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Meteorology: Navier-Stokes-cloud model

∂tρ
′ + ∇ · (ρu) = 0

∂t (ρu) + ∇ ·
(

ρu ⊗ u + p′Id − ρµm

(
∇u + (∇u)T

))
= −ρ′ge3

∂t(ρ θ)′ + ∇ · (ρθu − ρµh∇θ) = Sθ(C, E, ρ, θ)

∂t(ρqv) + ∇ · (ρqvu − µhρ∇qv) = ρ(−C + E)

∂t(ρqc) + ∇ · (ρqcu − µhρ∇qc) = ρ(C − A1 − A2)

∂t(ρqr) + ∇ · (−vqρqre3 + ρqru − µhρ∇qr) = ρ(A1 + A2 − E)

• to describe uncertainty propagation of data =⇒ the solution is a random
process
• Chertock, Kurganov, ML, Spichtinger, Wiebe: Math. Clim. Weather
Forecast (’19), JCP (’23)
-second order FVM in space-time & spectral approx. in random space
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Test: Rayleigh Bénard Convection
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3D Rayleigh Bénard Convection
Time evolution of the potential temperature in 3D
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Time evolution of rain: Mean value
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Figure: Time evolution of the expected values (left) with their standard deviations
(right) for the potential temperature θ and mass concentration of rain qr per m3
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Shallow water system with bottom topgraphy
• Chertock, Herty, Ishakov, Janajra, Kurganov, ML: Comm.Appl.Math.Comp. (’24)
- FVM with 2nd order in space-time & 5th order Ai-WENO-Z in random space
- random water surface, discharge & deterministic bottom topography

Figure: Mean and standard deviation of water surface at t = 0 (top left), 0.5 (top
right), 0.75 (bottom left), and 1 (bottom right)

Mária Lukáčová September, 2024 6 / 42



Shallow water system with bottom topgraphy
• Chertock, Herty, Ishakov, Janajra, Kurganov, ML: Comm.Appl.Math.Comp. (’24)
- FVM with 2nd order in space-time & 5th order Ai-WENO-Z in random space
- random water surface, discharge & deterministic bottom topography

Figure: Mean and standard deviation of water surface at t = 0 (top left), 0.5 (top
right), 0.75 (bottom left), and 1 (bottom right)

Mária Lukáčová September, 2024 6 / 42

Maria Lukacova
Hervorheben



Random compressible flows

compressible Navier-Stokes-Fourier / Euler equations:
conservation of mass, momentum, energy

second law of thermodynamics

Goal: rigorous convergence analysis of Monte Carlo FVM, stochastic
collocation FVM without assuming existence of regular exact sol.
uncertainties in initial/boundary data, model parameters
rigorous analysis for random elliptic, parabolic problems: Babuška et al.
(’10), Nobile et al. (’08), Charrier et al. (’13), Bespalov et al. (’12),
Mishra & Schwab (’12), Cohen & Schwab (’11), . . .

fundamental problem: weak solutions of compressible flows are in
general not unique
pathwise arguments for statistical convergence analysis do not work!
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Barotropic Navier-Stokes equations

∂tϱ + divx(ϱu) = 0
∂t(ϱu) + divx(ϱu ⊗ u) + ∇xp = divxS(µ, λ, ∇xu)

S(µ, λ, ∇xu) = µ

(
∇xu + ∇T

x u − 2
d

divxuI

)
+ λdivxuI, d = 2, 3

p(ϱ) = aϱγ , a > 0, γ > 1
• total energy

E =
1
2ϱu2 +

1
γ − 1p(ϱ)

plays the role of entropy

d

dt

∫
Ω

E(t) dx ≤ 0

-periodic BC
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Known results ...

local well-posedness (regularity) Valli-Zajaczkowski (’86), Cho-Kim
(’06), Kotschote (’15)

global weak solutions Lions (’98) for γ > 9/5,
Feireisl-Novotný-Petzeltová (’01) for γ > d/2

Buckmaster et al. (’22), Merle et al. (’22) originally regular sol. may
develop finite time blow up
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Main Goal:
statistical analysis of random compressible NS eqs.
by means of the Monte Carlo/stochastic collocation FVM method

I. Deterministic convergence/error analysis

Lax equivalence principle:
stability + consistency ⇔ convergence
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Finite volume scheme
• Qh p.w. constant functions on regular rectangular grid Th

Π : L1(Ω) → Qh. Πϕ =
∑

K∈Th

1K
1

|K|

∫
K

ϕ dx

• average and jump on edge σ = K|L

{{v}} (x) = vin(x) + vout(x)

2 , JvK = vout(x) − vin(x)

• upwind velocity

rup =

{
rin if {{v}} · n ≥ 0,
rout if {{v}} · n < 0.

Up [r, v] = rupv · n

• numerical flux

Fh(r, v) = Up [r, v] − hεJrK, ε > 0
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• discrete divergence

divhuh(x) :=
∑

K∈Th

(divhuh)K1K , (divhuh)K :=
1

|K|
∑

σ∈E(K)

|σ| {{uh}} · n

• Finite Volume Method∫
Ω

Dtϱ
k
hφhdx −

∑
σ∈E

∫
σ

Fh(ϱ
k
h, uk

h)JφhKdSx = 0 for all φh ∈ Qh

∫
Ω

Dt(ϱ
k
huk

h) · φhdx −
∑
σ∈E

∫
σ

Fh(ϱ
k
huk

h, uk
h) · JφhK −

{{
pk

h

}}
n · JφhKdSx

= −µ
∑
σ∈E

∫
σ

1
h

Juk
hK · JφhKdSx − (µ + λ)

∫
Ω

divhuk
h divhφhdx

for all φh ∈ Qh
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Discrete energy dissipation: Stability

Dt

∫
Ω

(
1
2ϱk

h|uk
h|2 + P(ϱk

h)

)
dx+

hε
∑
σ∈E

∫
σ
{{ϱk

h}}Juk
hK

2
dSx + µ∥∇Euk

h∥2
L2 + (µ + λ)

∫
Ω

|divhuk
h|2 dx

= −∆t

2

∫
Ω

P ′′(ξ)|Dtϱ
k
h|2 dx − 1

2
∑
σ∈E

∫
σ

P ′′(ζ)Jϱk
hK

2 (
hε + |{{uk

h}} · n|
)

dSx

−∆t

2

∫
Ω

ϱk−1
h |Dtu

k
h|2 dx − 1

2
∑
σ∈E

∫
σ
(ϱk

h)
up|{{uk

h}} · n|Juk
hK

2
dSx

P(ϱ) =
a

γ − 1ϱγ . . . pressure potential
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Consistency
Let ∆t ≈ h, if 1 < γ < 2 then −1 < ε < 2γ − 1 − d/3, else ε > −1

[∫
Ω

ϱh(τ )ϕ(τ , ·) dx

]tk

τ=0
=

∫ tk

0

∫
Ω
[ϱh∂tϕ + ϱhuh · ∇xϕ] dxdt

+

∫ tk

0
e1,h(tk, ϕ)dt

for any ϕ ∈ C2([0, T ] × Ω), k = 0, . . . , N , N∆t = T

[∫
Ω

ϱh(τ )uh(τ )φ(τ , ·) dx

]tk

τ=0
=∫ tk

0

∫
Ω
[ϱhuh · ∂tφ + ϱhuh ⊗ uh : ∇xφ ++phdivxφ] dxdt,

−
∫ tk

0

∫
Ω

µ∇Euh : ∇xφ + (µ + λ)divhuh divxφ dxdt +

∫ tk

0
e2,h(t, φ)dt

for any φ ∈ C2([0, T ] × Ω), k = 0, . . . N , N∆t = T

∥ej,h(·, ϕ)∥L1(0,T ) ≲ hβ∥ϕ∥C2 , j = 1, 2, for some β > 0
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Passing with h → 0: convergence

• we do not have enough regularity from a priori estimates to pass to the
limit as h → 0 in the momentum upwind term

• BUT: any sequence bdd. in Lp has a weakly convergent subsequence

=⇒ Dissipative weak solutions
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Dissipative weak solutions
A pair (ϱ, u) such that ϱ ∈ Cweak([0, T ]; Lγ(Ω)),
m = ϱu ∈ Cweak([0, T ]; L

2γ
γ+1 (Ω)), u ∈ L2((0, T ); W 1,2(Ω))

continuity eq.[∫
Ω

ϱϕ(t, ·) dx

]t=τ

t=0
=

∫ τ

0

∫
Ω

ϱ∂tϕ + ϱu · ∇xϕ dxdt

τ ∈ [0, T ] and ϕ ∈ C1(
[0, T ] × Ω

)

momentum eq.[∫
Ω

ϱuφ(t, ·) dx

]t=τ

t=0
=∫ τ

0

∫
Ω

ϱu∂tφ + [ϱu ⊗ u + p(ϱ)Id] : ∇xφ dxdt

−
∫ τ

0

∫
Ω

S(D(u)) : ∇xφ dxdt +

∫ τ

0

∫
Ω

∇xφ : dR(t)dt,

R ∈ L∞(0, T ; M+(Ω; Rd×d
sym)) . . . Reynolds turbulent defect,

φ ∈ C1(
[0, T ] × Ω

)
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energy inequality∫
Ω

(
1
2ϱu2 + P(ϱ)

)
(τ ) dx +

∫ τ

0

∫
Ω

S(∇xu) : ∇xu dxdt

+

∫
Ω

dE(τ ) ≤
∫

Ω

(
1
2ϱu2 + P(ϱ)

)
(0) dx

- energy defect E ∈ L∞((0, T ), M+(Ω))

defect compatibility

d E ≤ tr[R] ≤ d E 0 < d ≤ d
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Convergence of FVM

Theorem (Feireisl, ML, Mizerová, She (M2AN’21))
Let {(ϱh, uh)}h↘0 be upwind FV solutions,
if 1 < γ < 2 then −1 < ε < 2γ − 1 − d/3, else ε > −1.
Let

ϱ0 > 0,
∫

Ω
E(ρ0, m0)

<∼ 1.

Then there is a subsequence of {ϱh, mh}h↘0 that converges to a dissipative
weak sol.

ϱhn → ϱ weakly-(*) in L∞((0, T ); Lγ(Ω)),

mhn → m weakly-(*) in L∞(0, T ; L
2γ

γ+1 (Ω)),
Ehn → E weakly-(*) in L∞(0, T ; M+(Ω)) as h → 0.
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Nash hypothesis

Do we have global strong sol.?
Nash (1958)
“Probably one should first try to prove a conditional existence and
uniqueness theorem for flow equations. This should give existence,
smoothness, and unique continuation (in time) of flows, conditional on
the non-appearance of certain gross types of singularity, such as infinities
of temperature or density.”

global in time boundedness of certain variables =⇒ global in time strong
sol.
Feireisl, Wen, Zhu (2022): Navier-Stokes-Fourier: viscous heat
conductive fluids:
if ∥ϱ∥L∞((0,T )×Ω)

<∼ 1, ∥ϑ∥L∞((0,T )×Ω)
<∼ 1 then local (in time) strong

sol. remains strong sol. on (0, T )

Sun, Wang, Zhang (2011): viscous, barotropic fluids:
if ∥ϱ∥L∞((0,T )×Ω)

<∼ 1, ∥u∥L∞((0,T )×Ω)
<∼ 1 then local (in time) strong

sol. remains strong sol. on (0, T )
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Bounded numerical solutions

Theorem (Feireisl, ML, Mizerová, She (M2AN ’21))
Let ϱ0 ∈ W 3,2(Ω), 0 < ϱ ≤ min ϱ0, m0 ∈ W 3,2(Ω).
and

∥(ϱh, uh)∥L∞((0,T )×Ω) ≤ c uniformly for h → 0,

Then

ϱh → ϱ (strongly) in Lq ((0, T ) × Ω) ,

mh → m (strongly) in Lq ((0, T ) × Ω) , 1 ≤ q < ∞

where (ϱ, m) is the strong sol.
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Error estimates
• suitable tool: relative energy

E(ϱh, mh|ϱ, u) =

∫
Td

(
1
2ϱh|uh − u|2 + E(ϱh|ϱ)

)
dx,

E(ϱh|ϱ) = P(ϱh) − P ′(ϱ)(ϱh − ϱ) − P(ϱ), P ′(r) = p(r)

Theorem (Feireisl, ML, She (Num.Math. ’22))
Let ϱ0 ∈ W 6,2(Ω), 0 < ϱ ≤ min ϱ0, m0 ∈ W 6,2(Ω) and

∥ϱh∥L∞((0,T )×Ω) ≤ ϱ and ∥uh∥L∞((0,T )×Ω) ≤ u.

Then

sup
0≤t≤τ

∫
Ω

E(ϱh, mh|ϱ, u)dx + µ

∫ T

0

∫
Ω

|∇huh − ∇xu|2dx dt ≤ C(h + ∆t)

∥ϱh(τ ) − ϱ(τ )∥L2(Ω) + ∥mh(τ ) − m(τ )∥L2(Ω) ≤ C(
√

h +
√

∆t), τ ∈ (0, T ].

where C = C(T , ∥(ϱ0, u0)∥W 6,2 , ϱ, ϱ, u).
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Statistical sols.

• probability space
[
Γ, B, P

]
• data are random variables in D

D =
{
[ϱ0, m0, µ, λ]

∣∣∣ ϱ0 ∈ W 3,2(Ω), m0 ∈ W 3,2(Ω),

min
Ω

ϱ0 > 0, µ ≥ µ > 0, λ ≥ 0
}

U0 : ω ∈ Γ 7→ [ϱ0(ω), m0(ω), µ(ω), λ(ω)] ∈ D is Borel measurable

We set

U (t, ω) := U [U0(ω); t] , t ∈ [0, Tmax(ω)), a.a. ω ∈ Γ

U = (ϱ, m) is the strong statistical solution
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Following J. Nash...

Principal Hypothesis: Numerical solutions are bounded in probability.

for any ε > 0, there exists M = M (ε) such that for all h ∈ (0, 1)

P
([

∥ϱh∥L∞((0,T )×Ω) + ∥uh∥L∞((0,T )×Ω) > M
])

≤ ε.
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Statistical sol. / Convergence of Monte Carlo FVM

Theorem (Feireisl, ML, She, Yuan (M3AS ’22))

Let
[
ϱ0, m0, µ, λ

]
∈ D be random data

ϱ0 ∈ W 3,2(Ω), min ϱ0 = ϱ > 0, m0 ∈ W 3,2(Ω) P − a.s.

Let [ϱn
0 , mn

0 , µn, λn], n = 1, 2, . . . , N be i.i.d. copies and
(ϱn

h, mn
h)h↘0 FV solutions, that are bounded in probability.

Then for N → ∞, h → 0

E

∥∥∥∥∥ 1
N

N∑
n=1

(
ϱn

h − E [ϱ]
)∥∥∥∥∥

q

Lr(0,T ;Lγ (Ω))

 → 0 for 1 ≤ q < 2γ,

E

∥∥∥∥∥ 1
N

N∑
n=1

(
mn

h − E [m]
)∥∥∥∥∥

q

Lr(0,T ;L
2γ

γ+1 (Ω;Rd))

 → 0 for 1 ≤ q <
4γ

γ + 1 ,

where (ϱ, m = ϱu) is the strong statistical solution and 1 ≤ r < ∞.
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Main ideas of the proof
FV solutions (ϱhk

, uhk
)hk↘0 . . . a family of random variables[

ϱ0, m0, µ, λ, ϱhk
, uhk

, Λhk

]
hk↘0

Λhk
= ∥(ϱhk

, uhk
)∥L∞

t,x

ranging in the Polish space

Y = W 3,2(Ω) × W 3,2(Ω) × R × R × W −k,2
t,x × W −k,2

t,x × R, k ≥ 4

the family of laws associated to above family is tight in Y
Skorokhod representation thm. . . . there is a new probability
space/family of random var. equivalent in law[

ϱ̃0,hk
, m̃0,hk

, µ̃hk
, λ̃hk

, ϱ̃hk
, ũhk

, Λ̃hk

]
∼

[
ϱ0, m0, µ, λ, ϱhk

, uhk
, Λhk

]
Λ̃hk

= ∥(ϱ̃hk
, ũhk

)∥L∞
t,x

< ∞,

ϱ̃0,hk
→ ϱ̃0, m̃0,hk

→ m̃0 in W 3,2(Ω),

µ̃hk
→ µ̃, λ̃h → λ̃,

ϱ̃hk
→ ϱ̃, ũhk

→ ũ in Lr
t,x, 1 ≤ r < ∞ a.s

where (ϱ̃, ũ) is the strong statistical sol.
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→ ũ in Lr
t,x, 1 ≤ r < ∞ a.s
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strong sol. (convergence of the whole seq.) . . . Gyöngy–Krylov thm.

∥ϱh − ϱ∥Lr
t,x

→ 0 ∥mh − m∥Lr
t,x

→ 0 in probability, 1 ≤ r < ∞
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Statistical sol./ Error estimates for Monte Carlo FVM

Theorem (Feireisl, ML, She, Yuan (M3AS’22))

Let
[
ϱ0, m0, µ, λ

]
∈ D be random data

(ϱ0, u0) ∈ W 6,2(Ω) × W 6,2(Ω),

min ϱ0 ≡ ϱ > 0, P − a.s.
Suppose that [ϱn

0 , mn
0 , µn, λn], n = 1, 2, . . . are i.i.d. copies of random data.

Let (ϱn
h, mn

h)h↘0 be FV solutions that are bounded in probability.

Then for the expectation of the statistical errors

E

∥∥∥∥∥ 1
N

N∑
n=1

(
ϱn(t, ·) − E [ϱ(t, ·)]

)∥∥∥∥∥
r

Lγ (Ω)

 <∼ N1−r for r = min (2, γ)

E

∥∥∥∥∥ 1
N

N∑
n=1

(
mn(t, ·) − E [m(t, ·)]

)∥∥∥∥∥
2γ

γ+1

L
2γ

γ+1 (Ω)

 <∼ N
1−γ
1+γ , t ∈ [0, T ].
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Statistical sol./ Error estimates for Monte Carlo FVM

Theorem (cont.)
The approximation errors are estimated in probability: for any ε > 0, there exists
K(ε)

P

[ ∥∥∥∥∥ 1
N

N∑
n=1

(ϱn
h(t, ·) − ϱn(t, ·))

∥∥∥∥∥
L2(Ω)

+

∥∥∥∥∥ 1
N

N∑
n=1

(mn
h(t, ·) − mn(t, ·))

∥∥∥∥∥
L2(Ω)


≤ K(ε)(

√
h +

√
∆t)

]
≥ 1 − ε for all t ∈ [0, T ],

h ∈ (0, 1), ∆t ∈ (0, 1), N = 1, 2, . . . .
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Random perturbation of the vortex interface

ϱ0(x) = 1

u0(x) =


(
[1 − cos(2π|x|/I)]x2

|x|
, − [1 − cos(2π|x|/I)]/I)x1

|x|

)
|x| < I,

(0, 0) otherwise

where
I = 0.5 + Y (ω), Y ∼ U (−0.1, 0.1) , j = 1, 2, 3.
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(a) ϱ - Mean (b) ϱ - Deviation

(c) ϱ
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Figure: Statistical convergence for mean and devation
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Navier-Stokes-Fourier system

Theorem (Feireisl, ML, Mizerová, She (IMA J. Num. Anal.’20),
Basaric, ML, Mizerová, She, Yuan (MathComp’23) )
Let (ϱ0, ϑ0, u0) ∈ W 3,2(Ω). Let (ϱh, ϑh, uh)h↘0 be the FVM solution, s.t.
for all h → 0 and t ∈ (0, T )

0 < ϱ ≤ ϱh ≤ ϱ 0 < ϑ ≤ ϑh ≤ ϑ

Then

(ϱh, ϑh, uh) → (ϱ, ϑ, u) (strongly) in Lp ((0, T ) × Ω) , p ∈ [1, ∞),

If (ϱ0, ϑ0, u0) ∈ W 6,2(Ω) then

∥ϱh − ϱ∥L∞(0,T ;L2(Ω)) + ∥uh − u∥L∞(0,T ;L2(Ω)) + ∥ϑh − ϑ∥L∞(0,T ;L2(Ω))

+∥∇huh − ∇xu∥L2(0,T ;L2(Ω)) + ∥∇Eϑh − ∇xϑ∥L2(0,T ;L2(Ω))

≤ c(∆t1/2 + h1/4),

where ϱ, ϑ, and u is the strong solution of the Navier–Stokes–Fourier system.
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Error analysis of MC FVM for NSF system

Theorem (ML, She, Yuan (arXiv’24))

Let the data be random variables U0 =
[
ϱ0, u0, ϑ0, µ, λ, κ

]
∈ D P-a.s.,

(ϱ0, u0, ϑ0) ∈ W 6,2(Ω) and bdd. total energy and entropy in expectation.
Let Un

0 , n = 1, 2, . . . are i.i.d. copies of random data and (ϱn
h, un

h, ϑn
h)h↘0 be a

sequence of corresponding FV solutions, bounded in probability.
Then MC estimators satisfy for all t ∈ [0, T ] and N = 1, 2, . . .∥∥∥∥∥ 1

N

N∑
n=1

(ϱn, mn, Sn)(t, ·)−E [(ϱ, m, S)(t, ·)]

∥∥∥∥∥
W −k,2(Ω)

<∼ N−1/2, k >
d

2

P − a.s., and for any ε > 0, there exists K = K(ε, N), such that

P

[ ∥∥∥∥∥ 1
N

N∑
n=1

(
ϱn, mn, Sn

)
(t, ·) − 1

N

N∑
n=1

(
ϱn

h, mn
h, Sn

h

)
(t, ·)

∥∥∥∥∥
L2(Ω)

≤ K
(

∆t1/2 + h1/4
) ]

≥ 1 − ε
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Raleigh-Bénard problem
• initial data: [Feireisl, ML, She, Yuan: FoCoM (’24)]

ϱ0(x) = 1.2 + (1 + Y1(ω)) sin
(πx2

2

)
, (Y1, Y2) ∼ U([−0.1, 0.1]2)

ϑ0(x) = a + b x2 + cP (x1) sin(πx2) + Y2(ω) sin(πx1) sin
(

π(x2 + 1)
4

)

Figure: MCFV Total errors of the expectation EMC (U , h, M(h)) with
(h, 1/M(h)) = (h, O(h)) = (2/(20 · 2l), 1/(5 · 2l)), l = 0, . . . , 3. The blue dashed
and black solid lines denote the reference lines of h1/2 and h
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Figure: Rayleigh–Bénard experiment: the deterministic FV solution (left) and the
MCFV solutions (right) at time T = 8 on a mesh with 640 × 320 cells.
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Euler system

Good and bad news:

local-in-time well-posedness in class C([0, T ]; W k,2(Ω)), k > 1 + d

2
Majda (’84)
non-unique weak admissible solutions: (energy dissipative/entropy
stable) De Lellis, Székelyhidi (’10), Buckmaster, DeLellis, Székelyhidi
(’19), Buckmaster, Vicol (’19), Chiordarolli, Feireisl (’24)

semigroup selection of global-in-time dissipative solutions that maximize
energy dissipation /entropy production Breit, Feireisl, Hofmanová (’20)
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K-convergence: averaging over mesh resolutions

• Kómlós (’67), Banach-Sachs (’30)

Theorem (Feireisl, ML, Mizerová, She (Springer’21))

Let [ϱ0, m0] ∈ L1(Ω) × L1(Ω),
∫

Ω
E(ϱ0, m0)

<∼ 1, ϱ0 > 0.

Let {ϱh, mh}h↘0 be a sequence of consistent approximation (viscosity FVM)
of barotropic Euler equations.

Then there is a {hnk
}∞

k=1 such that

1
K

K∑
k=1

(ϱhnk
, mhnk

) → (ϱ, m) in Lq((0, T ) × Ω) as K → ∞

for any 1 < q ≤ 2γ

γ + 1 . Here (ϱ, m) ∈ U(ϱ0, m0) is a dissipative sol.

emanating from [ϱ0, m0] .
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K-convergence of Monte Carlo FVM

Theorem (Feireisl, ML, Mizerová, Yu (arXiv’24))
Let (ϱn

0 , mn
0 )

∞
n=1 be i.i.d. copies of random data [ϱ0, m0] ∈ D satisfying

1
L

≤ ϱ0(x) ≤ L, |m0(x)| ≤ L for a.a. x ∈ Ω.

Let {ϱn
h, mn

h}h↘0 be consistent approximations (viscosity FVM) of the
barotropic Euler system.

Then there is a subsequence {hmk
}∞

k=1 such that

E

∥∥∥∥∥ 1
NK

N∑
n=1

K∑
k=1

(ϱn
hmk

, mn
hmk

) − E [(ϱ, m)]

∥∥∥∥∥
Lq((0,T )×Ω)

 → 0 as K, N → ∞

for any 1 < q ≤ 2γ

γ + 1 , where (ϱ, m) ∈ U(ϱ0, m0) is a measurable selection.
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Numerical convergance rates

• Césaro averages

ŨhK
:=

1
K

K∑
k=1

Uhnk

• errors

E1 =
1
L

L∑
ℓ=1

∥∥∥∥∥ 1
N

N∑
n=1

(
Un,ℓ

h (T , ·) − E[Uh(T , ·)]
)∥∥∥∥∥

L1(Ω)

,

E2 =
1
L

L∑
ℓ=1

∥∥∥∥∥ 1
N

N∑
n=1

(
Ũn,ℓ

hK
(T , ·) − E[ŨhK

(T , ·)]
)∥∥∥∥∥

L1(Ω)

with L = 20, N = N(h)

E[Uh] =
1

Nref

Nref∑
s=1

U s
h, E[ŨhK

] =
1

Nref

Nref∑
s=1

Ũ s
hK

, Nref = 100
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Figure: The errors E1 and E2 in L1−norm with parmaters h = 1/(2ℓ+5),
N(h) = 5 · 2ℓ−1, ℓ = 1, 2, . . . , 5.
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Concluding remarks

dissipative solutions =⇒ elegant way to study convergence of nonlinear
problems (even essentially ill-posed Euler eqs.)

Lax-equivalence principle for nonlinear problems:
consistency & stability ⇐⇒ convergence

if the FV solution is uniformly bdd. w.r.t h ↘ 0 =⇒
the strong solution exists
stochastic compactness techniques, Strong Law of large numbers,
Central limit theorem =⇒ error analysis for random problems
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