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The conjugate gradient method

A is symmetric and positive definite, Az = b

do
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input A, b, z¢
Po=To = b — Al‘o
for k=1,2,...
ap—1 =
T =
Ty =
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P =

end for
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orthogonality
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Estimating the A-norm of the error
A brief history

o ||z — xx||% ... measure of the “goodness” of zy,
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Estimating the A-norm of the error
A brief history

o ||z — xx||% ... measure of the “goodness” of zy,
[Hestenes, Stiefel 1952]

e Gauss quadrature error bounds (Lanczos) — GQL
[Dahlquist, Golub, Nash 1978], [Golub, Meurant 1994]

e Estimating errors in CG — CGQL — CGQ
[Golub, Strakos 1994], [Golub, Meurant, 1997], [Meurant, T. 2013]

@ Why it works in finite precision arithmetic
[Golub, Strako$ 1994], [Strakos, T. 2002, 2005].



Quadrature bounds



Gauss and Gauss-Radau quadrature bounds

o Given . < Apin, it holds that

g llrkl® < llz—zily < a2

where
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Gauss and Gauss-Radau quadrature bounds

o Given . < Apin, it holds that

g llrkl® < llz—zily < a2

where
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(e} — X
W _ ( k k w 1
U1 = ) ’ Y =
% (Oék — Oék) + Brt1 K

Practically relevant questions:
@ How to get u?
@ Quality of the bound?

@ Numerical behavior?



Upper bound in exact arithmetic
Gauss-Radau bound, bcsstkO1 matrix, n = 48
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Upper bound in finite precision arithmetic
Gauss-Radau bound, bcsstkO1 matrix, n = 48
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Upper bound in finite precision arithmetic
4 > Amin, bcsstk01 matrix, n = 48
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An upper bound on the upper bound



An upper bound on the Gauss-Radau bound, i < Apin

[Meurant, T. 20187]
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The new bound

[Meurant, T. 20187]

7)1 ]2
wo lpell?

lz — i3 < al|r)® <

Having u, we can compute it almost for free.
Monotonically decreasing.

Not sensitive to the choice of .

As good as Gauss-Radau in many cases.

It can be used even if > Apin (heuristics).
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How to approximate 7
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The conjugate gradient method

A is symmetric and positive definite, Az = b

input A, b, zg
p():T'O:b—Al'O Uk
fork=1,2,... do
T [ 1 B1
Ti_ A Th_ B
oy = TkLkl VooV ao
pk_lApk—l .
T = Tg-1+ Ok-1Pk-1 . L
Tk = Tp—1— Qg 1Apg_1 VT
1
7“,::7"]@ ap_1
By = —F—— -
Te—1Tk—1
Pk = Tkt BrPr-1

T, = UlU,
end for




Approximation of A\, and A\p.x in CG

A Ty

How to approximate |[U,'||??

\

EST

P
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Incremental estimation

of the smallest Ritz value in CG

e Uy is bidiagonal,
SR Ulz—il-l

by adding one column and one row.
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Incremental estimation

of the smallest Ritz value in CG

e Uy is bidiagonal,

—1 -1
U, - Uy

by adding one column and one row.

@ Incremental norm estimation: incrementally improve
an approximation of the maximum right singular vector.
[Bischof 1990], [Duff, Vémmel 2002], [Duintjer Tebbens, Tima 2014].
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Approximation of the smallest Ritz value in CG

Having oy and [, update

Ok

Pk+1
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Ck

HE+1

By
(0778 ]
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1 (1 _ M)
2 WE
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\/1—(:%,

|cx| sign (o)
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@ Very cheap, no need to store vectors or coefficients,

[Meurant, T. 20187]
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Approximation of A\,
bcsstk01, n = 48

approximation
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Approximation of A\,
s3dkt3m2, n = 90449, ichol
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ap el < llo — ol
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Improving accuracy of the estimates

lz =2kl = arllrel? + llo - zealll

[Golub, Strako$ 1994, Golub, Meurant 1997, Strakos, T. 2002]
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Use a delay and bound (k + d)th error

besstk01, n =48, d = 10

k+d—1

o —2ell% = D ajllrill® + Nz — zrpallh
j=k
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Use a delay and bound (k + d)th error

besstk01, n =48, d = 10

k+d—1
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Use a delay and bound (k + d)th error

s3dkt3m2, n = 90449, ichol, d = 100

k+d—1

lo —arld = > agllrl* + o — ziralls
j=Fk
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Use a delay and bound (k + d)th error

s3dkt3m2, n = 90449, ichol, d = 100
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How to choose d adaptively?

k+d—1
. 2 e 112 . 2
o —aell% = > aillrll® + 1z — 2rrallss
j=k
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Hx—deHi 2
= Upd + g |7 — zl,

|z — xi )%
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How to choose d adaptively?

k+d—1
o —aell% = > aillrll® + 1z — 2rrallss
=k
Vi.d
e Ll e
’ (e
If
Iz = ralla
|z — zkla
then
/2
vl < e —aplla < ——2 eg, =08

Vi—e?’
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Pseudo algorithm - adaptive choice of d

1: go=1

2:.d=d+1

3: while ((d > 1) and (go)) do

compute vg_gy1.4

if (7”k;‘:f!ﬁ/4 < 6) then
compute lower or upper bounds at iteration k — d
d=d—-1

else
go=20

10: end if

11: end while

e e N> kA
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Adaptive choice of d
k. upper bound approach, besstk01

llrk+all lITe-+all
|z — 2ryalla < VAktd [P+l

< £ =0.5,

|z —xlla ™ VVkd
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Adaptive choice of d
k. upper bound approach, besstk01
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Adaptive choice of d
i upper bound approach, s3dkt3m2

lretall ll7etall
|z — zrtalla < VHird [Pl

< € =0.9,

|z —zplla ™ \/Vk,d
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Adaptive choice of d

i upper bound approach, s3dkt3m2
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Adaptive choice of d
i upper bound approach, s3dkt3m2
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Another approach

superliner, linear, sublinear CG convergence
Let &« > 3 >~ >0. Then

B—7 B
a—f - a
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Another approach

superliner, linear, sublinear CG convergence
Let &« > 3 >~ >0. Then

B—7 B
a—f - a

o™

-

™[

Apply to ||z —zp_all}y > llz— 214 > ||z — ka4’ Then

Vkd |z — 2] |z — xk]|a |2 — Tryalla
Vk—d,d |z — zp—qll% |z — zk—alla |z — 2kla

CG convergence:

@ linear — good approximation
e superliner — upper bound

@ sublinear — lower bound
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Yet another approach

decrease formula

For ¢ 4+ e < k and d > 0, one can relate

o —aneally o=zl

lz — i % lz — ol
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Yet another approach

decrease formula

For ¢ 4+ e < k and d > 0, one can relate

llz = @xrall i g lz—zeeld
= ap[|% [EEEA A
It holds that
|2 — zpqaly 1
e — 2z l2 1= k—1
|z — =k % S
1 j=Lt+e
L= oy | g T
o=l > 9
=t
where

g9; = oglri|1?.




Conclusions

@ A new bound on the A-norm of the error:

e simple, comparable with the Gauss-Radau bound,

e it can be used even for ;i > Apin (heuristics).
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Conclusions

@ A new bound on the A-norm of the error:

e simple, comparable with the Gauss-Radau bound,

e it can be used even for ;i > Apin (heuristics).
@ Cheap approximations of extreme Ritz values

e can be used in the new “upper” bound 1 +— g,

e using these approximations — estimate other characteristics.
@ Strategy for improving accuracy of the error estimates

o based on the decrease of ||z — x| 4 in d iterations,

e three approaches, how to choose d adaptively.

Future work — combine approaches, numerical experiments
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Thank you for your attention!
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