| = ’—, (u(t) — uQB/)dt’ < | : | |u(t) — ugpr|dt  (3.5)
1B’ Jp 1B Jomr
we see that
—92 00
Z lup, —up, | <c Z f lu(t) —up,,,|dt + CZ][ lu(t) — up,|dt
jez\{-1} j=—oco” Bit1 §=0"5

18



Now applying the Poincaré inequality (Lemma 2.21) we get

Zf u(t) — up, |dt<cZ7‘j][ | Du

JEL ez
< ¢ (M|Dul(z) + M|Dul(y)) " r;
JEZ
< Az —yl.

Let us consider |up, —up_,|. Clearly

‘uBo - uB—1| < ’uBo - u23—1’ + |u23—1 - uB—1"

Using exactly the same reasoning as above, the second of these two can be
estimated in the same way and is therefore less than c¢\|x — y|. The first can
be estimated as follows,

1
| By

28
/ ult) - UQBldt\ < BB [ ) — s,
. |Bo| Jam_,

Applying the Poincaré inequality gives the required estimate. Note that ¢
was at no point dependent on A and therefore we have the proposition. [

Lemma 3.6. Letp > 1, A > 0 and v € LP. Then there exists some ¢ > 0

such that
/ (M) < c/ of?.
{Muv>\} {v>3}

Proof. Using the Fubini theorem and the maximal estimate in Theorem 2.27
we see that

Mou(z)
/ (Muv)? = / / ptPtdtdr =
{Mv>\} {Mv>\} JO

p/ P Mo > £|dt + V| { Mo > A}

/ P~ 2/ x)|dxdt + AP~ 1/ lv(x)|dx
{lvl>3 } {lvl>3}
<c / / )P~ 1dxdt+c/ |v(z)[Pdx
{lvl>3 } {lv[>3}
2[v(z)|
e / ()P / dtda + ¢ / ()P
{lv[>3} A {lv[>3}

<e / o) |Pdi.
{lv|>%}
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Lemma 3.7. Let B := B(a, 7o) be a ball in R™ with 2B C Q, let f € W"'(B)
and let A > 0. Let us also asume that

[r-o

There exists some C' > 0, which depends only on n and R such that for all
x € B, which are Lebesgue points of f and D f, we have that,

Mf(x) > A= M|Df|(x) > CA.

Proof. Let x € B be a Lebesgue point of f and |Df| and let M f(z) > A. It
follows that there exists some r > 0 such that

£ 1wy >
B(z,r)

Define zy := a. Take the smallest K € N such that 2757, < r and for

1 > 7 < K define
r
rii=1 | —
J 0 To

;= {ﬁiijﬁ_h(ml = 7;) (95 # xj—l) A (Tj_1 —r; <|z— xj_1|)

T else.

e

Now define B; := B(z;,r;) for j € {0,... K}. Note that

K

>y < drg. (3.6)

J=1

It is clear that (f)p, > A. It follows hereby that

> I e, > A (3.7)

7=1
as fp, = 0. We can estimate all of the terms above as follows,

| Bi 1|
| Bi

< C][]_; |f(t) _fBi71|dt7

| fBZ 1’ ’ fB, 1 dt’ 5 |f<t) _fBi71|dt

|Bil /B

(3.8)
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where ¢ does not depend on ¢ or . Now combining (3.7) with (3.8) and
applying the Poincaré inequality (Lemma 2.21) we get

k k
r<eXof 15O fo it <e3 o Dsl
< eM|Df|(x) Y,

jez

< cM|Df|(x).
But ¢ is derived from the Poincaré Lemma, (3.6) and (3.8) and therefore
depends and only on n and 7. O]

Lemma 3.8. Let Q@ C R Let f € W2H(Q), J; > 0 and |Df| €

loc

L"log ' L(Y). Let B = B(a,R) be a ball such that 2B CC Q and
p € CX(B). Define
u:=p(z) (filz) = (f1)B)

and let F\ corresponding to u be as in (3.4). Then

liminfy_, )\/ |IDf|*t = 0.
B\Fy

Proof. Tt follows from per-partes integration that
| Du(x)| < D fr(@)]|o(x)] + [De(x)|[ fi(2) — (fi)25]
Let us take some point y € B\ F), and integrate the previous inequality over

B(y,r) with r € (0,R — |y — al)

Du(x)|dx Dfi(x x)|dx Do()|| f1(z) — (f1)gldz.
L pu@lar < pawle@lar+ f 10e@lne -

< eM|D fil(y) + eM|[f1 — (f1)B|(y)-

Now taking the supremum over r we get
A < M|Dul(y) < ecM[Dfil(y) + cM|f1 — (f1)5l(y).

This implies that at least one of the right hand side terms is greater than
210. But this by Lemma 3.7, where we put f := f; — (f1)s, implies that there
exists some C' > 0 depending only on n such that
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Hereby we see that,
B\ F\ C{M|Df|>cA\}UZ

where |Z] = 0. This however shows, in combination with Lemma 3.6, that
for any § € (0,1),

YLy Df!
B\Fy {M|Df|>c\}

< C)\l&/ (M‘Df‘)nflﬂi <39)
{M|Df|>eA}

S C)\l—é/ |Df‘n_1+6.
{IDf1>%}

We now show that the latter of these is small. Define

1
h(t) :== ogle 1)

Let us note that there exists some ¢ > 0 such that for all ¢ > 1 we have

¢ 1-6 ¢ 1 a'~?
h(t)t—° = <
/1 ®) /1 tolog(e+t) — Clog(e +a)’

which can easily be seen by deriving the right hand side with respect to a.
Therefore using the Fubini theorem we get,

/loo h(t)t'=° (/{|v|>t} |v(:1c)|"_1+6dx) dt =

-1 ol 1— v(z)["
= ()" 0 x<c x.
B /{|v|>1} (@)l (/1 et dt) tr= /{v|>1} log(e + \U(ﬂf)\)d

This however is finite for all v € L™ log™* L(Q).
Let t > 0. We consider the following,

/looh(t):oo

h(t) >0

13 (/{l | }\u|"1+6(x)dx) > 0.
v|>t

These, combined with the fact that

/ h(t)tt° </ |U(x)|”_1+5dx) dt < oo
1 {lv|>t}
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for all v € L™log™! L(Q) gives that

liminf, o t'7° (/{| . |v|”‘1+5(x)dx) =0,
v|>t

Now substitute in (3.9) Df for v and use |Df| € L"log " L(Q) to get the
required result. O

Proof of Theorem 3.3. Let B be a ball in 2 such that 2B CC 2. We choose
some ¢ € C§°(B) such that ¢ > 0 and ¢ = 1 everywhere on B/2. We now
define u(z) = (fi(z) — (f1)s)¢(x). Clearly u € W,"'(B). We may therefore,
for this first stage of our proof, redefine u as zero everywhere outside B. We
define

F\={x € R": M|Du(x)| < A} N{x € R" | = is a Lebesgue point of u}

using our new redefined function u. We choose some A > 0 and by Lemma
3.5 in B (outside of B it is obvious) we have that

lu(z) — u(y)| < cAlx —y| for all z,y € F).

We define
tx(z) = u(x) x € F).

Evidently the Lipschitz function @, can be extended (uniquely) onto Fy while
maintaining the Lipschitz quality of u,. We extend u, using Theorem 2.28
wherever not yet defined (a subset of 2B) keeping the ¢\ Lipschitz quality
of the function. Here take K as F N 2B.

Note that by Lemma 3.4 it holds that

/ J('L~L)\,f2, 7fn) = 0.
B

This in conjunction with |Duy| < ¢\, gives that

/ J(Ux, foy .oy fn)
B\F\

gcA/ |Df|" 1. (3.11)
B\F),

(3.10)

/ J(Ux, fay .oy fn)
Fy

We use the definition of @), and the derivation of products rule to get

’](fbwf% cee 7fn) :¢J<f17f27 .- 7fn)+
+ (fi = (fu)B) (@, for .- -5 fn)

23
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almost everywhere on F).
Thus we have, using Jy > 0, that

/ L s S/ @ Jy
FnZ F\NB

/ J(Ux, for. 5 [n)
F\NB

Now using (3.10), (3.11) and the fact that |Df| € L"log™" L(Q) we deduce
that

/ Jy < er / D+ / (Fr = (1)) T for o )] < €
FAnZ B\F), B

<

_I_

/FQB(fl_<f1)B)J(90,f2,...,fn) ,

for all A > 0, where by choosing some sequence of \;, which tend to infinity
but for which the first term tends to zero by Lemma 3.8, we have that
constant C' does not depend on A.

Therefore we get that

[3 Ii(x)de = é | J;(z)|dz < o0

2

for all B such that 2B CC Q. This however means that J; € L ().
Notice that at the beginning of the proof we could have taken ¢ € D(B)

without any other restriction, defined u¥(x) := (fi(z) — (f1)5)¢(x), and then

repeated the extension process as described above to get @f € Wy (B). We

use the definition of 4§ and the derivation of products rule to get

@J(fbf% e 7fn) :J(ﬂfaf% .- 7fn)_
— (i = (f)B)I (@ for - fn)

almost everywhere on F) (taking the set F\, which corresponds to our new

(3.13)

choice of ¢).
Thanks to (3.13) we have

/BSOJfZ/B\FASOJf+/FA‘PJf
:/ ¢Jf+/ J@E, far oo fa) + (3.14)
B\F» Py
+/ (fl)B’](Spaf%"'afn)_ flj((paf%-"afn)-
Py Fy

By Lemma 3.4 and the Lebesgue theorem we have

i [ (£ (0 for e fr) = /B ()82 for-e s fu) = 0.

A—00 F\
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Notice that ¢J; is not dependent on A and thanks to the continuity of the
Lebesgue integral, the first term tends to zero for A tending to oo. Let us
now prove that the second term tends to zero as A tends to infinity. Firstly
we note that thanks to Lemma 3.4

/J(af,fg,...,fn) —0.
B
This however also gives us that
/ J(ﬂf,fz,---,fn)z—/ J(@S, for - fn)-
Fy\ B\FA
The right hand side can be estimated as follows

/ J(af7f277fn> SC)\/ ‘Df‘nil
B\Fy B\Fy

Now applying Lemma 3.8 we get

liminfy_, o

/ J(afvf%?fn)
Fy

ghmianOOA/ IDf|"' =0. (3.15)

B\Fy

From (3.15) we chose a sequence of numbers {);}°; tending to infinity such
that

lim =0
1—00

[, S

and consider the equation (3.14) with respect to this sequence, getting
[en==tim [ st )
B 1—00 F ;

— _/]3f1JZg0,fz,---7fn)

for all ¢ € D(B). Hereby we prove that

jf(@):_/BSOJ(fl,fzw--,fn) for all ¢ € D(B).

Let us now take ¢ € D(Q2) without any other restriction. Let us take some
finite covering of supp ¢ by balls and a division of unity. The equality holds
on each ball and hereby on supp . O]
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4 Weakly monotonous functions and continu-
ity
4.1 Weakly monotonous functions

We now use the result of Theorem 3.3 to show weak monotonicity of a certain
class of functions. We start with the following definition.

Definition 4.1. Let f € WY(Q), p € [l,00). Then f is p-weakly
monotonous if the following holds: For all balls B CC € and for all
m, M € R,m < M both of the following implications are satisfied

(m—f)* e Wy?(B)= f>m ae. in B,

(f = M)" e WyP(B)=> f<M a.e. inB.
Theorem 4.2. Let Q@ C R™ be open. Let f = (f1,..., fn) have finite dis-

tortion and |Df| € L™log ' L(Q). Then fi,..., f, are p-weakly monotonous
for all p < n.

Proof. We shall conduct the proof for f; the proofs for other component
functions are analogous. Let B be a ball whose closure lies in €. Let us
make the following definitions,

vi=(fi— M) xz
g::(vaf27"'7fn)
pelCr(): ¢>0, ¢x)=1 for x€B

and pose the hypothesis that v € W, ?(B). If we make the following definition
E:={zxeB : fi(z)> M}

then we have

7 - 0 ae inB\FE
! Jy ae. in B

Here the equation holds for such points that are Lebesgue points of the
derivative and density points of the respective sets. We use in turn that
Jy > 0, Theorem 3.3, the fact that v(z) = 0 for x ¢ B and Vy(x) = 0 for
x € B to show that

= fon-
B Q

- /U‘](Qpaf%---afn):()'
Q
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Since J; > 0 it follows that J; = 0 almost everywhere in B, giving J; = 0
almost everywhere in F. Nevertheless f has finite distortion, which implies
that |[Df| = 0 on E. Therefore Df; =0 on {f; > M} yielding Dv = 0 a.e.
in B. Because v € W, ”(B) we have that v = 0 a.e. in B.

We prove the second implication with (m — f1)* analogously. O

4.2 Oscillation estimates

Lemma 4.3. Let Q C R" be open. Let u € WHP(Q) be p-weakly monotonous
in B(a,R) CC Q and r < R. Let uj, j € N be the convolution approx-
imations of u as defined in (2.2). For any two Lebesque points of u, xo,
Yo € B(a,r) and for any § > 0 there exists some N € N such that for all
j > N and for all t € (r, R) we have

|u;(z0) — uj(yo)| < osc(uy, S(a,t)) + 20.
Proof. 1t suffices to show that

uj(wo), uj(yo) € <$ e“slﬁf}t) uj(r) — 0, e uj(x) +0)

for all j € N greater than some N. We prove only u; (o) < maxgecg(a t;(r)+
0 for all j > N as the other inequalities are similar. We prove this by
contradiction. Let there exist some sequence of natural numbers {ji}3>, and
radii {¢,}%2, € [r, R] such that

u;, (o) = Jnax g, (z) + 4.

Without loss of generality we may assume that ¢, converges to some t. We
now make the definition

v, (x) == u;, (x) — uj, (o) + 6 for all z € B(a,ty).

But v, () < 0 for all # € S(a,t;), which shows that (v;,)* € Wy (B(a,t)).
Since t, — t there exists an Ny such that |t —t| < é forall £ > Ny. If t, <t
let us define ny(s) = s on R. If ¢, > ¢ we define 7, on R as follows

i (s) = {S s € (~o0, 55 (4.1)

3s+t,—3t  se 2 oo).

We can now make the following definition,

vi (k|2 = al)g=g +a) [z —a] € (0,4].

|z—al
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Clearly 7, maintains the absolute continuity of v; on almost all radial lines
and without reducing its integrability, giving us v, € W'P(B(a,t)). Because
vj, (z) < 0 for all z € S(a, t;) we have that 7 € Wy " (B(a,t)) for all k > Np.

We want to prove that [|v;, — 0j,||wir(Bs) — 0 for & — oo. This is
clear for those k, for which ¢, < t. We now consider the case where t, > t.
Here 9, (z) = vj,(z), whenever |z — a| < 25%. Define

3t—t
P, := B(a,t;) \ B (a, 5 k) :

We have that ||vj, ||r(p) < ||u]|ze(p,) (see Theorem 2.29), which tends to zero
because |P;| — 0. By considering the integration over radial line segments
in P, we see that |[0;,||rr(py) < ||vj,||Le(p,) yielding

Vi = Ui lleecey < 20V l|zecpyy < 2lJullzepy) — 0.

It is easy to observe that thanks to by combining (4.1) with the absolute
continuity property on almost all radials and using per-partes integration
and thanks to the fact that %’“ < 3 combined with Lemma 5.2 and absolute
continuity on almost all circles concentric with the sphere, we have

1DOj[|e(py) < 3l Dvj [ Le(py)-
By using the triangle inequality we get,
||vjk - 27]'1@||W1=P(Pk) < C||Ujk||Wl’p(Pk) < C||rLL||W1"P(Pk) — 0.

This gives that |[v;, — ;. ||wir(B(ay) — 0 and therefore v;, — u — u(wg) + &
in W'?(B(a,t)) because x¢ is a Lebesgue point of w. This implies however
that (u — u(zo) + 0)* € Wy ?(B(a,t)).

Thanks to the weak monotonicity of u we now have,

u(z) < u(zg) — 0

for almost all z € B(a,t). This however cannot be as x( is a Lebesgue point
Of u. N

Lemma 4.4. Let Q C R" be open. Letn—1<p <mn, let u € W' (B(a, R))
be p-weakly monotonous in B(a, R) CC Q and let us define B, := B(a,r).
Then for almost every t € (r, R) we have

diam (u(B,)) < ct <][ |Du|p> "
S(a,t)
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Proof. Let r € (0,R) and x,yo € B(a,r) be Lebesgue points of u. Using
Lemma 4.3 and then Lemma 2.23 for sufficiently large j we have

lw; (o) — uj(yo)| < ct <][ |Duj|p) gt 9, for almost all t € (r, R), (4.2)
S(a,t)

where §; — 0 for j — oo. Because, by Theorem 2.29, the convolution
approximations converge to u in W?(B(a, R)) it holds that

B(a,r)

From this it follows that

/ (/ ]Duj—Du]p>dt—>0 for j — oo.
0 S(a,t)

This implies the existence of a subsequence u;,, for which for almost all
t € (0,7) holds

/ |Duj, — Du|? — 0.
S(a,t)

Let us remember that xy and gy, are Lebesgue points of v and therefore
uj(xg) — u(xo) and wu;(yo) — u(yo). Using this and taking any such ¢ for
which the above covergence holds we take the limit over k in (4.2) getting

o) ~ uton)| < et ( y \Durp)'l’

where ¢ is derived from Lemma 2.23 and is independent on r. ]

Theorem 4.5. Let Q C R™ be open. Let f € WH(Q,R™) with |Df| €
L™log™' L(Q) be p-weakly monotonous for some p € (n — 1,n). Then f is
conlinuous.

Proof. Clearly there exists an increasing convex function ® € C*°(0, c0) and
an M > 0, such that for the p € (n — 1,n) given,

im 2 _ g
s—04 S
and for all s > M it holds that
Sn
P(s) = .
5) log(s)
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We can moreover suppose that,
p(t) = @(V1),

is convex. Using Lemma 4.4 and then the Jensen inequality we see that

diam f(B,) < ct (so‘l oo( ]i(aﬁt) |Df|”)); < ct(go‘l(]é(aﬁt) <I>(|Df|)))’l’.

Divide by ct, take the power p and apply ¢ to get

¢(M) _ (diam—f(Br)> < fS(a,@ B( D).

cPtp ct

tn—l

By multiplying by w,, , where w,, is the n — 1 dimensional measure of the

unit sphere, and then integrating over ¢ from r to R we find

R .
wn—1/ ) (d1am—f(BT)) "t < / d(|Df|)
r ct B(a,R)\B(a,r)

(4.3)
<[ a(psh <o
B(a,R)
because |Df| € L™ log ' L(Q). The above however holds for all 7 > 0. This
implies that lim,_,o, diam f(B,) = 0. To show this let us assume the converse
is true i.e. that

lim sup diam f(B,) =: z > 0.
r—0+

Then however, because diam f(B,) is non-decreasing in r, we have a § > 0
such that

R di B R
lim wn_l/ P (M) " tdt > lim wn_l/ P <%> "Lt

r—04 ct r—04+ C

L |
20/ cdt = o0
o tlogt—

which is in contradiction with (4.3). O

4.3 Proof of Theorem 1.2 and Theorem 1.1

Proof of Theorem 1.1. Easily follows from Theorem 4.2 and Theorem 4.5.
[

Lemma 4.6. Let a > 1, b > 0 then for all A > 0 it holds that

2
ab < exp(Aa) + Xblog(e + ;)
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Proof. Either
ab < exp(Aa)

and the proof is finished or
ab > exp(\a).
But in the second case the fact that exp(z) > 2 for all x > 0 implies that
ab > \?a*.

This implies

and therefore )

exp(Aa) <ab < —

A2
Hereby we get
<2 ( +é)
a < +log(e+
and thus 9% .
ab < 5y log(e + X)

O

Lemma 4.7. Let Q C R” be open. Let f € WX (Q,R") have finite outer

loc

distortion and suppose there is some XA > 0 such that exp(AKp) € Li, ().
Then |Df| € L™log™" Lioe(9)

Proof. Easily
log(e + [Df|") <log((e +[Df])") = nlog(e + [Df]).

Therefore

. KoJ
—|Df|"log " (e + |Df]) < |Df[*log (e + |Df|") < e
~IDf["log™ (e +[Df]) < [Df["log™ (e + [ Df| )—log(e+KoJf)

As Ko > 1 and J; > 0 a.e. we see that

Ko@Ji(x)  _ Kola)Js(a)
log(e + Ko(x)Js(z)) ~ log(e+ J¢(z))

Fix z € Q and find some ball B = B(z,r) such that

for almost all z € Q.

/ exp(AKp) < oo and / Jp < 0.
B B
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Js

We use Lemma 4.6 where a := Ko and b := Togle 7)) to obtain
_ KodJy
DFf|"log (e + |Df]) < n/ —_
I e e

2n J J
< AK, +—/—fl ( +—f>.
—”/BeXp( o)+ s logle +J7) 2\ Xlogle + J))

The first of these two terms is finite by the hypothesis. We separate the
second integral into two over the sets A; := {x € B | Aog(e+ J;) < 1} and
Ay = B\ A;. The integrand is bounded on A; and on A, is dominated by
J¢, which is integrable. O

Proof of Theorem 1.2. Let x € (). For x find some neighborhood U, of x
such that J; € L'(U,) and exp(AKp) € L*(U,). By Theorem 4.2, Lemma
4.7 and Theorem 4.5 we have f continuous on U,. O
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5 Counter-examples of continuity

Definition 5.1. We shall say that f € WYY B(0,7),R™), r > 0 is radially
homogenous if there exists some positive function p € C*((0,7)) such that
x
f(x) = —e(lz)).
||
Lemma 5.2. Let f € WHY(B(0,1),R™) be radially homogeonous. Then for
all x € B(0,1), z # 0 there exists some positively oriented orthogonal basis
a(x) = (é—l,yg, <oy Yn) of R™ such that

¢z 0 ... 0
0 el
Da(:v)f(x) e A(x)Df(.I)A(I‘)fl — : ‘x| L . )
; o el

||

where A(x) is the transitional matriz between the canonic basis and o(x).

Moreover
IDf@)] = max { /o)l 2}
and Jy = w’(x)%

Proof. Given the regularity of ¢ we have that f € C1(B(0,1)\{0}). This and
f € WH(B(0,1),R") implies equality almost everywhere between V f and
Df. For the existence of the basis a(z) use y; = rz7 and Gramm-Schmidt

orthogonalisation process. Then

T+t
_ |z T -1
0 () =lim (T Elelal +4) = (e )

t —_
g P =)
0o t B

because
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Chose some i € {2,...n} then almost everywhere

D%f( ) 8y2f( ) f(x+tyi)—f(x)

t—>0 t

flzx+ty;) — f (\letL |(x + tyz))

= lim +

t—0

t
f(Fee ) - f@) 5

+ lim
t—0 t
o B + ) - el
t—0 t
z+tyi x
o Eoelle) = 2ol
t—0 t ’

The second limit in (5.1) is

. xlz| — x|+ ty| + tx |y
lim
t—0 tlz||z + ty;]

p(lel) = T5e(lz])

| |

because y; Lx and because

VieP+ 2 — 2| _ o feP+ 8 faf?
t =0 ¢( \/\x]2+t2+\x|

We use the derivation of compound functions on the first of these two limits

0 .
5 e+ tyil) = lim

to get

oy Tty ellz +tyl) —e(zl) _ 2
t—=0 |z + ty| t ]a:\

Iz (|9: +tyil) = 0.
O

In Theorem 1.1 we require that f is a mapping of finite outer distortion.
Let us now show that finite outer distortion cannot be replaced with finite
inner distortion. Evidently a.e. finite outer distortion implies a.e. finite inner
distortion (the Jacobian is integrable and therefore almost everywhere finite)
but the reverse is clearly not true. In fact in this example we have K; € L™,
which therefore shows that the condition of finite outer distortion in Theorem
1.3 and Theorem 1.2 cannot be replaced with finite inner distortion. For any
meaningful results concerning continuity we must therefore require that f
has finite outer distortion.

Example 5.3. There ezists a function f € W(B(0,3),R"), with J; > 0
such that f is not continuous at 0 but satisfies the condition

Jp(a) = 0= |DH(2)| = 0

almost everywhere in B(0,1).
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Proof. Define Q := B(0, 3) \ {0} and

1
f:=-eilog (log (H)) for all = € Q,

where e; is the first unit vector of the canonical basis in R”. Using the
properties of log we find

/|f|”dm<0/log (i) dx < oo0.

Note that f € C*°(Q), which gives that f € W,>1(Q) and,

D.f(x) = 0af(x) for almost all z € Q. (5.2)

We need |V f] € L"(B(0, 5)). We find that

1
|| log (ﬁ)

for all y € S(0,1) perpendicular to 2. We have that

0_ fi(z)

]

and 0, f1(z) =0

1

ollos (1)

We use the formula on change of variables, polar coordinates and the fact
that n > 1 to prove that that the integral of |V f|™ over B(0, 3) is finite.

1
1 n 5 n—1
/ (—1> dw:C/zs—nldS
B(0.}) \|z|log (—‘) o s"log" o

|z

IV f(x)] =

Since the range of f is one dimensional and n > 3, we have that |D f| has
n — 1 zero rows yielding that

|D*f(z)| = Jp(x) =0  for all z € B(0,1/2) \ {0}.

Hereby the function K exists and is almost everywhere equal to 1. Let us
also note that we can consider f to be a mapping of finite inner distortion on
B(0, %) but f is not continuous on this set because lim, o |f(z)] = 00. O

Further it is worth noting that no restriction on distortion can guarantee
continuity if we omit the assumption that Jy is locally integrable.
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Example 5.4. Let n > 3. There exists a function f € WH(B(0,1),R")
such that

i) > 0, Jy() = [Df @), |DI" = Jr" for alla #0
but f is not continuous at zero.
Proof. Let us define

g(x) := # for all z € B(0,1) \ {0}

Then because g is radially homogeneous we use Lemma 5.2 to get the posi-
tively oriented orthogonal basis a(x) and

—,,jz 0 0

1
D@ g — S ;
0 0o ... L

||

Note that |Vg| = |0,¢| for all y € S(0,1) and 0,910,g for all yLv, y,v €
S(0,1). We also have that —J,(z) = |Df(z)|" = ﬁ Because n > 3, we
use the substitution theorem with polar coordinates to find that

/ g< oo,
B(0,1)

We also have, however, that

1
/ |Vg| = / —zdr < o0,
B(0,1) B(0,1) |z]

fix) = —gi1(x)
file) —g@) A1
giving f € WHL(B(0,1),R"), J¢(z) > 0, for all z # 0, |DFf|* = |D f|"n=D

J?_l and f is not continuous at 0.

We define

ool

Example 5.5. Let § > 0 andn > 3. There exists an f € WH1(B(0,1/2),R")
with finite outer distortion such that exp(AK5°) € LY (B(0,1/2)) for all
1-9

A > 0 but f is not continuous at the origin. It also holds that eXp()\KI"j) €
LY(B(0,1/2)).
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Proof. Let us have 0 > 0 given. Without loss of generality we may assume
that £ >0 > 0. Put e := (1 — 2)~' — 1 and define

o) = 5 (14 (7))

Using Lemma 5.2 we get

log=1—¢ (ﬁ)

€ 2] , 0, , 0
1+log™¢ (ﬁ)
07 O; Y 1+10g‘_::| (ﬁ)
and | )
1+1log™* (&
|IDf| = o (\rl) and
||
log™~ () (1108~ (37)
Jf =& o]
|| ||

Thus we have

1 1
Ko=¢! loglfé/2 (—) “log ( )
|z ]

This easily gives that

exp((eKo)' %) < T

which is in L'(B(0,1)). It now follows that exp(AK}°) € L'(B(0,1/2)) for
all A > 0. As can be seen from (5.3), we have

|DAf ()] = [Df ()"

and therefore
K=K 871.

This gives that exp (()\Kl)i%i) € L'(B(0,1)) but exp(AK; ") ¢ L*(B(0,1))
for all A > 0. [
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6 Discontinuity and inner distortion

In order to prove Theorem 1.4 we will need a couple of lemmata.

Lemma 6.1. Let a,a, A\ > 0 andn € N, n > 2 then

2
ace < " texp(Aa) + - log (e +

A )\t(:;*l )

for allt > 0.
Proof. Either
ac < 1" exp(Aa)

and the proof is finished or
ac > t" Lexp(Aa) > t" ta? N2

This, however, implies that N
@ < gt

Hereby
2

t" lexp(Aa) < aa < P,

From here, however, we have that

Aa < 2log (e+%)

and therefore

aa<27alog<e+%>.

]

Lemma 6.2. Let b: (0,1) — [0,00) be a measurable function with the fol-

lowing properties,
/ 1 dt <
— 0.
o th(t)

/ 1 exp(AD(E))dE = o0

Then

for all A > 0.
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Proof. Without loss of generality we may assume that b(t) > 1 almost ev-
erywhere because if this was not true we define by := b + 1 giving that

|
/ dt < oo
o tha(t)

exp(Abs(t)) = exp (A(b(t) + 1)) = exp(A) exp(Ab(t)).

! [ b(t)
- | ﬂog@)dt‘/o Flog (250" (61)

Put a :=b(t), o := m and let A > 0 be arbitrary. Use Lemma 6.1 and
(6.1) to get that

and

Clearly

1
/1 exp(Ab(£))d o (1108 (e + Atnlog(f)b(t)) p 6.2)
o0 = t" " exp(Ab(t))dt + —/ t. .
0 A Jo tlog (2) b(t)

We now show that the second term is finite to give the required result. For
t" < min{e 'A\7! 2e71} =: ¢ we get,

log (e + )
9 4 xtn log( 2)b(t) 2 7 log (2A" 1™
_/ e(1) dr < 2 08 ( >dt<oo
0

) tlog (2) b(t) = X Jy tlog(2nt—)b(t)

because b(t) > 1 and log (2A~1™) < clog(2"t™") for t € (0,q). For t > q we
have,

dt < oo,

log (e—i— +)
1 Mtnlog( 2)b(t)
2/ g(%) dt <
q

A tlog (2) b(t)

1
/1 log (6 + Aq"log(i))
q qlog (%)

which by (6.2) gives the result. O

> o

Lemma 6.3. Let f be a homeomorphism from B(0,1)\{0} onto B(0,2)\L =:
G, where L C B(0,1) is closed in R"™ and path-wise connected such that there
exists some hyperplane p such that the projection of L onto p has positive

(n—1) dimensional measure. Then for allt € (0,1) and for all lines segments
gwen as Py(l) :={ry+1|le L ve€S(0,1), r € [0,4]} it holds that

F(S(0,6)) N Py (1) £ 0. (6.3)
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Proof. For contradiction let there exist some [ € L and some v € S(0, 1) such
that f(S(0,¢)) NP, (l) = 0. Clearly 0G N f(S(0,t)) = 0. Because f(S5(0,t))
and (P, (l) UOG) are closed and disjoint there exists some § > 0 such that

((Py(1) UOG) + B(0,0)) N f(S5(0,t)) = 0.

This gives that the pre-images f~'(y,,) of all sequences ,,, which converge
to some y € G, either converge to zero or have all accumulation points on
the unit sphere. If this were not so we could find two sequences w,, and z,,
both of which converge to elements on the boundary w,, — w and z,, — z,
with z, w € G and for whom f~'(w,,) — 0 and f~'(z,,) — 2* € S(0,1).

Therefore for some mg € N, wp,, 2, € ((P,(1) UIG) + B(0,8)) = Q
for all m > mgy. Notice further that () is open and pathwise connected.
For any m,k > mg we may join any pair (wy,, z;) with a continuous curve
af 1 [0,1] = G, whose image is disjoint with f(S(0,t)).

We find some m and k such that |f~*(w,,)| < t and |f~!(z)| > t. Because

ok is continuous and f~! is continuous, |f Lok

- +(s)] is a continuous function
of s. But [f~toak (0)] <t |ftoak (1) >tand |f~'oak (s)| #t for all
s € [0, 1], which is in contradiction with the intermediate value property of
continuous functions.

There are two possibilities either |f~!(y,,)| — 0 for all sequences ¥, in
G with y,, = y € 9G or |f (ym)] — 1 for all sequences y,, in G with
Ym — y € 0G. Let us assume the second case. Hereby we have that for all
sequences T, in B(0,1) \ {0}, z,, — 0 there exists some my € N such that
for all m > my we have that

flzm) € G\ Q.

But this sequence must have at least one accumulation point, which lies in
G and which we will denote as z. Note that z € G implies that there exists
some z such that f(z) = z and x,, — 0 # z. Nevertheless f(z,,) converges
to f(x), which is in contradiction with the continuity of f~!.

In the first case we get analogously for all sequences ., in B(0,1), z,, —
z € S(0,1), that f(z,,) is a sequence in G with all accumulation points
(of which there must be at least one) at a distance of at least ¢ from the
boundary. Similarly as before this is in contradiction with the continuity of
fL O

Proof of Theorem 1.4. Choose A\ > 0. Use Lemma 6.3 to get that
F(S0,0)) NV Py(1) #0
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foralll € L,y € S(0,1) and for all £ € (0,1) where
P,(l)={sy+1|leLsel04]}.

From this however we see that the projection of f(S(0,¢)) onto the hyper-
plane p is a superset of the projection of L and therefore has (n — 1) di-
mensional measure greater than some positive ¢ fixed and independent on ¢.
Without loss of generality we may assume t?at Ko € LP for all p < oo. Oth-
erwise Ko < K7™! easily implies exp(AK;~') ¢ L' and thereby the result.
Therefore using the definition of Ko and the Holder inequality we get

n—1

/’Df’nQ S/(KOQn szn )
Q Q
2n—1

<([rg)"([a)"

Therefore as J; € L*(B(0,1)), Ko € L**(B(0,1)) we have that |Df| €
L"2(Q). Therefore by Lemma 2.24 on f and S(0,t) and using the fact that
projections do not increase Hausdorf measures we have

/S(O ) IDAf| > eH™H(F(S(0,1)) > cH™ (p(£(S(0,1)))) > ¢

for almost all £ € (0,1) where ¢ > 0 is fixed independent of ¢. This gives that

)\n—l 1 n-1
c§/ | D f| :/ ()\n_lKI)"Jf" for almost all ¢ € (0,1).  (6.4)
5(0,t) S(0,t)

Now using the Holder inequality we get

n—1 1
¢ < A—’T(/ Jf> " (/ XHK,)". (6.5)
S(0,t) 5(0,t)

Let w, be the n — 1 dimensional measure of the unit sphere in R™. Let us
note that there exists some S = S(n) for which exp(sﬁ) is convex for all
s > 5. Further let us note that there exists some smooth convex function
® : [0,00) — [0,00) such that ®(s) = exp(sﬁ) for all s > S. Dividing the
second integral in the equation above by the measure |S(0,t)] = w,t"" ! we

nel L pn_1 %
c< (/ Jf> gt [¢_1o<b<][ )\"_IKIH )
S(0,t) 5(0,t)

We may now use the Jensen inequality to find that

get,

n—1

L o
([, e )
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Thus we get

wnt"1<19< ‘ n_1> g/ DA"KY). (6.6)
=t (fS(O,t) Jf) S0

b(t) := st It fS(O,t) Jp >0
o fS(O,t) Jy =0.

But as it can be seen from (6.5), the set {t € (0,1) | f5(0 nJr= 0} has zero
measure. Therefore b is finite almost everywhere. Then we have

/1L—c/ Jr < 0o
o tb(t) B(0,1) d

and therefore by Lemma 6.2 we have that

"L exp(b(t))dt = 1o (1)) = 0.
/{WS} p(b(1)) / )

{o(t)>S}

In connection with (6.6) we get

1 1
/ / BOK,) > ¢ / LB (1)) = oo,
0o J5(0,) 0

But this means precisely that

/ PN"'K;) = c0.
B(0,1)

This however is equivalent (as |B(0,1)| < co) with

_1
/ exp(AK[ ™) = oc.
B(0,1)

O

Remark 6.4. Let us note that a special case of what we have proven 1is
where L = B(0, %) This shows that no radial mapping forming a cavity at
the origin could have the required integrability of the distortion function. Our

above result applies to a much more general class of mappings.
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7 Sharp modulus of continuity

We will actually prove a theorem much more general than Theorem 1.5. We
will study the class of mappings with exponentially integrable distortion in
a more general setting (see e.g. [5]). We require that

/Bexp(.A(K(x))) dr < oo (7.1)

for some Orlicz function A and the case in Theorem 1.5 corresponds to the
case A(t) = At. We call an infinitely differentiable and strictly increasing
function A : [0, 00) — [0, 00) with A(0) = 0 and limy_,~, A(t) = oo an Orlicz
function. As usual we impose the additional condition

/100 A _ o (7.2)

S

It is easy to see that the critical functions for this condition are

t
Ai(t) = A, As(t) = A\—,
1 t
ogle+) (7.3)
)=\ d :
As(?) log(e + t) log(e + log(e + t)) e 5o ol
We will also require that
(7) 3ty > 0 Vt >ty such that A(t) > nts
(11) A'(t) is non-increasing
t (7.4)

(#4i) V'(t) is non-increasing for b(t) :== ——

Alt)
(1v) b(0) := %inéb(t) is finite and positive.
—

Let us note that the critical functions from (7.3) satisfy these conditions
and therefore these assumptions are not restrictive. It has been shown in [5]
that a mapping f is continuous under the assumptions (7.1) and (7.2) and
that the assumption (7.2) is sharp. We show that the modulus of continuity
estimate for these mappings from [10, Theorem 2] is sharp:

Theorem 7.1. Suppose that an Orlicz function A satisfies (7.2) and (7.4).
Then there is a ball B :== B(0,7) and a mapping of finite distortion f : B —
R"™ such that

/Bexp(A(Kf(x))) dr < oo

and there exists some C > 0 such that

1/2 dt
)= 50 2 Cosp(~ [ it
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Let us at this point note that it was proved in [10] that for certain re-
strictions on the size of R it holds that

R dt )

@)= 1wl < Conn(= | s

lz—y|

Our result shows the sharpness of this estimate. Note further that if we put
A (t) = At we arrive at the modulus given in (1.1).

Proof of Theorem 7.1. Let us put B := B(0, min{exp(—ty),e ¢'}) and
choose a > b(0)~!. Without loss of generality we can assume that ¢y is big
enough such that

5 1 t?
t2 < ———— for all t > . .
<a(a+1)logt or all t > tg (7.6)

We define the function f as,

x % 1 _at2
g — —  _dt)Q 1Y log [z T
f@) |x|eXp< /| tA-(nlog 1) ) tog j«I ™)

Note that

2) log 1
(a4 2) log Ogt>:1’

a+2
lim (log #) ¢ = Ii (
im (log t) o Jim exp Tog 1

t—o00

which easily gives that f satisfies the condition given in (7.5).
Using Lemma 5.2 we find that,

|/ (@)] 1 loglog|z[~' — 1
Df(z) = LI 1,( 2 ) .
DI = T U T o o) DT gt
Clearly

, 1 loglog |z|™' —1

1 ( 2 ):0

P T og ol T T o2

and therefore the greater element is the first. From (7.4) (i) and (7.6) we
have
-1 3 1 t2
Alnt) <3 < ——— " forall >t
ala+1)logt

This however implies that

-1
A~ (nt)logt _

2 1.

ala+1)
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A5 and Dby substituting =

Now by multiplying on both sides by A
log |z|~! we get that

log log |z|™* log log |x\_1>2

A_l(n10g|l‘|_1) 10g2 ’x‘il

-1 -1
o [ >a(a+1)<A (nlog 2|1

Using this fact and because loglog|z|™! > 4 for all z € B, we deduce that
1
1 log log |z|~1—1
(g + (o + 2) == )
A~ '(nlog |z ")
T 14 (@ + 1) A (nlog || 1) eelkell 2

log® |z|~1

Ko(l') =

loglog|z|"\ -

< A Y (nlog |z|™) (1 — aA Y (nlog m—n%) — K(x).
log™ |z|~!

Note that,

A~ (nlog|z|™)

nlog |z|~!

A nloglz|™) — K(z) = om2< >2 loglog|z|™t.  (7.7)
By (7.4) (iii) we obtain that
b(s) = b(0) = b'(§)s > ' (s)s

for all s > 0 and therefore

A'(s) <A?s)>2 - b<8)b;(ss>bl(8)bz(s) 2 ¥0). (78)

From (7.4) (ii) we know that A’(¢) is a non-increasing function and therefore
Ala —d) = A(a) — A'(&)d < A(a) — A'(a)d (7.9)

for some £ € (a — d,a). We now use (7.9) putting

e R 1y g
a:=A (nlog m), d:=A <nlog ‘33'|) K(x)
using (7.7) and then (7.8) (where we put s := A~ (nlog|z|™)) to get that
A(K (7)) < A(K())
< A(A (log o] )~

-1 -1
_ OéHQA’(Al(nlog|x]1))<A (n10g|x| )

nlog |z|~!

2
) log log |z| ™!

1 1
< nlog e b(0)an?log log Tl
T x
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This however implies that
A(K(x)) < nlog|z|™ — b(0)an?loglog |z|~" for almost all = € B.

But this, for o > b(0)7", yields

/B exp(A(K (z)))dz < /B exp (nlog |z~ — b(0)an®log log 2] ) dx

</ 1 dr <
X Q.
= B |z logh @ 2]
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