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) € int K, the body K contains a ball B"(a), @ > 0. For given ¢ € (0, 1), by (a)
here is some P € P, P C K, suchthatd(K, P) < a&/2. Note that P depends on
: and . Hence /
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ind therefore a(1 — £/2)B™ C P. This shows that
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polytope P’ such that0 € inf P/, P' C K C (1+¢&)P

lhrene —hell <€ lhgl <e.

Thus the polytope (1 + &) P’ satisfies all requirements.
v

Exercises and Supplements for Sect. 3.1

1. For K, L € K" show that
d(K,L) =min{e > 0: K C L+ B"(¢). L C K + B"(¢)},

that is, the infimum in the definition of (K, L) is attained.

2. Let K" denote the set of all K € K" for which there is some point ¢ € R"
such that K — ¢ = —(K — ¢). Show that for each K € K such a point ¢ is
uniquely determined. It is denoted by c(K) and called the centre of symmetry
of K. Show that the map ¢ : K} — R" is continuous.

3. Let K.L,M € K". Show thatif K + L C M + L, then K C M (generalized
cancellation rule). Can you avoid the use of support functions?

More generally, let A, B, C be sets in R™. Suppose that A is nonempty and
bounded, that C is closed and convex, and that A + B C A + C. Show that then
B ¢ €.

4. Let K.L.M e K". Letu € §" 1. Show that K (1) + M(u) = (K + M)(u).

Can you avoid the use of support functions?
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5. Let (Kj)jen be a sequence in K" and K € K". Show that K; — K (in the

Hausdorff metric) if and only if the following two conditions are satisfied:

(a) Every x € K is a limit point of a suitable sequence (x;);ey with x; € K;
fori e N.

(b) For each sequence (x;);en with x; € K;, for i € N, every accumulation
point lies in K.

6. Let K;, K € K", i € N. Then the following stalements are equivalent.

(i) fU Cc R*isopenand K NU # @,then K; NI # ¥ for almostall i € N.
(1) Forx € K, there are x; € K;,1 € N, such that x; — x asi — o0,

7. Let K;, K € K", i € N. Suppose that int K # (. Then the following statements

(a), (b), and (c) are equivalent.

(a) Ki — K asi — oo.
(b) (i) Ifx € int K, then x € int K; for almost all i € N,
(i) If 7 € Nwith [I| =00, x; € K; fori € I,and x; — x,asi — oo,
thenx € K.
(c) 1’) Ifx € int K, then x € K; for almostalli € N,
(i) If 7/ € Nwith [I| = oo, x; € K; fori € I, and x; = x,asi — o0,
thenx € K.

8."(a) Let K,M € K" be convex bodies, which cannot be separated by a

hyperplane (i.e., there is no hyperplane {f = o) with K C {f < )
and M C {f > a}). Further, let (K;);jen and (M;);en be sequences in K.
Show that

K, — K, Mi—- M—=K,NM, - KNM.

(b) Let K € K" be a convex body, and let E ¢ R”" be an affine subspace with
ENint K # 0. Further, let (K;);ex be a sequence in K. Show that

K;—~ K= ENK; - ENK.

Hint: Use Exercise 3.1.5.

9. Let K C R" be compact. Show that:

(a) There is a unique Euclidean ball B.(K) of smallest diameter with K ¢
B.(K) (which is called the circumball of K). The map K + B.(K) is
continuous.

(b) Ifint K # @, then there exists a Euclidean ball B; (K) of maximal diameter
with B;(K) C K (which is called an inball of K). In general, inballs of
convex bodies are not uniquely determined.

10. A body K € K7 is strictly convex, if it does not contain any segments in the
boundary.
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(a) Show that the set of all strictly convex bodies in R" is a Gs-set in K", that
is, an intersection of countably many open sets in K.
(b) Show that the set of all strictly convex bodies in R" is dense in K".

11. Let (K;);en be a sequence in K" for which the support functions kg, (1)
converge to the values A (u) of a function A : $" ! - R, foreachu € 8" 1.
Show that h is the support function of a convex body and that Ax, — h
uniformly on §*~1,

12. Let P be a convex polygon in R? with int P # @. Show that:

(a) Thereis a polygon P; and a triangle (or a segment) A with P = P, + A.

(b) P has arepresentation P = Ay + --- + A, with triangles (segments) A ;
which are pairwise not homothetic.

(¢) P isatriangle if and only if m = 1.

13. A body K € K", n > 2, is indecomposable if K = M + L implies that
M = oK +xand L = BK + y, for some o, f > 0 and x, y € R". Show
that:

(a) If P € K™ is a polytope and all 2-faces of P are triangles, then P is
indecomposable.

(b) For n > 3, the set of indecomposable convex bodies is a dense Gs-set in
808

14. Let 7" be the set of convex bodies K € K" which are strictly convex and
indecomposable. Let n > 3. Show that Z" is dense in K.

It seems to be an open problem to explicitly construct an element of Z7.

15." (Simultaneous approximation of convex sets, their unions and nonempty inter-
sections) Let Kq, ..., Ky € K" be convex bodies such that K := K 1U- - UK,
is convex. Let ¢ > 0. Then there are polytopes Pi,..., Pn € P" with
KiC PR CKi+¢eB"fori =1,.... mandsuchthat P := Py U---U Py, is
convex.

16. Let K € K" with dim K = n. Suppose that H(u,t) = {x € R" : {x, u) = t},
u € R"\ {0) and ¢t € R, is a supporting hyperplane of K with K C H ™ (u, t).
Show that

lim(H(u,s)NK)=KNH(u,t),
5,7t

where the convergence is with respect to the Hausdorff metric.

17. Let K e K2. A convex body M is called a rotation average of K if there is
some m € N and there are proper rotations p1, ..., o € SO(2) such that
M = %(,ol K +---+4 pp K). Show that there is a sequence of rotation averages
of K which converges to a two-dimensional ball (a disc) (which might be a
point).




