On Estimating the A-norm of the Error
in CG and PCG

Zdenék Strakos*
Petr Tichy*f
*Institute of Computer Science,
Academy of Sciences, Prague.

TTechnical University of Berlin.

Monopoli, Bari, September 2003



Consider a system of linear algebraic equations

Ax = b

where A € R™"*" is symmetric positive definite, b € R".



given xg € R" | rg = b — Axg

Conjugate Gradient Method (CQG)

r; € z0+ K;(A, o)

T — T = min T — U
lo=wila = min o= ulla

where

span {7“0, . ,Aj_l’l“o}
((z — z;), A(z — z;))2
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Conjugate Gradient Method (CGQG)
Hestenes and Stiefel (1952)

given ro, To = b — Aajo, PO = T0,
for ,=0,1,2,...

\ = (r,75)
(pj, Ap;)
Tjit1 = TjtD;
rigl = T Ap;
511 = (rj+1,741)
(Tj,’l“j)

Pj+1 = Tj+1+9j41p5



How to measure quality of approximation?

it depends on what problem we solve.

e using residual information,
— normwise backward error,
— relative residual norm.
Hestenes and Stiefel: “Using of the residual vector r; as a measure of the
“goodness” of the estimate z; is not reliable” (HS 1952 p. 410)

e USINg error estimates,
— estimate of the A-norm of the error,
— estimate of the Euclidean norm of the error.
Hestenes and Stiefel: “The function (x—=z;, A(x—=x;)) can be used as a measure
of the “goodness” of x; as an estimate of z.” (HS 1952 p. 413)
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1. Basic identity

At any iteration step 7, CG (implicitly) determines weights and nodes
of the j-point Gauss quadrature

J . .
/ffm () = 3 wDF6D) + R().
1=1

The Gauss quadrature for f(\) = A~ gives

lz — 25115 |l — @ol|5
’ Imoll2 lmoll2
Cn, C; ...continued fractions corresponding to w(\) and w(N)

Golub: DGN-1978, GF-1993, GM-1994, GS-1994, GM-1997, ...
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Equivalent formulas (multiplied by [|rg||?)

In general (ST-2002):

2 > - >
|z — xol|2 |70l|© Gauss Q(j) + ||z — =;]|4.

W-2000:
rd(x —20) = rd(xj —x0) + |l — /)3

HS-1952, ST-2002:

7—1

> > >

lz —zolld = D villrill© + llz — =4[5
i—=0

This formula derived purely algebraically is equivalent to the Gauss
quadrature formula!



2. Construction of estimate

Idea: Consider, for example,
|z — ;1% = llroll® |Cn — C5] -
Run d extra steps. Subtracting identity for ||z — azj_|_d||i gives
lz =15 = lroll® |Cjra— Cj| + llz—zj4all5-

When ||z — z,||4 > ||z — z;4+4/|5, We have a tight (lower) estimate.

GS-1994 and GM-1997



Mathematically equivalent estimates:

2 2 2
|z —xjl|3 = EST + ||z — 25443

GS-1994 and GM-1997

nida = lroll® [Cjxq — Cy]
W-2000
T
Hid = 70 (Tjtd = T;)
HS-1952
j+d—1 5
via = > 7illnill

1=



3. Estimates in finite precision arithmetic

orthogonality is lost, convergence is delayed!

|- ® 1xxl,
(FP) 1| x% I,

® -Vl

FP)II1-VIV, 11
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e [ he problem consists in validity of the whole identity

2 > 2
|z —zj||3 = EST® + ||z —zj4.4[l2

An example:
wid =14 (@jra — ;)
does not work!

0 20 40 60 80 100 120
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Do the estimates give good information in practical computations?
n;.d Yes GS-1994, GM-1997 (alg. CGQL)
Based on Greenbaum (1989), Greenbaum, S (1992), /e limit.

wjig No ST-2002

viq VYes ST-2002

Based on detailed analysis of preserving the local orthogonality in the
HS algorithm, with using Paige (1971-80), Greenbaum (1989, 97)
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4. Estimate in PCG

The cg-iterates are thought of beeing applied to

Az =0

giving CG for Az = b. We consider symmetric preconditioning

A=r"1tar "1 b= L 1b.

h

Definition

M = LLT, ’}/j p— :7\/]7 5] p— gj,

.= _TA. .= . .= _TA. .= —1 .o
r; =L “x5, r;=L7;, pj=L "pj, =M “rj:
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Preconditioned Conjugate Gradient Method (PCQG)

given xg, ro = b — Axg, sg = M_lT‘O, PO = SO,

for =0,1,2,...
Vi = ((r]::])
pj, Ap;)
Tipl = Zjt5p;
ri4l = 15— % Ap;
sie1 = M7irjg

5ipq = (Tj41,8j41)
’ (r5,55)

Pj+1 = Sj+1 7+ 0j4+1p;
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How to estimate the A-norm of the error in PCG?

Hestenes-Stiefel estimate for Az = b:

Jt+d—1
~ o~ 2 __ ~ =12 =~ = 2
12-21% = > % lml® + 12— 244l 5

1=

Substitution A= L~YAL™!, 3, = L1x;, 3, =~;, 7; = L™ 1r; gives

|z — :E]H% = (L'z — LTa:j)L_lAL_T(LT:I: — LTzcj) = o — :z:]||124
, sl
and le—2jl3 = > i (risd) + llz—zjpali.
1=
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Numerical stability of the estimate in PCQG.

ST-2003: rounding error analysis.

Analysis based on:
- rounding error analysis from ST-2002,

- solving of

Msj41 =741

enjoys perfect normwise backward stability (Hi-1996).

result:

Until ||x — ;|| 4 reaches a level close to ¢ ||z — zg]| 4,
the estimate v; 4 must work.
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|lz—2;]| 4
lz—x0]| 4

Estimate of the relative A-norm of the error |

Since

> _ 2
lz—zilla = vja + llz—x;44lla,
2

Vo j4+d + 1z — zjtalla;

>
|z — 20|53

the square root of

vid  _ e —zlld — e —wqald _ o — =503

0j.d = = <
’ Y0,j+d |z — 2ol — llz —zj44ll4 ~ [z —zoll4

is a lower bound for the jth relative A-norm of the error.
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5. Numerical Experiments

CaG
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PCG

Matrix Market
Cylshell
matrix S3IDKT3M2

k(A) = 3.62e + 11
n = 90499, d = 200
L = cholinc(A,0)

R. Kouhia: Cylindrical shell

s3dkt3m2: convergence characteristics and the A—norm of the error estimate

- estimate

— - true residual norm
normwise backward error
— - A-norm of the error
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PCG

source:

Matrix Market
Collection Cylshell
matrix S3DKT3M2

k(A) =3.62¢e+ 11
n = 90499,
L = cholinc(A,0)
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R. Kouhia: Cylindrical shell

s3dkt3m2: estimates of the relative A—norm of the error for different d
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PCG

source:
R. Kouhia homepage
matrix tubel-2

n = 21498,
L = cholinc(A,1e-5)

R. Kouhia: Cylindrical shell

tube: estimates of the relative A—norm of the error for different d
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6. Conclusions

e Up-to-now used bounds (based on Gauss quadrature) are mathe-
matically equivalent to the formulas given (but somehow hidden)
in the original Hestenes and Stiefel paper.

e Hestenes and Stiefel estimate is very simple, it can be computed
almost for free and it is numerically stable.
1/2 1/2

e \We suggest the estimates Vil and Q' to be incorporated into

software realizations of the PCG method.

e T he estimates are tight if the A-norm of the error reasonably
decreases.

Open problem: The adaptive choice of the parameter d.
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More details can be found at

http://www.cs.cas.cz/ strakos
http://www.cs.cas.cz/"tichy
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