Derivace

Definice (Derivace). Necht f je funkce z R do R a ma v bodé a € R derivaci f'(a) € R*, pokud
plati:

iy J(@) = fla)
f(a) = lim ——"—
Alternativni forma zépisu:

h—0 h

Véta (Pravidla derivovani). Pro derivovani soucinu, souc¢tu a slozeni funkei f, g plati:
(a) (af(z)+ Bg(x)) =af'(z)+ g’ (z) (linearita derivace)

z)-g(z))' = f(z)g(x) + f(z)g'(z) (soucin)
() (L@ = L@@ I@IE@ (pods)
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(d)  (flg(x)) = f(x)g'(x) (slozena funkce)

(a) f(z)=2% a=3 () flz)=1 a=4

(b) f(z)=a? 4z, a=1 () f(z) =sinz, a=0
() fla)=v7 a=1 (8) f(z)=cosw, a=3
(d) f(z)=2% a=2 (h) flx)=sin2z, a=1

[1] (a) 6; (b) —2; (c) 3; (d) 125 (e) = (f) 1; (g) —1; (h) V/2;

Poucka. Derivovani absolutni hodnoty

- (- ()

Vypoctéte derivaci funkcee:

(a) flx)=2*+2>+5 (h) f(x) = z*sin2z — 2
(b> f xr)= \/E—'_ x% (1) f(l') (1—x)2x(1-§—90)‘5
A () fla)=a+ o+ Ve
(

d) 3
(e) f(x)=aPsinz (k) flz)={/i%

() fla) === W) fz)= Y1+ vz

(8) flz)=sinzcosa (m) f(z) = cos2z — sin 2z — 12



(n) f(x)=(2—2?) cosz + 2rsinx (u) flz) ==

(0) f(z)= |24 (v) f(z)=log(1+z)—log (1 + 2?)
(p) f(x) = sin (cos? ) cos (sin® z) (W) f(z) = =6) signzx+cosx

(@ f(

(x) flz)=lntllog 2]

(y) f(z) =e* coszllogloga?

sin —x
1 logsinz

— o () fla) ==

(a) f(z) = arcsm% () f(x) = arctge® — log eff%
(b) f(z) = arccos 5 (k) f(z) =loge® + 1+ e

(©) f(2) = arctga® (1) f(x)=log,e
(d) flo) = garctg g (m) f(z) = arctgtgx

(e) f(#) = arccoscos*x (n) f(z) = log (arcsin (cos z?))
) flx)= arccotg% (0) flz) =25

(h) f(z) = logarccos 7 (@) f(z) =log (2" —1)

(i) f(z)= % — arccotg z° (r) f(z) =sin7* + 322

Poucka. Logaritmicki derivace: postup, ktery zjednodusuje derivovani souc¢inu a mocnin funkei.

f'()

los(/(x)) = 55

Poucka. Derivovani obecné mocniny.

[g(x)f(x)]/ — [ef(:r)logg(af)]/ — ef(x)logg(m) . (f/([E) 10gg<l’> " f(l')g’(fb))




Slozité priklady derivaci:

(a) flz)==
(b) f(x) =2
(¢) f(z)=(1+sinz)”

-

(z) = (sinz)”

(x) = (sinz)

f(z) = (" +sinx)”

(a)
(b)

Potom plati: lim,_,.

lim, . f(x) = lim, ,.g(z) =0

lim,_,. |g(x)| = o0

f(=)

g(x)

f'(=z)

'(z)

= hmx—)c

Q

Véta (L’Hopitalovo pravidlo). Necht je splnéna alespon jedna z néasledujicich podminek.

, ma-li prava strana smysl.

uzijte Heineho vétu)

(a) limg o B85

lim, o+ x log x

log cos x

hmac—)O 22

Pro vypocet limity pouzijte L’'Hopitalovo pravidlo: (pokud je zadana limita posloupnosti, po-

(e) limpy (27 — 1)n

(f)  1lim,,_,00 n8(2 cos (#) — 2+ #)

. 2T —2—x—ze”®
(g) lim, o 252opmser
2
. log (z24€2*7)
h) lim e
( ) z—0 log (x2+e39”2)

Priklady zapoctové obtiznosti:

[6]
@) f@)=6"=
(b)  f(w) = log (sin (cos (<))

(c)

sin (arccotg x?)

2
arctg (3% —cos z?)

f(:L“) = log vz

(d)  f(x) = v2® — 14z cos x2—sin (22 log (5% — 1))

(©) f(z) = sin (VZ)(¢* +sinz)®

g (2308 (=)

() flx) = cos ()™

Dokazte nasledujici identitu:

arcsin (v1 — 4z) =

N

arcsin (8 — 1)

N | —

f(x) = arctg \/z + arcsin

Dokazte, Ze funkce f je konstantni pro z € (0, 00).
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