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Harmonic oscillator

The force is a linear function of the 
displacement

Therefore Newton's law can be written as



… in continuum mechanics



… in continuum mechanics

The model in which the force is proportional to the 
stain is linearized elasticity

The underlying energy: 

where



… in continuum mechanics

The model in which the force is proportional to the 
stain is linearized elasticity

The underlying energy: Only valid for 
small strains....

where



… large strain vs small strain

The model of linearized elasticity does not satisfy 
the physical principle of frame-indifference

It only holds in the approximation when the 
displacement is very small so that

and impossibility of infinite 
compression/orientation 
reversal



Rigorous derivation - energies

[Dal Maso, Negri, Percivale, 
'02]
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What this tells us is that "minimizers converge to 
minimizers"

It does not tell us 



Rigorous derivation - energies

[Dal Maso, Negri, Percivale, 
'02], [Ball, '85]

What this tells us is that "minimizers converge to 
minimizers"

It does not tell us 

In fact, the Euler- Lagrange equation may be unrelated to the 
variational problem



Rigorous derivation - energies

[Dal Maso, Negri, Percivale, 
'02], [Ball, '85]

What this tells us is that "minimizers converge to 
minimizers"

It does not tell us 

An even if it were, equi-coerciviy is missing



Fix I – obtaining the E.-L. eq.

[Healey, Krömer, 08], 
[Friedrich, Kružík, '17]
[Friesecke, James, Müller, 
'02]

Change the elastic elastic energy a bit



Fix I – obtaining the E.-L. eq.

[Healey, Krömer, 08], 
[Friedrich, Kružík, '17]
[Friesecke, James, Müller, 
'02]

Change the elastic elastic energy a bit

From  now on, we 
will always use this 
modification



Fix II – equicoercivity

Still we face the problem of coercivity



Fix II – equicoercivity

Still we face the problem of coercivity

We actually want to consider 
the dynamic problem...



Dynamic model – variational approx.

Our problem can "informally" be expressed as

This can be approximated as

[B., Kampschulte,Schwarzacher, 
'23]



Dynamic model – variational approx.

Our problem can "informally" be expressed as

This actually has only measure-valued 
solution, we should add dissipation

This can be approximated as

[B., Kampschulte,Schwarzacher, 
'23]



Dynamic model – variational approx.

Our problem can "informally" be expressed as

This can be approximated as
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Dynamic model – variational approx.
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Dynamic model – variational approx.

[B., Kampschulte,Schwarzacher, 
'23], [DeGiorgi, '93]

Discrete 
nonlinear 
problem



Dynamic model – weak solution

[B., Kampschulte,Schwarzacher, 
'23], [Demoulini' 01]



Dynamic model – weak solution

[B., Kampschulte,Schwarzacher, 
'23], [Demoulini' 01]

Technically, this is again cheating, because we should have 
included dissipation



Dynamic model – weak solution

[B., Kampschulte,Schwarzacher, 
'23], [Demoulini' 01]

Notice that we now have the energies equibounded



Dynamic model – weak solution

[B., Kampschulte,Schwarzacher, 
'23], [Demoulini' 01]

Weak solutions of (visco)elastodynamics can also be approached 
by other methods, but...



Commutative diagram

[B., Kampschulte, Kružík, '24?]



Why study limits to the linearized 
setting?

[Frost et al, '20]

• Problably the most used model in solid 
mechanics in engineering

• Can be coupled to inner variables, dissipation 
phenomena etc.

• Easy to verify, "only" 1 set of paramenters
• The passage to the linearized setting in a sense 

justifies the non-linear setting



Advertisement



Thank you for your 
attention!
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