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Problem formulation

A symmetric and positive definite

n m m

A X |=| B

Why use blocks?

@ Modern architectures

@ Faster convergence




Classical block CG



Block CG algorithm

by [Dianne O’Leary, 1980]

1: input A, B, Xj

2. Rp =B — AXy

3: Phy=Ry

4 fork=1,2,... do

5 Tp_1= Pk_lAPk—l) Rk_le—l
6 Xp=Xp 1+ P 1Tp

7 Ry = Ry1 — APk—11Tk—1

8  Zp= (Rl Re1) RIR,

9 Py =Ry + Pr1Zk

end for

._.
Q@ <

X, Ry, P, € R"™™ — block vectors
YTh_1, Ep € R™*™ — block coefficients



Block CG properties

o Ac R™" V € R"™™, define generalized Krylov subspace
Kie(A,V) = Ki(A, W) + - 4+ k(A 0).

@ For block CG to work, we need the full rank assumption

dim (A, Ry) = km.

@ Then ' A
T](CZ) 1 ICk(A, R()), p,(;) dLa ’Ck(Ay RO)
and m](f) minimizes
Iy — 2@ |4

over y € :c((]i) + Kr(A, Ry).



How to deal with rank deficiency?

o Deflation and variable block size techniques [Li, Ji, 2017],
[Nikishin, Yeremin, 1995, 2003], [Birk, Frommer, 2014] are used to
construct optimal approximations in K (A, Ry).

@ The algorithms are complicated and do not always work well.
What is the influence of finite precision arithmetic?
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Dubrulle’s block CG algorithm



Derivation of DR-BCG

under the full rank assumption

A. A. Dubrulle, Retooling the method of block conjugate gradients, ETNA 12, 2001.

Consider [Qy, %] = qr(Ry), define Sy = P ¥, .

1: [Qo, ¥0] = qr(Ro), So = Qo
2: fork=1,2,... do
-1
3 M= (ST,4Sk)
4: Xk = Xp—1+ Sp—11lk—135 1
5: (Qk, Vi] = qr(Qr—1 — ASkp—111;_1)
6: Sk = Qr + Sp—1VF
r Y = Vgl % recall R, = QX%
8: end for

Observation: The algorithm can continue even if 3, is singular!



What should happen on line 57

To deflate, or not to deflate, that is the question!

1: [Qo, o] = qr(Ro), So = Qo
2. fork=1,2,... do
1
3 1 = (Sz_lASk—1>
4 X = X1+ Sp_1lg_13, 1
5 [Qk, ¥i] = qr(Qr—1 — ASk_111x_1)
6: Sk = Qk + Sk—1Y}
7 Y = VX % recall Ry, = QipX»
8: end for

g L] -

Recommendation: do NOT deflate. [Meurant, T., 2026]




Properties of DR-BCG

without deflation
[Meurant, T., 2026]

(S’,{ASk) is always nonsingular!
Local orthogonality is always preserved,

RfSk_l =0, where Rp=QrX.
DR-BCG converges for k — oo
Global orthogonality is lost in the rank-deficient case.
Larger search space K (A, Ry) C colspan{Sp,...,Sk_1}.
Optimality of approximations X7

Finite termination property in exact arithmetic?



Numerical experiments



Test problems

SuiteSparse Matrix collection

problem ‘ n ‘ m ‘ k(A) ’ precond ‘
bcsstk03 112 4 | 10° no
s3dkt3m2 | 90449 | 1...128 | 10" v

@ We plot an analogue of the relative A-norm of the error

trace((X — Xp)T A(X — X)) ]"7?

trace(XTAX)

@ Algorithms:
e HS-BCG [O’Leary, 1980]
e BF-BCG [Jj, Li, 2017]
o DR-BCG with deflation
e DR-BCG [Dubrulle, 2001], [Meurant, T., 2026]
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bcsstk03, n =112, m =4

algorithms and rank-deficiency
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relative trace error 7,

DR-BCG for s3dkt3m2, n = 90449

Convergence and time for various number of right-hand sides

B = rand(n,m),

500 1000 1500 2000 2500 3000
iteration

m=1,24,...,128

time in seconds

2 4 8 16 32 64 128
number of right-hand sides
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Conclusions

DR-BCG is superior to other BCG variants.
It consistently outperforms other block CG algorithms, both in exact arithmetic

and in finite precision computations, it has no problems with rank deficiency.

Algorithmically, it is very simple.

It does not require complicated deflation procedures or detection of numerically

linearly dependent vectors. It is a natural generalization of CG to the block case.

A comprehensive theory is still missing.
We can only prove asymptotic convergence, not the convergence in a finite

number of iterations. How do the added vectors influence convergence?

“Dubrullization” of block methods deserves more attention.

Dubrulle’s approach yields algorithms whose mathematical properties have not

yet been systematically studied or described.
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https://workshop.math.cas.cz/BlockKrylov/

Recent Developments in
Block Krylov Methods

Theory, Applications, and Implementation

September 7-8, 2026 Prague, Czech Republic

About

This workshop focuses on recent developments in block Krylov subspace methods, covering
theoretical advances, applications, and practical implementation aspects. It aims to bring
together researchers and practitioners and to provide a platform for discussing emerging
challenges and opportunities.
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Thank you for your attention!
https://www.karlin.mff.cuni.cz/~ptichy
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bcsstk03, n =112, m =4
K(SEASy) versus k(A)
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Breakdown-free version of Ji and Li

A version with deflation

[Ji, Li, 2017]

1. Py = orthog(Ry)
2. fork=1,2,... do

-1
3 ap = (PLAP)  PERey
4 X = X1+ Prrag
5: Ry = Ry_1 — APk—lakl—l
6 f=-(PL,AP.1) PL AR,
7 Py, = orthog (Rk + Pr_10k)
8: end for

We determine the orthonormal basis using orthog as the left
singular vectors corresponding to singular values whose relative size
is greater than a given tolerance.
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