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Abstract

We investigate the convergence of GMRES for an n by n Jordan block J. For each
k that divides n we derive the exact form of the kth ideal GMRES polynomial and
prove the equality

max min J)v|| = min max J)v
max min [[p(/)v]| = min max [|p(J)o]

where 73, denotes the set of polynomials of degree at most k£ and with value one at
the origin, and || - || denotes the Euclidean norm. In other words, we show that for
a Jordan block worst-case GMRES and ideal GMRES in these steps are the same.
Moreover, we derive lower and upper bounds on the norm of the kth ideal GMRES
polynomial in these steps. For the Jordan block with eigenvalue one, we present
an explicit formula for its singular value decomposition and use it to improve the
bound on the ideal GMRES residual norm in the considered steps k.

Key words: Krylov subspace methods, convergence behavior, ideal GMRES,
worst-case GMRES, Jordan block, SVD.

1 Introduction

The GMRES method of Saad and Schultz [9] is a very popular iterative method
for solving systems of linear algebraic equations Az = b. Its convergence be-
havior has been investigated for many years, but a complete understanding
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still remains elusive. A natural approach, that is common throughout numer-
ical analysis, is to study the algorithm’s worst-case behavior. Here for each
iteration step k one needs to analyze the quantity

max min |[p(A4)rol| , (1)

Iroll=1 pET

where 7, denotes the set of polynomials of degree at most k£ and with value
one at the origin, ro = b — Axzg is the initial residual, and || - || denotes the
Euclidean norm. Changing the order of maximization and minimization in (1)
leads to the ideal GMRES approximation problem [5],

i A)l. 2
min [|p(A)]] (2)
Because of the submultiplicativity property of the Euclidean norm, (2) is an
upper bound for (1),

max min [[p(A)ro|| < min [[p(A)]- (3)

liroll=1 PETK PET

To better understand the convergence behavior of GMRES, several researchers
tried to identify cases in which (3) is an equality. The best known result of
this type is that (3) is an equality whenever A is normal [4,7]. In addition, (3)
is an equality for arbitrary A and k =1 [4,7], for triangular Toeplitz matrices
when the right hand side of (3) equals one [2], and also when the matrix p,(A)
that solves the ideal GMRES approximation problem (2) has a simple maximal
singular value [4, Lemma 2.4]. On the other hand, some examples of nonnormal
matrices have been constructed, for which (3) is a sharp inequality [2,11].
Despite the existence of these counterexamples, it is still an open question
whether (3) is an equality (or at least tight inequality) for larger classes of
nonnormal matrices.

In this paper we investigate the ideal GMRES approximation problem and
the inequality (3) for a general Jordan block, the prototype of a nonnormal
matrix. Understanding of this case appears to be a prerequisite for the analysis
of other classes of nonnormal matrices, particularly the general triangular
Toeplitz matrices. We show that (3) is an equality whenever k divides n. For
such k£ we also derive the exact form of the ideal GMRES polynomial, and
bounds on the actual value of (2) (in this case coinciding with (1)). For the
special case of a Jordan block with eigenvalue one we develop a very tight
bound on (2) in the considered steps k.

Apart from providing general understanding of the GMRES convergence be-
havior, the investigation of the behavior for a (single) Jordan block can be



interesting in practical applications. For example, discretized convection-diffu-
sion operators can often be considered the direct sums of several nonsymmetric
Toeplitz matrices, each of which close to a Jordan block. In such cases the ini-
tial phase of convergence of GMRES for the direct sum of Jordan blocks can be
analyzed using knowledge about the GMRES convergence for a single Jordan
block (see e.g. [8] for details).

2 GMRES, worst-case GMRES and ideal GMRES

Let a linear system

Az = b, (4)

with a nonsingular matrix A € R™" and a right hand side vector b € R”
be given. Suppose that we solve (4) with GMRES [9]. Starting from an initial
guess Iy, this method computes the initial residual ro = b— Az and a sequence
of iterates x1, 9, ..., so that the kth residual rp, = b — Axy satisfies

]l = llpe(A) roll = min [|p(A) roll. (5)

The residual ry is uniquely determined by the minimization condition (5) and
satisfies the equivalent orthogonality condition

L € 7o + A’Ck(A,To) N Tk 1 A’Ck(A,?"Q) . (6)

Here K1(A,79) = span{rg, Arg, ... A¥"1rg} is the kth Krylov subspace gener-
ated by A and rg, and L means orthogonality with respect to the Euclidean
inner product.

In this paper we are interested in the worst-case and the ideal GMRES beha-
vior, cf. (1) and (2), respectively. The corresponding polynomials are formally
defined in the following definition.

Definition 1 Suppose that k and n are integers with k < n. Then the poly-
nomial Yy, € . is called the kth worst-case GMRES polynomial of A € R™ ™,
if there exists a vector r§” € R, ||[r§”|| = 1, such that

A || = min ||p(A)rd || = in [|p(A)v].
1(A)ro”[| = main f[p(A)ro”[| = max min [[p(A)vl]

Furthermore, the polynomial @i € my s called the kth ideal GMRES polyno-



mial of A € R™™ if it satisfies

lx(A)[| = min [|p(A)[| = min max ||p(A)o]|.

pETY, PET |[v]|=1

In case A is nonsingular, and ||pr(A)|| # 0, the ideal GMRES polynomial
¢k is uniquely determined [5, Theorem 2]. Furthermore, it is easy to see
that the worst-case GMRES polynomial 1, also always exists. However, when
|0k (A)re” || < |ler(A)]|, it is unclear whether v, is unique.

The following useful result follows from [4, Lemma 2.4].

Lemma 2 If the ideal GMRES matriz ¢x(A) of A € R™" has a simple maxi-
mal singular value, then oy, = ¥y, and r§” is the right singular vector of pi(A)
corresponding to its mazximal singular value.

Furthermore, the following statements are equivalent:

1. Equality holds in (3).

2. There exists a unit norm vector ro and a polynomial 1 € 7y, such that
1 1s the kth GMRES polynomial for A and ry, and rqo lies in the span
of right singular vectors of ¥(A) corresponding to its maximal singular
value.

In addition, if 2. holds, then ¢ = V¥ = .

The following result about ideal and worst-case GMRES for triangular Toep-
litz matrices was derived in [2].

Lemma 3 If A € R™" is an n by n triangular Toeplitz matriz, then

ler(A)l =1 if and only if |[yu(A)rg” || = 1. (7)

In other words, ideal GMRES for A stagnates (up to step k) if and only if
worst-case GMRES for A stagnates (up to step k), and in this case (3) is an
equality.

While the ideal and worst-case GMRES residual norms for triangular Toeplitz
matrices are the same in case of stagnation, it is in general unknown if they
agree when ideal GMRES converges. In fact, this open question posed in |2,
p. 722] to some extend motivated our work presented in this paper.



3 Comnsiderations about J, and technical lemmas

We are concerned with the convergence behavior of ideal and worst-case GM-
RES for a real n x n Jordan block,

A1

Jy = - =\, +E,. (8)

If A = 0, the polynomial numerical hull of J, of each degree contains the
origin, which implies that ideal GMRES completely stagnates [1-3]. Hence of
interest in our context is only the nonsingular case, i.e. A # 0. Moreover, we
may assume without loss of generality that A > 0, since all results for this
case can be easily transferred to the case A < 0 using the transformation

Jy=—1,J,I;, 9)
where
I = diag(1,-1,1,—1,...,(=1)" 1) € R™", (10)

Below we will make use of the reverse identity matrix defined by

1
"= e R™™, (11)

When it is clear from the context, we will skip the index n that denotes the
matrix size.

Lemma 4 Suppose that T is any real Toeplitz matriz, and that T = USV7T
15 1ts singular value decomposition. Then V = IRUfi, where I* denotes a
diagonal matriz having entries 1 or —1 on its diagonal (not necessarily alter-
nating).

PROQOF. Since each Toeplitz matrix 7" is symmetric with respect to its an-
tidiagonal, it is easy to see that the matrix T'/" is symmetric. Hence there ex-
ists a unitary matrix U and a real diagonal matrix D, such that 1% = UDU?.



Now choose the matrix I* such that the diagonal entries of DI* are all posi-
tive. Since (I*)% = I, we see that

T = U (DI*) (I*UTT?) = U (DI*) (I*UT*)T

which shows the assertion. 0

Lemma 5 Consider the real m by m Jordan block H = ol,, + BE,,, and let
H=USV" (12)
be its singular value decomposition. Then for all integers n and k with m =

n/k, the singular value decomposition of the n by n matriz B = oI, + BE¥ is
given by

B=U®IL)(S®L)(VeIL)?". (13)

PROOF. Define the n by n matrix P by
P=l,®e1,...,1,el.
This matrix is the symmetric permutation that maps vec(X) to vec(X?) for

each n by n matrix X (see [6, Definition 4.2.9] for the definition of the vec
operator). Furthermore,

PPBP =1, H=1,®USVT) = ([, @ U)(I; ® S)(I, ® V)7,
and hence

B=P(,®U)(I; ® S) (I, @ V)" P"
=[P(I, @ U)P"|[P(I; ® S)P"] [P(I;, ® V)P"]"
=(UL)S®L)(VeIL).

In the last equation we have used [6, Corollary 4.3.10]. 0

4 Main result

To formulate our main result, we need to define some quantities related to the
step £ = 1 of ideal GMRES for a Jordan block.



Definition 6 If J, = wl,, + E,, is a real m x m Jordan block, we define

(m) —

pg” = argmin [ Loy — pdoll, 05" = | — 1l (14)

By definition, the polynomial 1 — u 2 is the first ideal GMRES polynomial
of J,. Since for any matrix A and k = 1 equality holds in (3) (see [4,7]),
1 — plmz is also the first worst-case GMRES polynomial of J,,. Moreover,
according to Lemma 2, the corresponding worst-case initial residual 7" lies in
the space of right singular vectors of the matrix ¢;(.J,) corresponding to its
maximal singular value. Since ¢; is the GMRES polynomial for the matrix J,
and the initial residual r{", (6) implies that

o1(J)rs” L T (15)

Next we state and prove the main theorem of this paper.

Theorem 7 Let k, m, n be integers such that m = n/k > 1. Then

p(2) = (1= u?A*) + ui? (A = 2)F (16)

1s the kth ideal GMRES polynomial ¢y and also the kth worst-case GMRES
polynomial Yy, of the n by n Jordan block Jy in (8). Moreover,

oy’ = ey = min nmax [p(Jy)vl| = max min [|p(J3)o]] (17)

Furthermore, if \¥ > cos ( ) then

AFeos (555) < ler( Il < AT, (18)

and if 0 < \F < cos( ) then ||pk(Jy)|| = 1. Note that for 0 < X\ < 1 the
upper bound in (18) can be replaced by 1.

PROOF. First note that by assuming m > 1 we exclude the trivial case of
n = k in which both (1) and (2) are equal to zero for any n by n matrix A.

We will prove (16)—(17) by constructing an explicit worst-case initial residual

r{” for the matrix Jy, and by showing that ¢ is indeed the kth GMRES

polynomial for .J, and the constructed vector r{" .



(m

Using the notation a = 1 — u{’AF and 3 = (=1)*uly’, we receive p(Jy) =
al, + BES Furthermore, define the m by m Jordan block H = al,, + BE,,.
Then an easy computation shows that

L — 1530 Ty if k is odd,

IE Ly — S0 Jye) IE if k is even.

H= (19)

By definition, 1 — uf\rg)z is the first ideal GMRES polynomial of the m by m
Jordan block Jyx = A1, + E,,. As discussed after Definition 6, it is also the
first worst-case GMRES polynomial of Jyx, i.e. there exists a right singular
vector w of I, — M(ATZ)J \& corresponding to its maximal singular value such that

(L — 50 Ty )w L Ty, (20)

Define the vector v by v = w if k is odd and v = Ifw if k is even. Then
it is easy to check that v is a right singular vector of H corresponding to its
maximal singular value. Next, from (19) and (20) we see that

Ho L NN if £ is odd, 21)
v
(IZJwlE)v, if k is even.

Moreover, Lemma 5 and Lemma 4 imply that

I = oy’ = lle(N)ll and  Hv = Lo’ [7v. (22)

Lemma 5 shows that since v is a right singular vector of H corresponding to
Q():Z), v®e; for i = 1,... k are right singular vectors of ¢(.J) corresponding

to QE\’Z). Define the vector

=13 (N v®a=1(v®e), (23)

=1

where 7 is chosen so that ||rg|| = 1, and e = [1, =\, ..., (=\)*71]T. Clearly, rq

is a right singular vector of the Toeplitz matrix ¢(J)) corresponding to QE\’Z),

so that Lemma 4 and (22) imply that

o(I)ro="p(Jx) (v®e)
= j:fygf\”,l)[f (v®e)
=470\ (Iyv) ® (Iyie))
=27 ((Hv) @ (I,e)) - (24)



We next show that

o(Jy)ro L Jiro, 1=1,...,k, (25)

i.e. that ¢ is a GMRES polynomial for the matrix J, and the initial residual
0. It is easy to see that (25) holds if and only if

o(J)ro L Eldyrg, i=0,....k—1. (26)
An elementary computation shows that, for i =0,...,k — 1,
. J\e0) ® ex_i), if k is odd,
E;J)\To _ 8 (( Ak ) k ) (27)
Y ((J_ywv) ® ), if k is even.

Using (24) and (27) we obtain

((J)ro) B Jyrg =+ ~42 [(Hv)" Jywv] [T I eg_4]

for k odd and

(o(J\)ro) Bl Jyrog =%~ [(Hv) J_ywv] [eT 1E eg_i]
=F 2 [(HO) (IE Tw 5] [eT T ep ]

for k even. Finally, using (21) it is clear that (25) holds.

Summarizing, ¢(z) is the kth GMRES polynomial for the matrix J, and the
initial residual ry that lies in the span of right singular vectors corresponding

to the maximal singular value of ¢(Jy). Then, according to Lemma 2, (17)
holds.

The upper bound in (18) has been proven in [3]. The lower bound follows
from results of [3] as well: Note that o} is the norm of the first ideal GMRES
polynomial of the Jordan block Jyx = A*I,, + E,,. If \* is greater than R ,,,
the radius of the first degree polynomial numerical hull of Jyx, then

. Rl,m
min [[p(J )l 2 =5~

According to [3, Theorem 3.1], Ry, = cos(;Z7). On the other hand, if \* <
R, then the first degree polynomial numerical hull of Jy« contains zero and
therefore o\’ = 1, see e.g. [3] or [2, Theorem 2.8]. 0



Remark 8 Let n be even, k =n/2, and let \* > Ry, = % Based on Defini-
tion 6 and Theorem 7 it is possible to show that

o 1ANF 1

o L . ANk
AV N 4N 17

oy = lleu( )] = Dok 1

For 0 < X¥ < Ry, it holds pu§) = 0 and o) = 1, cf. [3].

Remark 9 From (16) it is easy to see, that in case uf\’? # 0, the k roots of vy,
are uniformly distributed on the circle around X with radius |(uSy)) =t — NF[/F.
If p§) =0, then ¢p(z) = 1.

5 Observations for a general step k

In Section 4 we described the ideal GMRES behavior for a Jordan block J, and
showed that equality holds in (3) when & divides n. We observed numerically
that equality in fact holds for every k, but we were unable to prove such result.

We next describe observations from our numerical experiments (performed us-
ing the semidefinite programming package SDPT3 [10]) that might give some
ideas of how to approach this open problem. Denote by d the greatest common
divisor of n and k, ng = n/d, kg = k/d. Then the ideal GMRES matrix ¢y (J))

has again a special structure determined by powers of the matrix F,,,

kd kd
or(J\) = colp, + ch(—En)]d, Zci)\”l =1,
i=0

j=1
and the polynomial ¢, has the form

kq '
(pk(Z) = C + Z Cj(/\ — Z)]d.
j=1

In our experiments we always observed that ¢; > 0, ¢ = 0, ..., kg, whenever
lok ()|l < 1. Using the permutation matrix

P=[l,®e1,....1,, ® e,

it is possible to transform the matrix ¢ (J/)) to a block diagonal matrix with d
identical diagonal blocks H of size ng by ng. The matrix H is a banded upper
triangular Toeplitz matrix with ¢y on the diagonal and (—1)"¢;, i =1,..., kg

10



on its superdiagonals. Similar as in (16), the coefficients co, .. ., ¢;, minimize
the norm of the k4th ideal GMRES polynomial of the form

kg . ko
co+ Y c;(A = 2), SNt =1,
j=1 i=0

for the ngy by ng Jordan block Jy« = )\dfnd + E,, (note that the greatest
common divisor of ng and k, is 1). If one would be able to prove that indeed
¢ >0fore=0,...,ks, then H would be known to be irreducible and thus
would be known to have a simple maximal singular value. From this result the
proof of Theorem 7 can be generalized to hold for each step k.

6 The special case of the eigenvalue one

For the Jordan block Jy, with the eigenvalue A = 1, we are able to say more
about the norm of the ideal GMRES polynomial in the considered steps k =
n/m. Based on the singular value decomposition (SVD) of J; and on the
eigenvalue interlacing property we can improve the bound (18). We first derive

the SVD of J;.

Theorem 10 The SVD of J; is given by J, = USVT, where

" 2 C(2i—1
V=tokhan o= i <2n+1‘7ﬂ>’ (28)
. 2 ) 2t
U=tk = ey (g m) 29)
and
S = diag(o;) 2 ( i ) =1 (30)
— 1 i), i et y = goee ey .
ag(o o} cos | 5 1 1 n
Moreover, the matrices U and V' satisfy
U=IVIE (31)

PROOF. 1t is easy to check that the matrices U and V defined in (28) and
(29) are orthogonal. The relation (31) follows from

on —i+1 2 — 1
(I,U);j =sin (W”) = sin (j7T B 2;+ 1*77)

11



- 2t —1
_ 7j—1 . =(V Y
(=1)" sin <2n+1] > VI

We will prove that S = UTJ,V for U, S and V defined in (29), (30) and
(28). Denote the elements of J;V by f;;, i,7 = 1,...,n. Then it holds for
i1=1,....n—1land j=1,...,n,

; . 2 { (22’—1,>+, <2¢+1,>}
ii — Ui i V; = ——— (SIN | ———— 7T Sin T
A Yo o+ 17 mt1°

2 2 si ( 2um )cos( Jm )
= ———=2sin
Van +1 2n+1 2n +1

g
For i =n and j =1,...,n we obtain
2 2n — 1

= Up = i i) . 33

Jog = tn; \/2n+1sm(2n+1ﬁr> (33)

i—1o .: JT Jm
=(-1)/ 2s1n(2n+1>cos<2n+1>
:2sin<j7r— )T )cos( T >

2n + 1 2n + 1
—=2sin <2n‘77T> CcoS < Jm )
on+1 on+1)"’

(33) can be written in the form

g

fnj = 2cos <

Summarizing, the formulas (32) and (34) imply that J;V = US, and hence
Ji = USVT. Since S is a diagonal matrix with positive diagonal elements,

J; =USVT is the SVD of J;. O

From Theorem 7 it is clear, that the numbers p{™ and o™ play an important

role in the kth ideal GMRES step if m = n/k. In the following theorem we
bound the value o{™.

12



Theorem 11 Consider the m by m Jordan block J,. Then

s . T
cos <2m> < o™ < cos < > ) (35)

2m+1

PROOF. The upper bound in (35) follows from

1 1 1
S < | — = Il =z Im — Enll = || Im + En
lr(I0ll < M = 510 = 5] | = 51 + Bl

1 1 T
— Sl = 5oa() = cos (5= ).

where o7 (J;) is known from Theorem 10. For p € R, define the polynomial

pu(z) =1—pz.

We will investigate the value of ||p,(J/1)||. The norm of the matrix p,(.J;) is
the square root of the maximal eigenvalue of the matrix

Yu _6;1

—Bu ay
Pu( ) pu(h) = o ;
.. . _ﬁ,u

=By oy

where

=+ 1=p)?, Bu=A—pp, yu=(1-p’.

Next, define the m by m matrix 7T}, ,,,

o =By

—Bu oy

?’ﬂ
3
Il

—B,

—Bu o |

13



Denote by X, and 7,,, the characteristic polynomials of p,(J1)"p,(J1) and
T,u,,ma

Xpum(§) = det(§1, — pu<J1)Tpu<J1))> Tpum(§) = det(§l — Tpun)-

It is not hard to see that

X,u,m(g) = T,u,m(&) + :u27—,u,m71<£)'

Using results of classical polynomial theory, the roots of polynomials 7, ,,
and 7,.,—1 interlace. Therefore, the maximal root of Y, , must lay between
maximal roots of 7,,, and 7, ,,_1 (between the maximal eigenvalues of 7}, ,,
and T}, ,n-1). The eigenvalues \{, , j = 1,...,m, of the matrix 7}, ,, are given
by the formula

. Jm
A, =y, — 2f3, cos <m - 1)

21— —2(1— (jﬁ)
P =) = 2(1 = ) peos { =

:1—2(1—u)u[1+cos<nir7r1ﬂ

=1-4(1— p) psin’ (2(77”{:1))

148 si Jm
=1 4ﬁusln2 (2(m+1)>

and the maximal root of X, lies in the closed interval

l1 — 4, sin? (27;) ,1— 43, sin’ (2(77111)” . (36)

The lower bound (and also the upper bound) of the interval (36) is the smallest
one for ;1 = 1/2 (take derivatives with respect to p to find the extrema). Since

1 — 43, sin® <W> =1 —sin? (W) = cos? <7T) ,
2 2m 2m 2m

it must hold

loa ()| > cos (2;) .

14



Let k£, n, m be as in Theorem 7 and let A = 1. Then Theorems 7 and 11 imply

cos <27;n) < [lon()] < cos <2m“+ 1) . (37)

Moreover, our numerical experiments predict that

" m+1
M= T (38)

Unfortunately, we were unable to prove (38) theoretically. It is not hard to

determine the value " exactly some values of m, e.g.,

o = 4 o — 2v/7 + 1
1 57 1 7

However, for a general value of m, determining of o™ seems to be a nontrivial

problem.

7 Conclusions

In this paper we investigate the ideal GMRES approximation problem and
the inequality (3) for a general Jordan block. We show that (3) is an equality
whenever k divides n. For such k we also derive the exact form of the ideal
GMRES polynomial, and bounds on the actual value of (1). Moreover, these
bounds are improved for the special case of a Jordan block with eigenvalue one.
Our numerical experience indicates that (3) is indeed an equality for each k if
A is a Jordan block, but a complete proof of such result remains the subject
of further work.
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