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1 Classical mixtures

2 “Immiscible” mixtures

Mixture control volume

αa = νa
V volume fraction of a-th phase

ca = ϱa

ρ mass fraction of a-th phase

A three-phase flows
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First principle approaches to mixtures

We need to rely on first principle approaches:

1 Homogenization/averaging techniques

2 Energetic appoaches (Variational/Hamiltonian formulation)
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Moments method for gas mixtures (Gupta, Torrilhon, 2015, 10.1098/rspa.2014.0754)
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Why it’s difficult?

Baer-Nunziato-type models:

∂ua

∂t
+∇· (ua ⊗va +paI

)= N∑
b=1

pI ,ab∇αb
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Governing equations

Ferrari et al, JCP, (2025)
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Variational formulation:

∂tρ+∇· (ρv) = 0

∂t(ραa)+∇· (ρv) =−Φa

∂t(ρv)+∇· (ρv⊗v+pI +AaEAa +wa ⊗Ewa ) = ρg

∂t A+v ·∇A+A∇v =−1

τ
EA

∂tϱa +∇· (ϱav+Ewa ) =−χa

∂t wa +∇(wa ·v+Eϱa )+ (∇×wa)×v =−λa

E = E1(ϱ1,s1, . . .)+E2(ϱ2,s2, . . .)+ . . .

v = ϱ1v1 +ϱ2v2 + . . .+ϱN vN

ρ

wa = va −vN



Introduction Variational Formulation

Governing equations

Ferrari et al, JCP, (2025)
UniTn On variational approaches to mixtures February 6, 2025 11 / 13

Variational formulation:

∂tρ+∇· (ρv) = 0

∂t(ραa)+∇· (ρv) =−Φa

∂t(ρv)+∇· (ρv⊗v+pI +AaEAa +wa ⊗Ewa ) = ρg

∂t A+v ·∇A+A∇v =−1

τ
EA

∂tϱa +∇· (ϱav+Ewa ) =−χa

∂t wa +∇(wa ·v+Eϱa )+ (∇×wa)×v =−λa

Baer-Nunziato-type formulation



Introduction Variational Formulation

Computational examples immiscible mixtures

Ferrari et al, JCP, (2025)
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Our topics( Romenski, Dumbser, Pavelka, Zanotti, Boscheri,. . . )

1 Multicomponent mixtures

2 Poroelasticity

3 Multicomponent plasmas with full electrodynamics

4 General relativistic flows

5 Hyperbolic relaxation systems

6 Thermodynamic consistency

7 Variational and Hamiltonian structures

8 Structure preserving integrators
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