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LAMINAR FLOW BEHIND A TWO-DIMENSIONAL GRID
By L. I. G. KOVASZNAY
Communicated by Sir GEOFFREY TAYLOR
Recetved 20. May 1947

INTRODUCTION
The production of a ‘wake’ behind solid bodies has been treated by different authors.
S. Goldstein (1) and S. H. Hollingdale (2) have discussed the laminar wake behind a
flat plate, while the wake of a two-dimensional grid has been treated for the turbulent
case alone using L. Prandtl’s ‘Mischungsweg’ theory by E. Anderlik and Gran
Olsson (3), (4).

This paper presents an exact two-dimensional solution of the Navier-Stokes equa-
tions with a periodicity in one direction, which may represent the wake of a two-
dimensional grid.

SOLUTION OF THE EQUATIONS OF MOTION
The equations of a two-dimensional motion are
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where u, is the average velocity in the z direction,
uo+u'(x’,y') is the local velocity in the z direction,
v'(z’,y’) is the local velocity in the y direction,
p'(x’,y’) is the pressure,
v is the kinematic viscosity, and

02 o2
V2= %72 + W .
Eliminating the pressure and introducing the vorticity
0w
oxr' oy’
we obtain from equations (1a) and (1b)
aw,+(uo+u)—+vg — (2a)

Introduce dimensionless quantities using u, as reference velocity and M (the spacing
of the grid) as reference length; thus the Reynolds number of the grid is B = Mu,/vand
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So equation (2) becomes
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The continuity equation P +a—y = (3a)
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and the definition of ©W=r—=, (3b)
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represent with equation (3) the whole set of equations to be solved.

If the change of velocity were very small compared with the average velocity, we
could neglect the two quadratic terms. To avoid this we try to find a solution for which
these two quadratic terms vanish. Another type of flow for which the ‘inertia terms’
are cancelled is given by G. I. Taylor (s).

Let us introduce a stream function i, such that

s, (10)
0
v = —a—-f; , (4b)
w=—V4. (4¢)
Let the stream function be of the simplest form
¥ = f(@)sin 2my. (5)
The quadratic terms of equation (3) vanish when
u %) + vgi; =0. (6)
Substituting (5) into (6), we have
F'f"=ff" =0, (6a)
and if any of the derivatives are not identically zero,
f_r
roE o
Integrating (6b), we obtain "=k, (6c)
where £ is an arbitrary constant (real or complex).
Integrating (6¢), we have flz) = A= (6d)
and Y = Ak sin 2my. (6e)

Hence the quadratic terms vanish if f is chosen to be an exponential function of .
The sum of such functions does not fulfil equation (6).
When the condition (6) is fulfilled equation (3) becomes linear,
%w v 0%w
R P
and substituting = g(x)sin 2my, (8)

=0, (7)
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we obtain 9" — Ry’ — 4n?g = 0. (9)
Solving (9), we have g = ¢,eMT 4 ¢ e, (9a)
2
where A= Igi N/(% + 4712) . (9b)
The vorticity from. (8) and (9a) is thus
o = (¢, M7 + ¢, eMe®) sin 27y, 9¢c)
also from (6¢) w = A(4m°— k?) ek sin 2my. (9d)

Comparing (9¢) with (9d) we see that two solutions are possible, namely

i) k=2, ¢,=—RB\4, ¢,=0,

(i) k=2, ¢ =0, ¢, = —RA, A.

If the Reynolds number is high enough, we may approximate to the root terms in
the expression for A; and A, (96). Then simply

A =R, (10a)
2
A= _‘%. (105)

Fig. 1 shows the exact variation of A, and A, with the Reynolds number. The
asymptotic values for A; and A; are shown with dotted lines in the diagram. When
R > 30, the simpler formulae may be used. If the Reynolds number is very small
(R < 1) the absolute values of A, and A, tend to 2.

The stream function of the average flow is ¢, = ¥, so the total stream function is

Yo+ ¥ = y+ Aersin 2my.
The constant 4 may be determined by fixing the stagnation point of the flow. If
we choose the stagnation point (4 +uy, =0,v=0)atx = 0, we get 4 = —1/27.
Hence we have all the functions needed to described the flow:

1
Yo = Y= A=sin2my, (11a)
14+u = 1—eMcos 2my, (115)
A
= —_— eAxgj
v o € sin 2y, (11c)
© = ARe’®sin 2my. (11d)

The streamlines of the two types of flow are shown in Figs. 2 and 3. Fig. 2 corre-
sponds to A, and represents a flow past the grid (B = 40). A pair of bound eddies occur
behind the single elements of the grid. The streamlines become parallel and equi-
distant at infinity downstream as shown by the short lines on the right side of the
figure. The dotted streamlines correspond to the half-value of stream function between
two full lines.

When the Reynolds number increases, the whole flow pattern is extended uniformly
in the direction of main flow.

Fig. 3 shows the other solution using A; (R = 40). The rate of change of the flow is
here very great. The picture may represent a flow of alternating vortices superposed



100

-

20

N\
\\\

10

100

20

10

-
~
N

S e B s R R EEFEEES BESEE
4

05

0-2

Fig. 1.
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on a main flow perpendicular to their plane. With increasing Reynolds number the
scale in the direction of main flow contracts.
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CoNCLUSION

A simple exact solution of the Navier-Stokes equations, which may describe the motion
behind a grid, consisting of equally spaced parallel rods or strips, has been found.

The solution does not give information in the plane of the grid, but seems to describe
the flow quite closely behind it. The solution gives a representation of the pairs of
bound eddies and gives the law of decay for the individual wakes of the elements of
the grid for any Reynolds number.

The problem was suggested by Prof. Sir Geoffrey Taylor to whom I am greatly
indebted for his advice and criticism. Thanks are due to the British Council for granting

me a research scholarship.
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