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Topic of this talk

Convex integral functional with stationary and ergodic integrand:

Sg(u):/OV(f,Vu)—fudx, Shomz/o\/hom(Vu)—fudx

e . .. r
Qualitative homogenization: & — Enom.

Quantitative homogenization:
1. Convergence rate for homogenization error and two-scale expansion

[[te — thom|| + | Ve — Vug'|| < €%

with optimal scaling o
2. Growth estimate of sublinear correctors
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Assumptions: uniformly convex, 2-growth, decay of correlations

Integrand parametrized by random field
w:RY 5 RV, stationary random field
V(x,§) = V¥ (x,§) = V(w(x),£)

Assumptions on randomness:

» w is stationary random field of centered Gaussians with joint distribution
modeled over probability space (€2, P)

» covariance function ¢(x) := E[w(x)w(0)] is bounded and decaying

Assumptions on convexity: V(w,-) € V(A) for some A > 0, where V(A)
denotes the class of integrands satisfying

V(e) — %| e |? is convex, minimized at 0, |[V/(&)| < A(|¢]° + 1),
Ve C*(RY) and |VEV(&)| < A

Assumptions on dependence on parameter:
V, 8V, 852V are continuously differentiable in w, and

0,V/(w, ) < C(IE1 +1), 10,0¢V/(w &) < C(I€] +1),  |0.0:V(w, &) < C.
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Qualitative homogenization

Theorem (classic): There exists Vhom € V(A) such that: For all O C R? open,
bounded and f € L?(0) the functional

& : H(0) — R, Ee(u) = / V(%,Vu) - fudx
o
r(L?(0))-converges to
Ehom - H3(0) = R, Enom(u) := / Vhom(Vu) — fudx
o

» [Marcellini '78]: periodic case; [Dal Maso & Modica '86]: random case based on
subadditive ergodic theorem. (C? and strict convexity not needed,
p-growth.)

» Implies convergence of minimizers: ue — thom weakly in H*(O).

> [Geymonat, Miiller, Triantifyllidis '03]: Vhom € C? in the periodic case using
correctors
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Formula for Vhom and correctors

Homogenization formula

L—oo peH}(B,)
=E[V(§ + V)]

Sublinear corrector: ¢; solution to

Von(€) = i intf V(T xt o) = im f V(e T4

— V. -0V(x,§+Ve¢:)=0 inRY P-as.,

1

subject to I|m 7(][ |ge|*)z =0 (sublinear growth).

Note: a(x, &) = 0:V(x, &) is monotone and uniformly elliptic:

NE =€ < (a(x,§) —a(x.§))- (€ ¢).  la(x. &) < A(g] +1).
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Formula for Vhom and correctors

Homogenization formula

Viom(§) = lim  inf ][ V(x, V(& -x+¢)) = lim ][ V(x, &+ V)
L—o0 (pEHé(BL) By L—oo B
=E[V(§ + Vée)]
Sublinear corrector: ¢; solution to

— V. -0V(x,§+Ve¢:)=0 inRY P-as.,
subject to lim l(‘7[ |¢5|2)% =0 (sublinear growth).
L—oo L B,
Note: a(x, &) = 9¢V(x, &) is monotone and uniformly elliptic:

NE =€ < (a(x,§) —a(x.§))- (€ ¢).  la(x. &) < A(g] +1).

Formal two-scale expansion: Minimizers v, and unom formally satisfy

Vue(x) & Vinom(x) + V¢g(f) with & = V thom(X).
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Sublinear extended correctors

For all ¢ € RY there exist unique ¢¢ : Q x R 5 R, 0z : Q x RY — RY*? s.t.

skw
V(¢e, o¢) is stationary, E[V(¢¢, 0¢)] = 0, ]E[|V(¢£,ag)|2]% < 00,

and P-a.s.:

1. (corrector equations). ¢, ¢k € Hi (R?), fBl(O)(¢§, o¢jk) =0, and

=V (8V(x, Ve +§)) =0
ag :=0:V(x, Ve + €) in RY.
—AO’ng Zajag c €k — 6;(85 C €
1
. . . 1 2 2
2. (sublinearity). IlgLs:opﬁ (fBR(O) [(¢e, o¢)| dx) =0.
3. (error representation).

—V - o0¢ = a; — Elag] = ag — anom(§).
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Approximate two-scale expansion

» Introduce smooth partition of unity
{Mk}rek of O on meso scale e < § <« 1
with suppnx C Bes(k) (+ additional
properties)

» Define approximate gradients
§k = Jo V thomMik

» Define rescaled, recentered correctors

($re: o) (x) = & (96 06 )(2) — i, (Besc 06 dy )

> Define approximate two-scale expansion fe := thom + Y_,cx MkPh,e-

fQ Mk
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Approximate two-scale expansion

» Introduce smooth partition of unity
{Mk}rek of O on meso scale e < § <« 1
with suppnx C Bes(k) (+ additional
properties)

» Define approximate gradients
gk = fQ%k fO vUhomnk

» Define rescaled, recentered correctors
(Pre, Oke)(x) = 5((¢Ekv T¢ ( ) — fBz(k (¢Ekr UEk) d}/)

> Define approximate two-scale expansion fe := Unom + 2_,c i MkPh,e-
» Error representation for residuum [Fischer & N. 21]

~V - (a(%, Vi) = —V - (ahom(Vthom)) + V - Re

where the residuum R satisfies for all £ € K:

/ m\Rs\Z dx <C / 62|V2uhom|2 dx
o Bys (£)NO

|¢l,£ - ¢k,£|2 + |UZ,£ - Uk,£|2 dX) -

keK 65 (£)
le—k|<46
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Growth of corrector ~» homogenization error

Lemma [Fischer & N. 21] Assume that there exists p : [1, 00) — [0, 0]
(non-decreasing) s.t. for all r > 1,

<]i ()|(¢syae)2> < GlEl + Dulr + [x)),

for all x € RY where % is a r.v. with integrability E[|‘€X|P]% < C(p).
Consider three scales 0 < e K § € 1, 0<e< T <4. Then

llue — thom|l 20y + [V le — Ve 120y
2 €2 2,5 e 5 5 1
< Cel|V thom | 110y (67 + (g) ro(g) + TH () +7)2

for a random constant ¢; satisfying E[|‘€s|’°]% < C(A, d,0)C(p).
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Growth of corrector increment ~ homogenization error

Lemma [Fischer & N. 21] Assume additionally that there exists
I :[1,00) — [0, o0] (non-decreasing) s.t. for all r > 1,

1
2

<]i ()(¢£:U£)(¢s',°’s')|2> < G+ v IEIE — € lalr + [x]),

for all x € RY where %, is a r.v. with integrability E[|‘€X|P]% < C(p).

Consider three scales 0 < e K § € 1, 0<e< T <4. Then
llue = tnomll2(0) + Ve — Vue||12(0)

2
. € 1
< Ce||V thom| w00y (82 + €237 (8) + ;MZ(S) +7)2

for a random constant ¢; satisfying E[|‘€s|’°]% < C(A, d,0)C(p).
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Growth of sublinear corrector

(*1) (7[ (e, Ue)\2> <G8l + Vulr +[x1),
B (x)
(*2) (7[ \(4’5'0&)*(%,0&')\2) < (L8] Vv IE)IE — €'lalr + [x]),
Ber(x)
Assume: c(x) = E[w(x)w(0)], le(x)| < (x| +1)7~.
Theorem [Fischer & N. ARMA 21] Assume 8 > d. Then (x1) holds with
s? ifd=1,
w(s) = ¢ log(s + 2)% if d =2,
1 if d > 3.

If 8¢V satisfies a small-scale regularity assumptions, then (x2) holds with
[ = . In both cases the random constant has stretched exponential moments
C(p) < Cp” for some v < 1.
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Growth of sublinear corrector

(*1) (7[ (e, Ue)\2> <G8l + Vulr +[x1),
B (x)
(*2) (7[ \(4’5'0&)*(%,0&')\2) < (L8] Vv IE)IE — €'lalr + [x]),
Ber(x)
Assume: c(x) = E[w(x)w(0)], le(x)| < (x| +1)7~.
Theorem [Fischer & N. ARMA 21] Assume 8 > d. Then (x1) holds with
s? ifd=1,
w(s) = ¢ log(s + 2)% if d =2,
1 if d > 3.

If 8¢V satisfies a small-scale regularity assumptions, then (x2) holds with
[ = . In both cases the random constant has stretched exponential moments
C(p) < Cp” for some v < 1.
» [Gloria, N., Otto APDE "21]: a(x, §) = A(x)& (linear case):
(s+ l)l’g for g <2
p(s) = { log(s +2) for min{d, p} =2
1 for B,d > 2
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Scaling of the two-scale error

[Fischer, N. ARMA’ 21]

53 ifd=1,
u(s) i) = { [log(2+ )|} ifd =2,
1 if d > 3.

Combine with error representation and optimize choice of ¢ < 7 < §:

Wi

€ ifd =1,
€ 1
(52"‘(%)2#2(%)4‘?#2(2)4‘7')2 — s%||ogs|% if d =2,
e if d > 3.
52 1
(E+eB (D + —w (D +7) — Ve

Ignoring error due to boundary layer (the case O = R9)

1
€2 ifd=1,

l

(6" +€%n*(2)) €| Iogs\% if d =2,

€ if d > 3.
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Spectral gap estimate to quantify fluctuations

Spectral gap inequality — (SG) [Gloria, Otto, N., Duerinkx, ...] Assume 8 > d.
Then for all random variables F
2 1/2
oF dy) dx}

E[|F - E[F]]"]"* < CE[/W (]{mx) Ow

where the “L*-norm of functional derivative” is defined by

/ OF(w.y) dy :=  sup { limsup | Flwe & hdw) — F(we) !}
Bi(x) Ow supp‘(;w‘C<Bll(x) h—0 h
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Spectral gap estimate to quantify fluctuations

Spectral gap inequality — (SG) [Gloria, Otto, N., Duerinkx, ...] Assume 8 > d.

Then for all random variables F
1/2
oF dy) dx}

E[|F —E[F]")* < CEM@ (]il(x ow

where the “L*-norm of functional derivative” is defined by

[ (PR ay e s fimeup| Flet o) = Fled) )
Bi(x) Ow supp‘(;w‘C<Bll(x) h—0 h

(SG) implies decay of fluctuations: Let f € C' with |[Df| < C. Consider

Fr(w) ::]i o f(w(x)) dx

Then

~/51(X)

Conclude for R > 1,

aFR(w,y)'d _Jo if Bi(x) N Br(0) =
Ow T 1< CR else.

E[|Fi ~ EIFa]fY] < C(C £ 1)7R
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Sketch of proof for d =1

1. Reduction to r = 1: Assume estimate for r = 1, then for r > 1,

: Bi(K) st
]ir(;) I9el” < kZEZ |B,(%)| ]il(k)‘(ﬁd SCEF +1)(Ix+r+1)

|k—%[<r+1

[ —
S(€RP+1)(k|+1)

<1
2. Uniform Lipschitz estimate for d = 1.
Vel < C(|€] +1) a.e. in Q. (LIP)

Argument: Monotone corrector equation in d = 1 implies that

a(w, € + Ve(w)) = anom(£)-
3. (Argument for r = 1)

(ﬁmwﬁys<imm—ém¢@2ﬂﬁmmém@L

By Poincaré and (LIP), @ < C(|¢] +1).

o~ [ Voeg: = Flw)

with weight gz € Wh*°(R), supp gz C Bi51+1(0) and |gz| + |Vgx| < 2.
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Sensitivity estimate for F

» Consider variations of w by dw,
suppdw C Bi(s), |dw| < 1, OF = Osu,F, 8¢ = Osupe

> §¢¢ solves

—V - (AcVége) = V- (d.a(¢ + Ve)dw), A= B;V(§+ Vi)
» Introduce h as solution to

~V - (A{Vh) =V g
Since d = 1, have Vh = fAE_Tg; and thus |Vh| < ClB;;m(O)'

» Represent § F with h:

6F :/Vé(ﬁgg; = f/A;th -Vége = /Vh -Owa(€ + Ve)ow

<IByx+1(0) N Bi(s)|C([¢] + 1)

IR R R ELE
Bi(s) Ow

0 else.

oF \° . )
;‘/R</Bl(s)'aw|> ds < C(IgF + 1)(/x] +1).
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Comments on the proof for d > 2

» For d > 2 no deterministic Lipschitz estimate available. Replacement:
Large Scale Lipschitz estimate

F> reew) - f €+ Ve < CEP +1).

r

» Representation with gz with decay at infinity (instead of compact support)

][¢s— ¢e:/v¢s'gf
B1(x) B1(0)

» Only weighted Meyers estimate (instead of Lipschitz estimate) for
linearized equation available

~V - A{Vh=V g

» Moment bounds for r ¢

bound for r¢ = smallness of ¢¢ = bound for ry .

Buckling argument uses sensitivity estimate, Spectral Gap, deterministic
gain of regularity from hole-filling

o vger e <y f Vacref

r
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Random laminates

Assumption: Nonlinear elastic, random laminate
> W(x, F) = W(w(x1), F) with w : R — R" Gaussian random field with
B >1.
> W(x, F) = W(x, RF) VF € R"*“ R € SO(d) (frame indifferent)
> W(x,Id) = minW(x, ) = 0 (reference configuration = natural state)
> W(x, F) > adist’(F,SO(d)) VF € R?*? (non-degeneracy)
> W(x,-) € C* in neighbourhood of SO(d).
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Random laminates

Assumption: Nonlinear elastic, random laminate

> W(x, F) = W(w(x1), F) with w : R — R" Gaussian random field with
B >1.

> W(x, F) = W(x, RF) VF € R"*“ R € SO(d) (frame indifferent)

> W(x,Id) = minW(x, ) = 0 (reference configuration = natural state)

> W(x, F) > adist’(F,SO(d)) VF € R?*? (non-degeneracy)

> W(x,-) € C* in neighbourhood of SO(d).

Lemma (Existence and bounds on correctors for small strains) [N.Schaffner, Varga
AIHP 24]. There exists p > 0 s.t. for all F € U, := {F : dist(F,SO(d)) < p}
there exists a sublinear corrector ¢ such that

Whom(F) = lim min W(y, F 4+ V) =E[W(F + V¢r)].

1,
L= pewyP(B) /By

Moreover, we have the sublinear growth estimate

u(s), fi(s) < st
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Conclusion and open problems

>

>

[Fischer, Neukamm ARMA 21]: We proved optimal order estimate for bounded
and unbounded domains

O bdd 0 =R¢

1
€2 d=1,

Wi

£
Ve — vUEHL?(O) < Ge 1 1 1
e2[log(e)> ellog(e))? d =2,

e d>3

N

£

with % having stretched exponential moments independent of €.

[Armstrong, Ferguson, Kuusi ARMA 20, CPAM 21]: Corrector bounds with
suboptimal order, but optimal stochastic integrability.

[Clozeau, Gloria ARMA 23]: Extensions to monotone operators of the form
-V A1+ \VU\P72)VU with 2 < p

Open: Strong correlations. (Linear case: [Gloria, Neukamm, Otto APDE 23])
Open: Boundary correctors. (Linear case: [Josien,Raithel, Schiffner SIMA 24])

Open: Nonlinear elasticity. (Random laminates: [Neukamm, Schiffner, Varga
AIHP 24])

Open: Gradient flow, fluctuations, ...
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Lemma. Let O = RY or a bounded C'-domain or a bounded, convex Lipschitz
domain. For all 0 < § < co there exists

such that

{nk}rerk C C?(Rd) with
for all k € K,

> m=1 inoO, 0< 17
keK

suppnk C B2\/Eé(k)|

&= fo"]ilkdx Jo 8(x)ni(x) dx satisfies

2
& <C (5" / g dx) .
B, /25 (K)NO

1 1
2 2
(/ &k — g dx) <C§ (/ Vg dx> .
Bys(k)NO B, /45(K)NO

K C O at most countable,

k<1, 8|V k] < co,

Moreover, if supp(nx) Nsupp(n;) # 0, then

1€k — €&

<Cé (5—" /
B,

Vgl|* dx
65 (k)

)

1
—§< / n < cod”,
co Io)

and #(K N B, /g5(k)) < co. For all g € H*(O) the local averages

1
2

1

(1a)

(1b)
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