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The conjugate gradient method

A is symmetric and positive definite, Az = b

input A, b
o = po = b

for £ =0,... until convergence do

_ ik
A = piApy
Tl = T + QP
The41 = Tk — Qi Apy
B _ le+1rk+1
k+1 = rgrk

Ph+1 = Tkt1 + Brt1Pk

end for

cgiter(k)
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How to measure quality of approximation?

. it depends on what problem we solve.

@ using residual information,
— normwise backward error,
— relative residual norm.

[Hestenes, Stiefel 1952]: “Using of the residual vector 7 as a measure
of the “goodness” of the estimate xy is not reliable.”

@ using error estimates,
— estimate of the A-norm of the error,
— estimate of the Euclidean norm of the error.

[Hestenes, Stiefel 1952] : “The function (z — a2, A(xz — 21)) can be
used as a measure of the “goodness” of =y as an estimate of x."



Estimating the A-norm of the error in CG
er = |z — %

e Estimating errors using quadrature approach:
[Dahlquist, Golub, Nash 1978],
[Golub, Meurant 1994], [Golub, Strako$ 1994], [Golub, Meurant, 1997],
[Calvetti et al. 2000], [Strako$, T. 2002], [Meurant, T. 2013, 2019]

@ Why it works in finite precision arithmetic?
[Golub, Strako$ 1994], [Strakos, T. 2002, 2005, 2011]

@ An important role in stopping criteria:
[Deuflhard 1994], [Arioli 2004],
[Jiranek, Strakos, Vohralik 2006], [Papez, Vohralik 2022]

@ How to improve and control the accuracy?



Basic bounds



Estimating ||z — x|

Given 1 < Apin,
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How to improve the accuracy of the estimates?

-1
er =y ajllrll® + e
=k
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[Golub, Strakos 1994, Golub, Meurant 1997, Strakos$, T. 2002, 2005]
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Prescribing the accuracy of the estimate

e = Apy—1 + €0

Ideally, we would like to determine ¢ > k such that
€k — A1 &
€k €k

where 7 € (0,1) is a given tolerance. Then

Apr—1

A1 < g < :
1—171

The delay £ — k should be as small as possible.



Find ¢ such that

€k = Bwe—1 _ E0
€k €k



Using the upper bound
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Safe, but requires 1 and, moreover, £ — k is far from being optimal!
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Heuristic strategy

Learn from the history
It holds that [Meurant, Papez, T. 2021]
Aj < g5 < w(A)A,.

Idea — find Sy such that

gy =~ SgAg.
Define A
~ - N .
Sy = max S;, S; = 2~ 1
¢ mn%j}éé J J Aj j
Approximate
Ey SgAg
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How far to go into history?

Learn from the latest significant decrease

e find m such that
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Estimating <, with a prescribed accuracy
[Meurant, Papez, T. 2021]

input A, b, 7
o = po = b, k=20
cgiter(0)
for {=1,..., do
cgiter(¥)
compute Ag.p_1 and Ay
determine Sy
while £ > k and 224 < 7 do

accept Ap.y
k=k+1
end while

. end for

-1
Preconditioned CG — ¢, = Zdj Z;-rTj + €y
j=k
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[function [x,estim, delay]l = pcgalA,b,tau, maxit,L,x)

r =
z =
rr
k =

for

end

b - A* x;

L\r; z =L'"\z; p = z;

z' *r;

1;

ell = 1:maxit+1

RR =rr; % ... begin cgiter(ell)
Ap =A*p;

alpha = RR/(p' * Ap);

X = x + alpha * p;

r = r - alpha * Ap;

z =L\Nr z=L"'\2z

rr =2z' *r;

beta = rr / RR;

p =z + beta * p; % ... end cgiter(ell)
Delta(ell) alpha * RR;

history(ell) = 0; history = history + Delta(ell);

if ell > 1 % ... adaptive choice of the delay
S = finds(history, Delta,k);
num = § * Delta(ell);
den = sum(Delta(k:ell-1));
while (ell > k) && (num/den <= tau)
delay (k) ell-k;
estim(k) den;
k =k +1;
den = sum(Delta(k:ell-1));

end
end

end % of function

function [S] = findS(history,Delta, k)
ind = find((history(k)./history) <= le-4, 1, 'last');
if isempty(ind), ind = 1; end

S =
end

max (history(ind:end-1)./Delta(ind:end-1));



Numerical experiments



Test problems

SuiteSparse Matrix collection

name size rhs b M =LL"
bcsstk02 66 —
bcsstk04 132 equal components —
bcsstk09 1083 ict(le-3, le-2)
s3dkt3m2 90449  comes with the matrix ict(le-5, le-2)
s3dkqg4m2 90449 ict(le-5, le-2)
pwtk 217918 ict(le-5, le-1)
af_shell3 504855 rand(—1,1) zero-fill
tmt_sym 726713 zero-fill
ldoor 952203 zero-fill
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Problems without preconditioning

bcsstk02 (n = 66) bcsstk04 (n = 132)
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Problems with preconditioning

pwtk (n = 217918) ldoor (n = 952203)
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Difficult problems

s3dkt3m2 (n = 90449) s3dkg4m2 (n = 90449)
10°r 10°
10710 0
1 1
0.5 | 0.5%
0 LY ol M
1000
1000 500
0 560 1060 1560 20‘00 2500 3000 0 560 1060 15‘00 2060 2500 3060
PCG iterations PCG iterations

19



Conclusions

@ One can improve the accuracy of estimates of g5 using the
information from the forthcoming CG iterations.

@ We can control the accuracy of the estimates using:

e Gauss-Radau upper bound — safe, far from being optimal.

e A heuristic strategy — robust, reliable, often almost optimal.

@ Generalization is possible for other CG-like methods.
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Thank you for your attention!
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Delay of the Gauss-Radau upper bound?

Work in progress ...
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