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The steady p(x)-Navier–Stokes equations

♦ Steady p(x)-Navier–Stokes equations: (Dv := 1
2 (∇v+ (∇v)⊤))

Seek velocity vector field v : Ω → Rd , d ∈ {2, 3}, and pressure q : Ω → R such that

−divS(·,Dv) + div(v⊗ v) +∇q ================= f in Ω ,

div v ================= 0 in Ω ,

v ================= 0 on ∂Ω ,

 (p(x)-NSE)

where for p∈C0,α(Ω), α∈(0, 1], with p− :=minx∈Ω p(x)> 3d
d+2 and δ>0, we have that

S(·,Dv) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= (δ + |Dv|)p(·)−2Dv .

♦ Related contributions:
→→→→→→→→→→→→→→→→→ Error analyses:

[4, Breit, Diening, Schwarzacher, ’15] (p(x)-Laplace equation);

[2, Berselli, Breit, Diening, ’16] (p(x)-Stokes equations);

→→→→→→→→→→→→→→→→→ Convergence analyses:
[5, Del Pezzo, Lombardi, Martı́nez, ’12] (p(x)-Laplace equation);

[7, Ko, Pustějovská, Süli, ’18], [8, Ko, Süli, ’19] (p(x)-Navier–Stokes equations).
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S(·,Dv) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= (δ + |Dv|)p(·)−2Dv .

♦ Functional analytical framework:

→→→→→→→→→→→→→→→→→ Energy estimate:

|Dv| ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ Lp(·)(Ω) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
{
z ∈ L0(Ω) | |z|p(·) ∈ L1(Ω)

}
.

→→→→→→→→→→→→→→→→→ Energy spaces:

v ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ (W1,p(·)
0 (Ω))d :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

{
z ∈ (W1,1

0 (Ω))d | ∇z ∈ (Lp(·)(Ω))d×d} ,

q ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ Lp′(·)(Ω) ,

where p′ ∈ C0,α(Ω) is defined by p′(x) := p(x)
p(x)−1 for all x ∈ Ω.
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Continuous and discrete formulation

♦ Continuous problem: Seek (v, q)⊤ ∈ (W1,p(·)
0 (Ω))d × (Lp′(·)(Ω)/R) such that

(S(·,Dv),Dz)Ω − (v⊗ v,Dz)Ω − (q, div z)Ω ================= (f, z)Ω ,

(div v, z)Ω ================= 0 ,

for all (z, z)⊤ ∈ (W1,p(·)
0 (Ω))d × Lp′(·)(Ω).

♦ Discretized extra-stress tensor:

S ↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔ Sh

where Sh : Ω× Rd×d
sym → Rd×d

sym , for every T ∈ Th, is defined by

Sh(x, ·) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= S(ξT , ·) for all x ∈ T ,

where ξT ∈ T is an arbitrary quadrature point.

♦ Discrete problem: Seek (vh, qh)
⊤ ∈ Vh× (Qh/R) such that

(Sh(·,Dvh),Dzh)Ω − 1
2 (vh ⊗ vh,Dzh)Ω + 1

2 (zh ⊗ vh,Dvh)Ω − (qh, div zh)Ω ================= (f, zh)Ω ,

(div vh, zh)Ω ================= 0 ,

for all (zh, zh)⊤ ∈Vh × Qh, where (Vh,Qh) is a discretely inf-sup stable FE couple
(e.g., MINI, P2P0, Taylor–Hood...).
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‘Natural’ (fractional) regularity assumptions

♦ ‘Natural’ regularity on the velocity:
(
F(·,Dv) := (δ + |Dv|)

p(·)−2
2 Dv

)
→→→→→→→→→→→→→→→→→ ‘Full’ regularity: (cf. [1, Acerbi, Mingone, ’02])

p ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ C0,1(Ω) ⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒ F(·,Dv) ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ (W1,2
loc (Ω))

d×d .

→→→→→→→→→→→→→→→→→ Fractional regularity: (cf. [6, Diening, Ettwein, ’08])

p ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ C0,α(Ω) ⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒ F(·,Dv) ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ (Nα,2
loc (Ω))d×d .

♦ ‘Natural’ regularity on the pressure:
→→→→→→→→→→→→→→→→→ ‘Full’ regularity: (cf. [3, Berselli, K., ’23+])

p ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ C0,1(Ω) &&&&&&&&&&&&&&&&& F(·,Dv) ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ (W1,2(Ω))d×d ⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒ q ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ W1,p′(·)(Ω) .

→→→→→→→→→→→→→→→→→ Fractional regularity:

p ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ C0,α(Ω) &&&&&&&&&&&&&&&&& F(·,Dv) ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ (Nα,2(Ω))d×d ?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒?⇒ q ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ Hα,p′(·)(Ω) ,

where the fractional variable Hajlasz–Sobolev space is defined by

Hα,p′(·)(Ω) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
{
u∈Lp′(·)(Ω) | Gα(u) ̸=∅

}
,

Gα(u) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
{
g∈Lp′(·)(Ω) | |u(x)−u(y)| ≤ (g(x)+g(y))|x−y|α for a.e. x, y∈Ω

}
.
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p ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ C0,α(Ω) ⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒ F(·,Dv) ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ (Nα,2
loc (Ω))d×d .

♦ ‘Natural’ regularity on the pressure:
→→→→→→→→→→→→→→→→→ ‘Full’ regularity: (cf. [3, Berselli, K., ’23+])

p ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ C0,1(Ω) &&&&&&&&&&&&&&&&& F(·,Dv) ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ (W1,2(Ω))d×d ⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒⇒ q ∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈∈ W1,p′(·)(Ω) .

→→→→→→→→→→→→→→→→→ Fractional regularity:
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where the fractional variable Hajlasz–Sobolev space is defined by

Hα,p′(·)(Ω) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
{
u∈Lp′(·)(Ω) | Gα(u) ̸=∅

}
,

Gα(u) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
{
g∈Lp′(·)(Ω) | |u(x)−u(y)| ≤ (g(x)+g(y))|x−y|α for a.e. x, y∈Ω

}
.
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A priori error estimate for the velocity

Theorem (a priori error estimate for the velocity)

If p∈C0,α(Ω), F(·,Dv)∈ (Nα,2(Ω))d×d , q∈Hα,p′(·)(Ω), and ∥∇v∥2∧p(·),Ω≪ 1, then

∥F(·,Dvh)− F(·,Dv)∥2
2,Ω ≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲ hmin{2,(p+)′}α .

♦ Proof.
→→→→→→→→→→→→→→→→→ 1. Step: (Best-approximation type estimate)

∥F(·,Dv)− F(·,Dvh)∥2
2,Ω ≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲ ∥(φ|Dv|)

∗(|S(·,Dv)− Sh(·,Dv)|)∥1,Ω

+ infzh∈Vh

{
∥F(·,Dv)− F(·,Dzh)∥2

2,Ω
}

+ infzh∈Qh

{
∥(φ|Dv|)

∗(|q− zh|)∥1,Ω
}
,

where (φ|Dv|)
∗(·, t) ∼ ((δ + |Dv|)p(·)−1 + t)p

′(·)−2t2 uniformly for all t ≥ 0.

→→→→→→→→→→→→→→→→→ 2. Step: (Oszillation/Expressivity estimates)

∥(φ|Dv|)
∗(|S(·,Dv)− Sh(·,Dv)|)∥1,Ω ≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲ h2α ,

infzh∈Vh

{
∥F(·,Dv)− F(·,Dzh)∥2

2,Ω
}
≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲ h2α ;

infzh∈Qh

{
∥(φ|Dv|)

∗(|q− zh|)∥1,Ω
}
≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲≲ hmin{2,(p+)′}α . ■
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Numerical experiments: velocity error

♦ Experimental setup: Let d = 2, Ω = (0, 1)2, δ = 1e−5, α ∈ (0, 1],

p :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
(

1 − | · |α

2α/2

)
p+ +

| · |α

2α/2 p− , v :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= | · |2
α−1

p +δ ( 0 1
−1 0

)
(·) , q :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= | · |α− 2

p′ +δ
.

i p− 1.5 1.75 2.0 2.25 2.5 2.75

α 1.0
4 0.750 0.719 0.695 0.676 0.659 0.645
5 0.801 0.757 0.725 0.701 0.681 0.665
6 0.824 0.774 0.739 0.713 0.692 0.674
7 0.833 0.782 0.746 0.718 0.696 0.678
8 0.835 0.785 0.749 0.721 0.699 0.680
9 0.836 0.786 0.750 0.722 0.700 0.681

theory 0.833 0.786 0.750 0.722 0.700 0.682

α 0.5
4 0.573 0.512 0.439 0.381 0.346 0.327
5 0.530 0.473 0.413 0.369 0.345 0.331
6 0.503 0.451 0.400 0.366 0.346 0.335
7 0.486 0.438 0.393 0.365 0.348 0.338
8 0.476 0.430 0.390 0.365 0.350 0.339
9 0.470 0.425 0.388 0.365 0.350 0.341

theory 0.417 0.393 0.375 0.361 0.350 0.341

Table: Experimental order of convergence (MINI element): EOCi
(
∥F(·, Dv) − F(·, Dvhi )∥2,Ω

)
, i = 4, . . . , 9.
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Thank You!
kaltenbach@math.tu-berlin.de
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