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m Weak solutions for a bi-fluid model for a mixture of two
compressible non interacting fluids with general boundary
data,

S. Kragmar, Y-S. Kwon, 5. N., A. Novotny

m On existence of weak solutions to a Baer-Nunziato type M.
Kalousek, S. N.

m The existence of a weak solution for a compressible
multicomponent fluid structure interaction problem
M. Kalousek, S. Mitra, S. N.
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One of the acceptable models for description of mixture of several
compressible fluids is the so called Two velocity Baer-Nunziato
model.

Our goal: to prove the existence of weak solutions for the
Baer-Nunziato system with dissipation on an arbitrary large time
interval (0, T) in a Lipschitz bounded domain .

Sarka Netasova

On the problem of a Baer-Nunziato system



Two velocity Baer-Nunziato model
Orag + Vi - Vyxay =0,
Or(axros) + div(aroriy) =0,

Or(axotty) +div(arosis @ i) + Vi(axPr(0+)) — PiVx(az)
= agppug (Ady) + ax(pr + M) Vidiviy
0<ar<l, ay+a_=1.

(cvg-concentrations of the + species

o+- densities of the + species

i+~ velocities of the & species a0 > 0, iy € R3)

P are two (different) given functions defined on [0, 00) and P}, v}
are conveniently chosen quantities - they represent pressure and
velocity at the interface.

In the multifluid modeling, there are many possibilities how the

quantities v;, P; could be chosen, and there is no consensus about
this choice.
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Pt =, AL =N Vp =0y =0 (1)
aPy(s) = Pi(fe(a)s) for all a € (0,1), s € [0, 0) (2)

with some functions P defined on [0, c0) and functions fy defined
on (0,1).
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m Ishii, Hibiki (2006)
m Bresch et all.(2018)

m Bresch, Mucha, Zatorska: Finite-energy solutions for
compressible two-fluid Stokes system (2018), p = p_ = p4

m Li, Zatorska Large time behavior (2020)
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One velocity Baer-Nunziato type system

Oora+ (0-V)a=0, 0<a<l, (3)

Oro + div(pd) =0, (4)

Otz + div(zd) =0, (5)

Ot((p+ z)t) +div((p+ z)i® 1)+ VP(f(a)o, g(a)z) = diVS(V?E’)
6

P :]0,00)% + [0,00) as well as f, g : (0,1) ~ [0, 00) are given
functions, and

S(z) = Wz +2") + ATr(2)I

(I is the identity tensor, Tr denotes the trace) is the viscous stress
tensor. The constant viscosity coefficients satisfy standard physical
assumptions, >0, A + %u >0
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The system is endowed with initial conditions

alt=0 = a0, 0|t=0 = 00, 2|t=0 = 20, (0 + 2z)lt=0 = (00 + 20)ilp,
(7)
We consider the general inflow-outflow boundary conditions,

J’aﬂ — JB, Q’rin — QB, Z’rin = ZB, a’rin = O[B, (8)

where
rin:{xeaQ‘JB.ﬁ<O}. (9)
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[out {xeaQ)JB~ﬁ>0},

- 10
FO:{XG(?Q‘LTB-rT:Oorﬁ'(x)doesnotexist}. (10)
Pi(s) = axs’, 7+ > 0; (11)
indeed, in this X
fr— ’Y+ ’Y_ e o j_l
case P(R7 Z) atR" +a 2727, f(S) : f+(5) ST ) (12)

g(s) = (s)=(1—s) L

We shall however be able to treat in system (3-7) more general
functions P, f, g than those being given by (12).
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Reformulation of system using the change of variables

R :=f(a)o, Z=g(a)z, (13)

Op + divx(pdd) =0,

Orz + divy(zd) =0,

O0¢R + divy(Ri) = 0,

8:Z + dive(Zd) = 0,
0 ((p + 2)d) + divy((p+ 2)d ® &) + VP(R, Z) = leS(VXLE) |
14

with boundary and initial conditions

LT‘@Q = I.TB, p‘rin = 0B, Z‘rin = Zp = f(aB)QB, (15)
Z|rm = Zp := g(aB)ze, Rlrin = Rp = f(5)ps,
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p(0,x) = 0o(x), R(0,x) = Ro(x) := f(ao)oo(x), (16)

Z(0,x) = Zy(x) := g(ap)z0(x), z(0,x) = zo(x) := (00 + 20)(x),
(p+ 2)d(0,x) := (00 + z0)do(x)

for unknown quintet (p, z, R, Z, i) of functions defined on the
space-time cylinder Q1 = I x Q. academic bi-fluid system.
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Existence of multi- component model

m A. Vasseur, H. Wen, C. Yu,(2019) Global weak solution to the
viscous two-fluid model with finite energy, P(R, Z) = RY + Z”

m A. Novotny: Weak solutions for a bi-fluid model for a mixture
of two compressible non interacting fluids, 2019

m A. Novotny, M. Pokorny. Weak solutions for some
compressible multicomponent fluid models (2020)
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General boundary conditions- compressible case

Valli, Zajaczkowski (strong)

Novo (2005), Girinon (2010), Plotnikov, Sokolowski (2011) -
very restrictive assumptions

A. Novotny, B.J. Jin, T. Chang,H.J. Choe, M. Yang (general
inflow-outflow boundary data, on piecewise regular domains)

E.Feireisl, A. Novotny (2020)-full system

Young-Sam Kwon, Antonin Novotny (2020)-Construction via
a numerical approximation
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Definition
A quintet (p,z,R,Z,V = i — ug) is a bounded energy weak
solution to problem (14-16), if the following holds:

The quintet belongs to the functional spaces p,z,R,Z > 0 a.e. in
I xQ, (p,z,R,Z) € Cyear(l; LY(Q)) N LY(I; LY(0K; | dg - AdSx))
with some v > 1, v € L2(I; W, ?(; R3)),

(p+2)|V|? € L°(I; LX), P(R,Z) € L}(I x Q),

(p+ 2)T € Cyear(I; L9(R)) with some q > 1.

Sarka Netasova

On the problem of a Baer-Nunziato system



(Continuation of Definition)

m Continuity equations

fQ r(7,)p(7, ) dx — fQ ro(-)(0,-) dx + fOT frout rig - Ap dS,dt

= Jo Jo (rOep + rid- Vyp)dxdt — [§ [ri raip - A dS,.dt
(17)
are satisfied
for any T € [0, T] and with any ¢ € CX([0, T] x Q), where r
stands for p, z, R, Z.
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(Continuation of Definition)

m Momentum equation in weak formulation

m The energy inequality holds
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A quartet (o, 0, z, i) is a bounded energy weak solution to problem
(3-7), if the following holds:
moz>0ae inlxQ,
(0,2) € Cyeax(l; L7(Q)) N LY(I; L7(0K; |dg - A1dSk)) with
some v > 1,
a € L®(Q7) N Cueak(l; LY(Q))NL®(I x 0Q),0< a < 1,
V=0 — i € L2(I; W, 2 (2 R3)),
(o+2)[aP? € L=(1; L)), P(f(a)e. g(a)2) € L1(1 x Q)
(0 + 2)T € Cyear(I; LI(RQ)) with some q > 1.

Sarka Netasova

On the problem of a Baer-Nunziato system



m Continuity equations

Jo r(r ) dx — [ ro(-)¢(0, ) dx + fOT Jrous riig - Ao dScdt
= fo fQ (ratgo +ri- ngo)dxdt = fOT Jrin relB - ﬁlpdSXd(t :
18

are satisfied for all T € [0, T] and with any
¢ € CX([0, T] x Q), where r stands for o, z.
m Transport equation

Joa(r)e(r,-) dx — [q ao(-)e(0,-) dx + [5 Jr,. alp - ApdS.dt
= fOT s (oz(?tcp +ald - Vyp — gpozdivﬁ) dxdt
= fOT frin aglp - ApdS,dt
(19)
holds for all T € [0, T] with any » € CL([0, T] x Q).
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m weak form of Momentum equation
m The energy inequality holds
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Q is a bounded Lipschitz domain
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m Boundary and initial conditions:

O<rge Cc(R3)7 g € C‘}(R?’), )

r stands for p, R, Z, L. (20)
0<RyeLVQ), =2, ZyeLP(Q) if B>, (21)
(po + z0)|do|? € LX(Q).
(Ro,Zo)( ) S 6 FR(](X) o(X) < ER()(X), (22)
GZo(x) < 20(x) < GZo(x),
(Rs, Zg)(x) € O, FRg(x) < ps(x) < ERg(x),
GZg(x) < z(x) < GZg(x),
In the above 0 < F < F,0< G < G and
O:=(R,Z) € R?*|aR < Z < aR} (23)

with some 0 < a < a.
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m Domain

Q is a bounded domain with admissible inflow-outflow boundary
relative toug.
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Regularity and growth of the pressure function P:

P < CY(O)n C*(0), P(0,0) = 0. (24)
R'+7Z° 13 PR, Z)SR +2°+1in 0, (25)
0<dzP(R,Z) X R + R7Lin O with some (26)

16 (071]7 1 <7<7+7B0g

where
.2 ¥
Y = 27 B > 0, YBog = mln{gv - ]-a E}a

R X 0gP(R, Z) in O. (27)
H is convex on O. (28)
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Theorem

Under Hypotheses (20-28), problem (14-16) admits at least one
bounded energy weak solution in the sense of Definition 1.
Moreover, for all t € I, (R(t,x), Z(t,x)) € O,

FR(t,x) < o(t,x) < FR(t,x) and GZ(t,x) < z(t,x) < GZ(t,x)
for a.a. x € Q, and further for a.a. (t,x) € | x 01,

(R(t,x), Z(t,x)) € O, ER(t,x) < o(t,x) < FR(t,x) and
GZ(t,x) < z(t,x) < GZ(t,x). Finally, 0,z,R,Z € C(I; L}(Q)),
(0+ 2)T € Coear([0, T); L3711 (S R3)) and P(R, Z) € L9(I x Q)
for some q > 1 and

Z e Cweak([oa T); LB(Q))HUB(I? Lﬁ(aQ; ‘JB ’ ﬁldsx)) ifﬁ > .
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The one velocity Baer-Nunziato type system (3-8) and reads:

Theorem

Suppose that f,g € C1(0,1) are two strictly monotone and
strictly positive functions on interval (0,1) and that the boundary
conditions o, zg, U satisfy conditions (20). Let v > 2, 5 >0
and, in addition,

ag e C(Q), 0<a<ag<a<l, (f(ap)os, g(as)zs)(x) € O,

ap €L®(Q), 0<a<ay<a<l, (flan)eo,g()zo)(x) € O

0< g0 € L7(Q), 20 € L(Q) if B>, (00 + 20)|do|* € L}().
(29)
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Theorem

(continuation of Theorem)
Suppose that the domain Q2 is a bounded Lipschitz domain with the
admissible inflow-outflow boundary with respect to g, cf. (22).
Finally suppose that the pressure P and its Helmholtz function H
verify hypotheses (24-28). Then the problem (3-8) admits at least
one bounded energy weak solution in the sense of Definition 4.
Moreover, for all t € I, (f(a)o(t, x), g(a)z(t,x)) € O and
a < aft,x) < a for a.a. x € Q, and further for a.a.
(t X)EIXOQ (f(a)o(t, x), g(a)z(t, x)) € O and

< a(t,x) < @. Finally, o, 0,z € C(I; L1(Q)), z € Cpear(l;
Lﬂ(Q))mLB(/ LP(0Q; | - ﬁ]dS ) if B> 7,
(0+ z)d € Cpear([0, T); L7+1(Q,R3)) and
P(f(a)o, g(a)z) € LI(I x Q) with some g > 1.
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The main steps in our approach are the following:

m - develop the theory of renormalized solutions to families of
transport equations with non-homogenous boundary data.
m Passage (via renormalization) from the (two) continuity
equations to a pure transport equation.
m Passage (via renormalization) from the (two) transport
equations and a continuity equation to a continuity equation
and two consequences of these results
m Almost compactness of the ratio of two solutions of continuity
equations.
m Almost uniqueness of the solutions to the pure transport
equation.
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Step 1 Construction of a particular outer neighborhoods of
[in out and 0

we construct convenient outer neighborhoods /™ of I'® and of
each component [ C T/ |n particular, the projection
operatorP must be sufficiently regular on the outer
neighborhoods of components of [out/in,

Step 2 Extension of the density beyond the inflow boundary
Step 3 Extension of the density beyond the outflow boundary
Step 4., for TO.

Step 5. Continuity extended

Step 6. Generalization of the DiPerna-Lions

Step 7. Time integrated renormalized continuity equation (
T € L>®(I,L7) then T € Cyeax(/, L7).)

Sarka Netasova

On the problem of a Baer-Nunziato system



m From continuity to pure transport equation

m Almost uniqueness to the pure transport equation

m Almost compactness for the continuity equation
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m The main difficulty to pass to the limit in the non-linear
pressure term P(R, Z).

m Derivation of the effective viscous flux identity.

m Eliminating oscillations in the sequence of densities by using
the theory of renormalized solutions due to DiPerna-Lions
which must be modified to accommodate the non
homogenous boundary conditions and renormalizing functions
of several variables.
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Vasseur, Wen Yu (2019)

8:Z + div,(Zid) = 0, Z(0) = Z

8:R + div.(R@) = 0,R(0) = Ry

Or(R + Z)id) + divy((R+ Z)d ® &) + VP(R, Z) = div,xS(V« )
(30)

P(R,Z)=R"+ 2"

Almost compactness: Let (Ry, ty), (Zn, tp) satisfy continuity
equation, 0 < R, =, R, 0< Z, —, Z in L=(1,L%(Q)), i, = &
e L2(1, W, %(R)). Let 0 < sp,5 < C, 5,Rn = Zy, SR = Z then

-
/ Ra(sn — s)> = 0.
0
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Application:

'D(Rm Zn) = P(ansan)asn = Zn/Rn

P(Rn.snRn) = P(Rn, sRy) + [P(Rn, snRn) — P(Rnsn, Rn) P(Rn, sRy)]
= M(Rn, t,x) + 9-P(Rn, sn)Rn(sn — s).
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Passage from transform system to original system- to get pure
transport equation- (2020) Novotny, Pokorny (Almost uniqueness)

Let u e L2(1, Wy?(Q,R3)), 0< s; € L®(Q7),i = 1,2 be two
weak solution of pure transport equations (up to boundary). Then
si€ C(I,LY(Q)). Ifs1(0,.) = (0, .) then

for all T € 1,s1(7,.) = so(7,.)a.a.x € {p(r,.) > 0}

where p is any time integrated weak solution to the continuity
equation with the same transport velocity in the class

0<pe C(I, LX) N L2(Q7) N L>(I,LP(Q)),p > 1.
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a=f"Y(R/o) and & = g~1(Z/z) verify transport equation with
the same initial condition o and the same boundary condition ap.
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On existence of weak solutions to a Baer—Nunziato type
system-full system

M.Kalousek, S.N,



Problem (P):

Oray + vy -Vag =0,

Ot(axpy) +div(arpruy) =0,

Ot(axprus) +div(iarprur @ ur) + V (aLPBi(ps, d))

—PVay —div(asS(¥,Vuy)) =0,

Ot(axpres(py,?)) + div(iarpresr(pr,?)us) + div(iarge (¥, VD))
+asPi(ps)divur — arS(¥,Vuy) - Vur — Pi(vi —ug) - Vag =0,
ot +a_ =1,

Kwon, Y .-S. and Novotny, A. and Arthur Cheng, C.H.: On weak
solutions to a dissipative Baer—-Nunziato—type system for a mixture

of two compressible heat conducting gases, Math. Models
Methods Appl. Sci. 30 no. 8, 1517-1553, 2020.



qi(ﬁ, V’l9) = — Iﬁi(ﬁ)V’ﬂ,

S+ (¥, Vu) =p+(9) (Vu +(Vu)" - % div u]I> + s () div ull,

Ot(axpsss(ps, V) + div(arprss(pr, P)ur) + div (O%qi(ﬁ, Vﬁ))

o4 o+ 1
—ng(ﬁ,VUi) . Vui — qu -V — EP/(V/ — ui)(- V?i =
0.1



Kt =K, U+ =W, N+ =1, V| = Ut = U.

2
S(9, Vu) = p(9) <Vu +(Vu)" - 4 div u]I) +n(¥)divul. (0.2)
The pressures P :
b 4
’Bi(r, 19) = 579 + Pi(f,’lg),
The internal energies e

b
ei(r, 19) = 7194 + ei(r,ﬂ),
b - the Stefan-Boltzman constant in physics.



Py(r,9) = r’drec(r,d) + 90y Py(r, ). (0.3)
The specific entropies s4 are defined via
si(r,0) = 4—b193 + s(r, )
3r
and si satisfy
Oysy = 1819ei, OrSy = —i&gPi. (0.4)
9 r2
The relations (0.3) and (0.4) are equivalent to the Gibbs equations
Py
0,54 = ey — 2 V05t = Oge+ (0.5)
We introduce new pressure functions Py via

Pi(fi(ai)air,ﬂ) = aiPi(r,ﬂ) (0.6)

with some functions fL whose properties will be specified later.



=04, p= &P, Z:(]_—Oé)p_

da+u-Va=0,

Orp + div(pu) =0,

Oz + div(zu) = 0,

0 ((p + z)u) + div ((p + 2)u © u) +

+V (20% + Py (fr(@)p, ) + P_(f-(1 — @)z,9)) = div(S(9, Vu)),
O (,05+ (£,9) + zs_ (ﬁ,ﬂ) +)

+div ((psy (8.9) + 25— (25.9) ) )
—div @Vﬁ) =1 (S(ﬁ,vu) Vu— @sz)







The system is endowed with the initial conditions

a(07 ) = Qp, p(07 ) = Po; 2(07 ) = 20, (p—‘rZ)U(O, ) = (p0+ZO)U07 19(07 )
(0.7)
and with the boundary conditions

Vid-n=0o0n(0,T)x 0N (0.8)

and either

u-n=0and S(¥,Vu)nx n=0o0ru=00n (0,T) x 0 (0.9)

for the case of the complete slip, the no slip respectively.



ex(r, ),
si(r 19).

ei(fi( i)air 19) =
Sj:(f:t( i)air 79)

1
fr(at)

(0.10)

fr(ax)



Introducing the changes of variables vt = £, (a)p = fi(a)ap+,
s=fL(l—a)z=7F(1-a)(1—a)p-




b
e-‘r(ta «, 19) :;194a + e-‘r(tv 19)7

e—(3,,9) ::194(1 —a)+e_(3,7),

2 (0.12)
5+(t7 «, 19) :§ﬂ304 + s-‘r(tv 19)7

4b 3
s-(p.000) =3 (1~ ) 45 (3.0).

The Gibbs relations for quantities s+, e+ and P+ have the form

P
0 €4+ = 90 S+ + 819€+ = 198@54.

P (0.13)
Oye_ = V035 + — 2 , Oge_ = Y0ys_.



T =p+zand P(t,3,9) = 30* + Py (v,9) + P_(5,9)



0+& + div(&u) =
O¢e + div(
Or3 + div(3
Ox +div(Xu) =
Ot (Zu) +div(Zu® u) + VP(r,3,9) = divS(d, Vu) =

Tu

u

— ~— — —

O ((vs+ (t,9) + 35— (3,9)) u) + div ((vs4 (v,9) + 35_ (3,9)) U @ u)
+div (“Ej)w) —% <S(19,V ). vus 5 )|wr2> _

(0.14)

in Qr

9

9

)

0
=0
=0,
0
0

)



with initial conditions

4
: 2?198 + aop+,0005+(p+,0,Y0) + (1 — ao)p-
(0.15)

and boundary conditions

Vi -n=0, u=0oru-n=0and (Sn) x n=00n (0, T) x 09.



Regularity of initial data

9
To € Ler(Q)a’er > 57 /to >0, 30 € L’Yi(Q) if V= 2 Vs
Q

/3o>0,
Q

(t0>30)(x) € @7
(vo + 30, 20)(x) € Op 5, (v0, &0)(x) € Oy 5 for a.a. x €
1 |(Zu)of? 1 4 2
(Xu)o € LY (), . € L*(Q2),90 € L*(Q),log ¥g € L7(Q),
0
vos 4 (t0, o) + 305 (30,0) € LY(),

toe (vo, Yo) + 30¢— (30, %0) € L1(Q),

©,5={(r,z) eR?*:r € (0,00),ar < z < ar} (0.16)
0<a<a<oo,0<b<b<oo0<d<d< .



Transport coefficients 1,1,k € C1([0,00)) satisfy

c 1 +9) < p®) <1 +9), (0.1
0 < (W) <e(1+9), 0.18)
T 1+9) < k(W) <1 +9)% B> - (0.19)



Structure and regularity of pressure, internal energy and specific
entropy
(0.11).

Regularity
P, es € C([0,00))NC3((0,20)%), P+(0,0) =0, e+(0,0) = 0;
Thermodynamic stability conditions

O P1(r,9) >0, dgex(r,¥) > 0 for all (r,9) € (0,00);
(0.20)

Structure of specific entropy
s+(r,v) =5 logy — 5y logr+ 34(r,9) (0.21)

for some constants 5,5+ > 0;



Structure of the pressure, the precise meaning of (0.6)
There are fr € C1(Iy;[0,00)"V*), Iy = [a,@], I =[1 —@,1 —q],
N+ € N and Py : [0,00)2 — [0, ) such that

aiPi(r, 29) = Pi(fi(ai)air,ﬂ) forall ag € I, r € [0,00),19 > 0.
Moreover, the function p : [0,00) x [a,3] x (0,00) — R defined as
p(r, ¢, 0) = Py(r,0) + P_(r(,9)

is for any (¢,?) € [a,3] x (0,00) a nondecreasing function of r on
[0, 00).



Growth conditions for the pressure functions, the internal energies
and the specific entropies

Growth conditions for the internal energies e,

T (rE1-1) < ey (r,9) < T(PME14dS0%%) for all (r,9) € (0, 00)

J

(0.22)
where v > 0 and w§ > 0 satisfy
1 e
—+
1 +
We denote v = max{7y,7-} > 75 where 7 solves
295 1 1 8
-1 - — = 2 with = =.
’yg+m|n{ 3 75<2 Pﬁ)} with pg 5+3
(0.23)

Let us notice that 75 € (%,2).



Growth conditions for the specific entropies 44

91| < T(rEL 4 di9e%) for all (r,9) € (0,00)%,  (0.24)
where 7%, w3 > 0 and v = max{y35,~° },
w® = max{diw?, d>w? } obey

w8
4 -1 6

Growth conditions for the pressures P

T = —1) < Po(r,9) < (= +dfrEe<E) for all (r,9) € (0, 00)
(0.25)

where v£, wf > 0 and 4F = max{df~F, dP~F},

wP = max{dPwf, dPwF} obey

P P
W

T 2 <

Y P3



If v =73 we assume that
p(p,¢,0) = m(¢,9)p" + 72(p, ¢, ) (0.26)
for some m € L*°((a,3) x (0,00)) such that
essinf(,3)x(0,00) ™ > ™ >0

and some 2 € C([0,00) X [a,3] x [0,00)) such that the
mapping p — 2(p, (,¥) is for all ({,1)) continuous and
nondecreasing on [0, c0).Growth conditions for the entropy
and the internal energy variations

r10,0:1(r,0) <e(rE 4 M1+ L0, (0.27)
r|dgs+|(r,9) <e(1 4 r" )(1 4 d9)”, (0.28)
0esl(r.9) <<+ TN AT (029)
r|0ge+|(r,¥) <¢(1+ )(1 + de gy (0.30)
for all (r,?) € (0, 00)2.
O



In the above inequalities we consider ['* € [0, 1), e (0,9),
? € (0,7) such that

rar I'a 7 +1
max{l } < 1, L9 +
v PB 7 Ps

<1,

where the supersript a stand for e and s, W% = max{djw?, d?w? },

. [2 1 1
¥=7+7B0G: 7BoG =minq >y —1, |5 ——|vp. (031)
3 2 ps



Growth conditions for the pressure variations

10,P|(r,8) <e(r™ T+ /T 1YL+ dho)

. » (0.32)
0P +|(r, ) <c(1+r)(1+0)"*

for all (r,9) € (0,00)? with some ['¥ € [0, 1), e (0,7),

P € (0,7) such that

mMUPF} <1r?+@P+1
¥ % ¥ Ps

<1,

where @” = max{df&h, dP&P}, &F = max{dfoFf, dP&P} and 7
is given by (0.31).



The quintet («, p, z, u,?) is a bounded energy weak solution to
original problem if

(a, p, z, u,19) possesses the following regularity

(p,Z,Oé) < CW([Ov T]' L'Y(Q))a

(p,2)(t,x) € Oz3, a<a<aforallt [0, T] and a.a. x € Q,
u € L2(0, T; W2(Q)), (p + 2)[uf® € L(0, T; L1(Q)),

(p+ 2)u € Cu([0, TI; L9(),

P+(f+(0£)p, ﬂ)a P—(f—(l N 06)2719) = Ll(QT)a

9 € 120, T; L4(Q)) N L2(0, T; W2(Q)),

log® € L?(0, T; W12(Q))

with some v,q > 1.



(continuation)

The continuity equation

/Q ro(t) - / 1o (0 / / (@) +u- V) (0.33)

is fulfilled for any t € [0, T], 1> € C*([0, T]x Q) with r standing
for p and z.

The transport equation

/Qawt) /aow // (0o + u- Vi) — adiv up)

B (0.34)
is fulfilled for any t € [0, T], 1 € C}([0, T] x Q).



The momentum equation

Ja(p + 2)up(t) — inta(po + 20)uop(0) =

I Jolp+2)u-8o+(p+2)u®u- Vo

+ (89* + PL(fr(@)p,9) + P_(f-(1 — @)z, 9)) div p—
S(9, Vu) - Ve

(0.35)
is fulfilled for any t € [0, T] and ¢ € C([0, T] x Q), where
either p =0 or¢-n=0on (0, T) x 0Q;



The energy equality

Jo (3o + 2)lul? + pes (£.9) + ze (£25.9) ) (©

= |5 ( po + z0)|uo|® + poes (p 190) + zoe— (1 et 190))
(0.36)
holds for a.at € (0, T);



The balance of entropy holds in the following sense: There is
€ (C([0, T] x Q))* such that

<a,¢>>2/OT/Q(119S(19,V vu+()yw|2> (0.37)

for any ¢ € C([0, T] x Q), ¢ > 0 and

Joo (s (8,9) + z5- (fﬂ))sﬁ
Jo Ep (8:90) + 25— (i25.00) ) 400
— Ji Ja ((po+ (2.9) + 25 (Z5.9) ) ( rww

09 . V¢ + (a¢, B),

(0.38)



where we denoted

(0e, ) = /[o,t]m At )

and ji, is the unique Borel measure associated to o by the Riesz
representation theorem.



The sixtet (§,v¢,3, X, u, V) is called a bounded energy weak solution
to (0.14) if

&v,3,~>0ae inQr, t,3,X € C([0, T]; L7(Q2))
for some v > 1,
(taa)(tvx) € (9§,§a (t+3a Z)(t,X) € (9975,
(v,O)(t,x) € Oy forall t € [0, T] and a.a. x € Q,
u e L2(0, T; WH2(Q)), P(x,3,9) € LY QT),
Y |ul?> € L=(0, T; LY(Q)), Zu € Cu([0, T]; LY(Q)) for some q > 1,
¥ € L(0, T; L*(Q)), 9, logd € L2(0, T; WL2(Q));

(0.39)



The continuity equation

/Q ro(t) - / rot0(0 / / () +u- Vi) (0.40)

is fulfilled for any t € [0, T], v € CY([0, T] x Q) with r standing
for £,¢,3 and X;




The momentum equation

Ja Zup(t) — [o(Zu)op(0) =

Js Jo(Zu-0p + Tu® u- Vi + P(x,3,9) divp — S0, Vu) - V)
(0.41)

is fulfilled for any t € [0, T] and ¢ € C([0, T] x Q), where

either o =0 oro-n=0 on (0, T) x 0Q;



The energy equality

/Q (;Z“"z + 8(@3,19)) (1) :/Q <|(22;)00|2 + €(t0,307190)>
(0.42)

holds for a.a t € (0, T);



The balance of entropy holds in the following sense: There is
o€ (C([0, T] x Q))* such that

/ /( (¥, Vu) - VU+()yw|2) (0.43)

for any ¢ € C([0, T] x Q), ¢ > 0 and

fQ S(taﬁaﬁ)qb(t) - fQ CSj(thZO,ﬁO) ( )
Js Jo (8(6:3,9) (866 + u- V) — V9. V6) + (0, 6),
(0.44)




where we denoted

(0e, ) = /[o,t]m At )

and ji, is the unique Borel measure associated to o by the Riesz
representation theorem.



Theorem

Let T >0, Q c R3 be a bounded domain of class C? and the

hypotheses. If v = 7 we assume m + 55 addltlona/y, where

g and pg are defined in (0.23). Then prob/em (0.14) admits at
least one bounded energy weak solution in the sense of
Definition 0.7




Theorem

Let T >0, Q C R3 be a bounded domain of class C?. Suppose
that f,f_ : [0,1] — [0, 1] are continuously differentiable, strictly
monotone and non-vanishing on [0,1]. Let vy > %, v_ >0

0<po(x), 0<a<ap(x)<a<l,

(f(c0)po, F~(1 — ap)zo)(x) € O, 3 for a.a. x € Q,

ag € L2(Q), po € L(Q), [qpo>0, z0 € L7~ (Q) ify— > v4,
fQ 7o > 0,

(po + z0)|uo|? € LY(RQ), V0 € L*(Q), logJ € L2(Q),

POS+ <p0 190) + zps_— <1_0 190) & Ll(Q),

2 o) e [1(Q)

poey ( 190) + zpe_ (

(0.45)
be given.



Let the hypothesis (H) be satisfied. If v = ~g we assume

TIH + i < % additionaly, where 73 and pg are defined in (0.23).
Then original problem admits at least one bounded energy weak
solution in the sense of Definition 0.1.




Scheme of proof:

Solving the regularized form of (0.14) with two small
parameters € > O characterizing the dissipation in all continuity
equations and § > 0 characterizing the artificial pressure in (0.14)s
and the balance of internal energy is considered instead of the
entropy production equation (0.14)s.



(1) The existence of solution to the approximate problem is shown
via the Faedo — Galerkin scheme in the spirit of monofluid
situation.

(a) First, a solution to the Faedo- Galerkin approximation of the
regularized momentum equation is shown to exist locally in time by
the Schauder fixed point theorem. (b) Next, deriving suitable
uniform estimates of the solution allows for extending the solution
to the whole given time interval. (c) Then the balance of internal
energy is converted to the entropy production equation provided
that the approximate tempera- ture is positive. Eventually, the
limit passage to infinity with the Faedo-Galerkin parameter is
performed.



(2) Performing the passage ¢ — 0+, i.e. letting the artificial
viscotity in continuity equations tend to zero, (improved uniform
integrability of a density approximation sequence, the compen-
sated compactness arguments for showing the compactness of
temperature approximations, the almost compactness of the ratio
of density approximations and a variant of the effective viscous flux
identity.)

(3) Performing the passage 0 — 0+, i.e. letting the artificial
pressure term in the momentum equation tend to zero, follows the
same procedure as in the previous step with minor differences
caused by a lower exponent characterizing the uniform integrability
of density approximations.



Multi-component FSI problem
M. Kalousek, S. Mitra, 5. N.
Modelling assumptions

@ Flow of a viscous compressible two-fluid model with a pressure law
depending on both fluid densities.

@ A shell of Koiter type located at the fluid boundary.

@ Simplifying assumption: The shell moves only in the normal direction to
the reference domain.

@ The fluid-solid interface is supplemented with adherence type condition.

r




The model we consider

9(p) +div(pu) = O,
0:(Z) +div(Zu)= 0
= div

Momentum balance: { 9 ((p + Z)u) +div ((p+ Z)u @ v)

Continuity equations: {

S(Vu) = VP(p, 2)
Dynamics of the structure: { 20— CoOAn+K'(n)=F-v, in(0,T) xT

F = (=(S(Vu) = P(p, 2)I3) - vy) 0 pn|detDpys, in (0, T) x T
where
Yu+Vu"

S(Vu) = 2“(# - %div u]I3> + Adiv uls

and

on(x, t) = o(x) + n(x, t)r(p(x)) for x € T.
Q is a reference domain, whose boundary is parametrized by a C* injective
mapping ¢ : I = R?, 1 € (asq, bag)

Continuity of velocities at the interface: { u(t, oy (t,x)) = den(x, t)r(p(x)) on T x [
Supplemented with initial condition:

(p7 Z7 (p + Z)Uﬂ?: afn) = (p07 ZO7 (PO + ZO)UO,’I]Q, 771)



Some comments on the structure of the pressure and the

Koiter energy

Some assumptions on the structure of pressure and initial density:

@ For some 0 < a < 3@ < 0o we assume
(p0, 20) € O, ={(p, Z) € R?| p € [0,00), ap < Z < 3p},

°
forall (p,Z) € 0., C(p"+2° —1) < P(p,2) < C(p" + 2" +1)
with some v > 2, 8 > 0 and positive constants C, C and
for all (p,2) € Os, [92P(p, Z)| < C(p" + o)
for some k € (0,1] and & € [1,5),5 = max{Y + Ybog, B + Bbog }-
o
Z ifp>0,
P(ﬂf pS) = P(p7 5) - R(p7 5)7 s = P .
0 ifp=0.

where [0,00) 5 p — P(p, s) is non decreasing for any s € [0, 3] and
|J suppR(-,5) C[0,R], sup [ R(:,s)llc2qpom < o0
s€0,3] s€[0,3]

@ the function p — P(p, Z),Z > 0 and the function Z — 9zP(p, Z),p >0
are Lipschitz on (Z/3,Z/a) N (r,0), (ap,ap) N (r,00), respectively.



Example of such a pressure and Koiter energy

A typical example of pressure:

M
P(p.Z)=p" +Z° + Fi(p,2),
i=1
where
Fi(p,Z) = Cip"Z%, where 0 < r; <7, 0< s <f, ri+si <max{v,3}, G >0.
Very roughly the elasticity operator:

h3

(K'(n), b) = ﬂ/r (A(W(W)V%) (7 )bV n)+AF(M) V) - (W(n)VQb)>+L-0~T~

YV be WP, p>2.

h: thickness of the structure, A : elasticity tensor
F(n) : a second order polynomial in 7.
For details we refer to:
P.G. Ciarlet: Mathematical elasticity, Vol IlI.



Weak formulations and main result

Comments on weak formulation:

/t/ S)(p+Z)u»8f¢+/t/ ((p+Z)u®u).v¢/Ot/nn(s)S(vU)-w
+f / P(p,Z dw¢>+/mramat /t<K’(n),b>+</t/ratvwb
:/Qn(t)(erZ) / Moo (0 /aﬂl(t )b(t, /rﬁlb(o")

for all t € [0, T],

(¢,b) € C=([0, T] x R®) x (L>°(0, T; W>*(I')) n WH>(0, T; L*(I')), with
trs, ¢ = bv and trs, u = Omv.
where the trace try, is defined roughly as:

trs, ¢ ~ ¢onvon .

Please notice that:

@ The stress tensor due to the fluid does not appear at the interface in the
weak formulation.



Apriori estimate and functional spaces

A formal energy inequality

/Qn(t) <%(P+Z)\u\2+Hp(p7Z))(t7.)+//
+</ |9en* + K(n >+C// 0

<[ Gty + Hp(po,zo)) v (5 [im+ k)

holds for a.a. t € /.
We expect to solve in the frame-work:

p € Cu([0, T]; L7(24(1))), Z € Cul([0, T]; L7 (2(1))),
u e L%(0, T; WH9(Q,(t))), g <2, (Korn inequality in uniformly Holder domains)

n € L=(0, T; W»(I)) N L2(0, T; W*2T7(T")) for 0 >0
(Coercivity of K(n) in W23(I')),

9 € Cu([0, T]; L2(N)) N L2([0, T]; W2(T)), for o > 0.



The central result at a glance

Case I: Let max{v, 8} > 2, 0 < min{~, 8}, the dissipation parameter (=0,

p0,Z0 >0, po,Zo #0ae in Qyy, po€ L), Zo€LP(Qy),
Mo = (po + Zo)uo € L' (o), (po + Z0)|uol* € L' (Qng), mo € W2*(T), m € L*(T),
+compatibity between intial velocities.

Case II: Let max{~, 8} > 2, 0 < min{~, 8}, the dissipation parameter { > 0,
Conclusion:

Existence of at least one weak solution.
Moreover, one of the following holds:

@ T = +o0,

0 T <ooif
(a) Q,(s) approaches a self—intersection as s — T,

(b) the Koiter energy degenerates, i.e., lims_, 7 ¥(n(s,y)) = 0 for some
yer.

Further in Case II:

u e L2(0, T; WH(Q,(1))), n € WH?(0, T; wh3(I)).



Thank you for your attention



