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One-dimensional case

—cu + au + pu = f
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Convection-diffusion boundary value problem

—eu +au +Bu=f

! —— Exact solution u(z)
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Convection-diffusion boundary value problem

—eu +au +Bu=f

! —— Exact solution u(z)
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Shishkin mesh — uniform convergence
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The standard upwind difference scheme
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The standard upwind difference scheme
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nonsymmetric M-matrix

A=YAY ™!
e =107% | original | scaled
k(A) | 101 10°
k(Y) | 107 | 10




relative residuial norm

Solving linear system using GMRES
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Convergence of GMRES for the upwind scheme
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Linear solver

and geometry of the problem
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@ Systems with submatrices easily solvable (Toeplitz).

@ Restriction operators R; = [ I, 0O ] Ry = [ 0 I, } .



Multiplicative Schwarz method

o Given z(®) | then z = 2(®) 4 ¢ and y satisfies

Ay =0b— Az = ¢ ()
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Multiplicative Schwarz method

o Given z(®) | then z = 2(®) 4 ¢ and y satisfies

Ay=b— Az = (k)

@ Restriction to the first domain
(RlAR?) Y1 = er(k)
and use prolongation of ¥,

abtz) = g 4 RTy,.

1 -
o Use 2(**3) and restrict to the second domain

g+ — p(k+3) + RQTyg.



Multiplicative Schwarz method
results [Echeverria, Liesen, Tichy, Szyld, 2018]

o Consistent stationary method
T

2 = T-P)I-P)z* D+
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Multiplicative Schwarz method
results [Echeverria, Liesen, Tichy, Szyld, 2018]

o Consistent stationary method
T

2 = T-P)I-P)z* D+

z—az®) = TF (& — 2)
e Bounds
lz — 2@ < T o = 2@ < |T)* [z — 22|
@ We have shown

IT¥|oo = p* and p <

e+ ¥



Numerical example
e=10"% N=200,a=1,3=0

Error norms and bounds

Upwind
T T =
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Schwarz method as a preconditioner

@ Consistent scheme
gFH) = 7k 4y
o Preconditioned system

(I-T)r=vw
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Schwarz method as a preconditioner

@ Consistent scheme
gFH) = 7k 4y
o Preconditioned system

(I-T)r=vw

@ T is a rank-one matrix, therefore
dim (Kk(I—T, 7“0)) < 2

= GMRES converges in at most 2 steps
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Schwarz method as a preconditioner

@ Consistent scheme
gFH) = 7k 4y
o Preconditioned system

(I-T)r=vw

@ T is a rank-one matrix, therefore
dim (Kk(I—T, 7“0)) < 2

= GMRES converges in at most 2 steps

. a motivation for more dimensional cases.
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Two-dimensional case
[Echeverria, Liesen, Tichy, 2020]



A motivation

Problems with one boundary layer

—cAu + auy + fu = f
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Shishkin mesh

1 Yom+2
Qo h
1—17, Ym+1
Q
1 m,
0 yol’o TN+1
0 1 H, +

Use the standard upwind difference scheme.
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A general

algebraic problem

Ch

e RN@m+1)xN(2m+1)
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A general algebraic problem

A= cT 4 B € RN@m+1)xN(2m-+1)
Ch

@ Multiplicative Schwarz method
g®) = Tzt 4y
@ Structure of T', convergence ?

lz — 2@ < 7% |z — 2@
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Structure of T
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Structure of T

T=~-PR)I-P)

K k
ITF < oM I

p= 2 C,n? 200, B, 1|
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Structure of T

T=(1-P)I-P)

k k
. T < o |||

p = 12401 24, B,

mm

~ —1
A =1z, n®=(A-BZC,) C

How to bound norms of blocks of inverses of ﬁh and le?
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Block tridiagonal case

New results of [Echeverria, Liesen, Nabben, 2018]

. Bh
Cn Ay

Ah is row block diagonally dominant if

A Byl + |14, Chll

IN
—

How to bound ||Z7fjh)||? [Echeverria, Liesen, Nabben, 2018]
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Bounding p

for A row and column block diagonally dominant

Using [Echeverria, Liesen, Nabben, 2018] we have shown

n||A~1C| nu|| A B
L =nul|A7IB| 1 = ngl|A7LC

where || - || is any induced matrix norm and

S { 14; G, HAhlmchu}
T A B 1 A

Bounds now contain only inverses of individual blocks.
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Bounding p

for A row and column block diagonally dominant

Using [Echeverria, Liesen, Nabben, 2018] we have shown

n||A~1C| nu|| A B
L =nul|A7IB| 1 = ngl|A7LC

where || - || is any induced matrix norm and

. :Imn{ 14; G, HAhwucwr}
T A B 1 A

Bounds now contain only inverses of individual blocks.

Iz = 2@ < 1T flo = 2O
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Application to the convection-diffusion equation

Discretization on the Shishkin mesh

—cAu + auy + fu = f

- Ay By i,
CH
. Bpg
Cu Ag | Bu
A= C | A|B
Cn | An B
Cn
. Bh
L Cn Ap
Cy, C, Cy, B, B, Bp, oo scalar multiples of 1
A, A, Ap oo tridiagonal and Toeplizt

A row and column block diagonally dominant
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Application to the convection-diffusion equation

discretized on the Shishkin mesh

In [Echeverria, Liesen, Tichy, 2020] we have shown for || - || = || - [« that

k k
lz — 2™ < 7| la — 2O
where
€

p <
e+ -

and
ITll < p or |7 < 1,

depending on the order of domains in the definition of 7.
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Application to the convection-diffusion equation

discretized on the Shishkin mesh
In [Echeverria, Liesen, Tichy, 2020] we have shown for || - || = || - [« that

lz — 2™V < oM 1T [l — 2@

where
€

[
€+E

p <

and
17l < p or |7 < 1,

depending on the order of domains in the definition of 7.
@ Low-rank structure of T’
@ Schwarz as a preconditioner

@ Preconditioned GMRES — at most N + 1 iterations
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Error norms and bounds

Tightness of the bound

N — 30’ m = 207 A c R1230X1230, a= 1’ B — O
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Convergence of multiplicative Schwarz and error bounds
for ¢ = 1074 (left) and ¢ = 1078 (right)
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Open problems



Practical implementation issues
To use the iterative scheme
2® = 7D 4y
we need to solve linear systems with submatrices of

An
Bu

@ Schur complement and fast Toeplitz solvers?
@ Inexact solvers?

@ Problems with non-constant coefficients?

20



where

Additive Schwarz method

2 = =1 4y,

ON(m-1)

TEI—(Pl—I—PQ)

1
Pl(m)q,—l

By
e

ON(m-1) |
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Additive Schwarz method

2®) = ppk=1) 4 w, T=I1I—(P+P)

where
ON(m-1) Pl
By
T=— au® 7y @
PP
I Py ON(m—-1) |
e p(T)>1

e I — T is nonsingular

@ can be used as a preconditioner
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Shishkin mesh

1 Ym
Qo1 Qoo
1-—m yu
H,
Oy P
Yo
%0 -7, 1 %0 H, oy

@ Definition of the multiplicative Schwarz method?
@ Structure of A?
o Is T low-rank?



Summary



Conclusions

@ Generalization of results [Echeverria, Liesen, Tichy, Szyld, 2018].
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@ Detailed results for block tridiagonal matrices.
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Conclusions

@ Generalization of results [Echeverria, Liesen, Tichy, Szyld, 2018].

@ We analyzed convergence of the multiplicative Schwarz
method applied to systems with a special block structure
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@ Detailed results for block tridiagonal matrices.

@ For a particular problem — tight and simple bounds.
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Important ideas

@ Adapt a linear solver to the problem

linear

problem
solver
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Important ideas

Adapt a linear solver to the problem

linear

problem
solver

Reuvisit classical bounds
lz —=®| < 7% lz — 2@
Exploit low-rank structure

Tk, dimK(I —T,v)

Combine stationary and Krylov subspace solvers.
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Thank you for your attention!
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