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® Typical model: Cahn-Hilliard-Navier-Stokes system (Model H)
0
a—f +  u- Ve =div(¢*(1 — ¢*) V)
p=—7A¢+ f(¢)

N + (u- V)u = div(n(¢)Du) — Vp + Vou
div (u) =0
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® Typical model: Cahn-Hilliard-Navier-Stokes system (Model H)
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Figure: Simulation: Standard phase separation model
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Replacing one component by a polymer introduces new effects (transient gel)

1Tanaka: Viscoelastic phase separation, J. Condens. Matter Phys., 2000
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Replacing one component by a polymer introduces new effects (transient gel)
® Dynamic asymmetry of the components (slow and fast components)

1Tanaka: Viscoelastic phase separation, J. Condens. Matter Phys., 2000
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Phase separation of a polymeric fluid

Replacing one component by a polymer introduces new effects (transient gel)

® Dynamic asymmetry of the components (slow and fast components)

® Relaxation effects for polymer and solvent on different timescales
viscoelastic relaxation in pattern formation =

L Tanaka: Viscoelastic phase separation, J. Condens. Matter Phys., 2000
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Phase separation of a polymeric fluid

Replacing one component by a polymer introduces new effects (transient gel)

® Dynamic asymmetry of the components (slow and fast components)

® Relaxation effects for polymer and solvent on different timescales
viscoelastic relaxation in pattern formation =

® Transient network structure of slow phase
= Flow through a porous medium (polymer network)

® Tanaka® proposed a concept of viscoelastic phase separation

L Tanaka: Viscoelastic phase separation, J. Condens. Matter Phys., 2000
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Experiments(PS/PVME) and simulations

Time =170

Ny s

Top: Tanaka's real experiments, Mid: 2D simulation, Bottom: 3D simulations
via variational methods.
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Literature overview

® Elliott, Garcke ('96) ... CH with degenerate mobilities

® Ables ('09) ... CH-NS

® Abels, Depner, Garcke ('13) ... CH-NS with degenerate mobilities
® Abels, Garcke, Grin ('12) ... two-phase model, different densities
® Cancés et al. ('19) ... CH as constrained Wasserstein gradient flow

® Griin, Metzger ('16) ... micro-macro models two-phase, dilute polymers
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® Barrett, Boyaval ('09) ... existence, regularized Oldroyd-B

® Barrett, Siili ('12-'18) ... existence diffusive Oldroyd-B

® Lei, Masmoudi. Zhou ('05) ... blow-up criterion

® Chupin ('18) ... strong sols.

® Constantin, Kriegl ('12) ... global regularity in 2D

® Geissert et al. ('12) ... strong sols.

® Lu, Zhang ('18) ... relative energy

® Zhang, Fang ('12) ... global strong sol. in critical L? spaces

® Bathory, Buli¢ek, Mélek ('24) ... existence, NSF & Johnson-Segalman
stress-diffusive viscoelastic model

® Buli¢ek, Malek, Prasa, Sili ('21) ... incomp. heat-conducting stress-diffusive
rate-type model

® Buli¢ek, Los, Mélek ('25) ... 3D Giesekus models

M. Lukagova -Medvid'ova (Johannes Gutenberg University of Mainz): Analysis and Numerics of Viscoelastic Phase Separation



¢ polymer volume fraction ((1 — ¢) solvent volume fraction

q bulk stress related to polymer effects

o viscoelastic stress

u volume-averaged velocity of polymers and solvents



¢ polymer volume fraction ((1 — ¢) solvent volume fraction)
® ¢ bulk stress related to polymer effects
® o viscoelastic stress
® u volume-averaged velocity of polymers and solvents
Variational principle: minimizing the total energy

1, 1 1, 5 d
= — — — _ <
E F(¢) + /2q + /2Tr(a) + /2|u|, th < 0

o F(¢) ... free energy



® ¢ polymer volume fraction ((1 — ¢) solvent volume fraction)

® ¢ bulk stress related to polymer effects

® o viscoelastic stress

® u volume-averaged velocity of polymers and solvents
Variational principle: minimizing the total energy

1, 1 1, 5
= — — — _ <
E F(¢) + /2q + /2Tr(a) + /2|u|, th < 0

o F(¢) ... free energy

F) = [ 1(6)+ Voo




Viscoelastic phase separation | [Zhou, Zhang and E ('06)]

¢ polymer volume fraction ((1 — ¢) solvent volume fraction)
q bulk stress related to polymer effects

o viscoelastic stress

u volume-averaged velocity of polymers and solvents

m(o) n(¢)
Bip+ u-Ve=div(¢*(1 - ¢)> Vu) — div(s(1 — ¢) V(A(¢)q))
n=—colA¢+ f'(¢)
. ()
@it A(9)A(A(4)g) — A(@)div(¢(1 — ¢) Vi)
oiu+ (u-V)u= dlv(n(é)Du)
div(u) =0

Tb

- Vp+dive —div(7Ve ® Vo)

o+ (u-V)o = (Vu)o +o(Vu) "

1
X0 o + B(¢)Du

Ploacwa) = [ JIV6F 4 160+ Gl + Gl + (o)
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Viscoel. phase separation Il [Brunk, ML (Nonlinerity '22)]

Bip+ u-Vo=div(m(¢)Vu) — div(n(¢)V(A(¢)q))
p=—yA¢+["(9)

Qg+ u-Va=-—sg+ A6)A(A0)) - AG)div(n() Vi) +e1Ag
dru+ (u- V)u = div(n(¢)Du) — Vp + div tr(C)C — div(7V¢ ® V¢)
div (u) =0

8,.C+ (u-V)C = (Vu)C + C(Vu) " — h(¢)tr(C) [tr(C)C — I] + £2AC

e viscoelastic stress tensor T=tr(C)C -1

E(¢,q,u,C) = / %\V¢|2 + f(¢) + %\qu + %|u|2 + itr (tr (T) —2In C)
Q

E(t) + /t D(s) ds < E(0)
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e additional energy functional (Lyapunov functional)
1 1 1
E= / IV +7(@) + glal* + Sluf* + ZICP° dx
Q

with energy dissipation

E(t) +/ D(s) ds < E(0)
0



e additional energy functional (Lyapunov functional)

= [ 39 4 5000+ gla + g+ IO ax
Q

with energy dissipation

E(t) + / D(s) ds < E(0)
0

v [ (V@i viaen)  civa i
0 Q

v t [ 755+ FIVCE + JHOm(CPICE - Juen(O)? = B
NEORE 2 2
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@ Existence of solutions

@ Uniqueness of solution
@ Solution depends continuously on data




@ Existence of solutions — weak solutions
@ Uniqueness of solution
@ Solution depends continuously on data

There exists at least one global weak dissipative solution, in two space di-
mensions, which satisfies the integrated energy inequality.




Regular case
® All parametric functions are continuous and positively bounded
® A(s) is allowed to be zero somewhere
® mobility functions m(s), n(s)

0 <mi1 <m(s) =n(s) <1,

® mixing potential f(s) is polynomial (Ginzburg-Landau) potential,
eg f(s) = (s —1)%s>



Existence/ regular & singular case

Regular case
® All parametric functions are continuous and positively bounded
® A(s) is allowed to be zero somewhere

® mobility functions m(s), n(s)
0<mi <m(s) =n(s) <1,

® mixing potential f(s) is polynomial (Ginzburg-Landau) potential,
eg f(s)=(s—1)%

Singular case
® mobility functions m(s),n(s) = 0 if and only if z € {0,1}

m(s) = n(s)?

® mixing potential  f(s) is logarithmic (Flory-Huggins) potential
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Weak solutions

» Brunk, ML (Nonlinearity '22)

For given initial conditions
(o, qo, 10, Co) € [Hl(ﬂ) X L2(Q) x L2(Q) x (L2(Q))2*?

there exists a global weak solution of the regular problem with

6 € L™(0,T; H()) N L2(0, T; H(Q)), 8¢’ € L2(0,T; H}(Q))
we 10,73 L2() N (0, T; He 0 (), ‘?; L3(0, 5 Hy ()
9q 0C

C,q e L™(0,T; L*(Q)) N L*(0, T; H*(Q)), 55 C L5(0,T; H(Q))

pe L*(0,T; H (Q)),

which obey the energy inequality
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@ Existence of solutions 2D v/
@ Main problem

5 [VuC + O(Vw)™] : C# t(C)C : Vuin 3D



@ Existence of solutions 2D v/
@ Existence of solutions in 3D:
© Main problem

% [VuC + C(Vu)"| : C # tr(C)C : Vu in 3D

@ We only have

%tr(C)tr [VuC + C(Vu)"| =tr(C)C: Vu



Existence of global weak dissipative solutions

@ Existence of solutions 2D v/
@ Existence of solutions in 3D:
© Main problem

% [VuC + C(Vu)T] :C #tr(C)C: Vuin 3D

© We only have

%tr(C)tr [VuC + C(Vu)"| =tr(C)C: Vu

@ Existence, regularity & weak-strong uniqueness for the Peterlin model in 3D
... Brunk, M.L., Lu: Commun. Math. Sci. 2022

@ Extension to a reduced viscoelastic phase separation model in 3D
. Brunk: DCDS 2022
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@ Uniqueness of solution — weak-strong uniqueness

@ Solution depends continuously on data — stability estimate




@ Uniqueness of solution — weak-strong uniqueness

@ Solution depends continuously on data — stability estimate

Let E(z) be a convex energy, then the relative energy is given by

E
£(212) = E(2) — B(3) — <‘f5—z(z), . z>
® for non-convex double-well potential add a penalty term
e fis \ -convex if f(z) 4 A|z|? is convex for some A > 0
® ford=2

£(212) = / V@ = DI+ £(8) — 1) ~ £ ()6 - 9)
Q
a s, 1 a2, 1 c2 1 A2
+ 20692+ 2la—al*+ glu—af + 10~ ©
o> X :=max{y,y—min f"}



Relative energy

» Relative energy

@ Uniqueness of solution — weak-strong uniqueness

@ Solution depends continuously on data — stability estimate

» Weak-strong uniqueness [Brunk, ML (ZAMM 2022)]

Compare a weak solution z with a more regular (strong) solution £ starting
from the same initial data

£(2|2)(t) + D(t) < c(t)€(2]£)(0) =0

D= / /\n<¢>wfﬂ)fV(A(¢>(qfq))|2+i|q—4\2
o Ja 7(9)
+e1|V(q— @) +n(6)[Dv - D¥[* + Z|V(C - )
+ h(¢)®(tx(C))tx(C)|C — C|*dz dt’

— z = 2 weak-strong uniqueness
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Compare a weak solution z with arbitrary functions 2:

t 5
E(=12)(t) + D(t) < e E(2]2)(0) + Ce) / > Il
0 =1

e residuals r; study parameter changes, asymptotic limits, coarse-graining errors for
a hierarchy of models (relative entropy) and convergence of numerical schemes



® rigorous error estimate for the Cahn-Hilliard equation through the

relative energy:
Brunk, Egger, Habrich, ML: M2AN'23

£G12) = [ V0= 9P +£6) - F@) - I o-d)+ 1o - 3F



Error estimates |

® rigorous error estimate for the Cahn-Hilliard equation through the
relative energy:
Brunk, Egger, Habrich, ML: M2AN’23

£G12)i= [ VG0 + 10)- £&) - F@)6-d)+ 510 - o

® periodic BC, second order conforming finite elements
® Cranck-Nicolson-type in time

M. Lukagova -Medvid'ova (Johannes Gutenberg University of Mainz): Analysis and ics of Vi lastic Phase Sep:




Error estimates |

® rigorous error estimate for the Cahn-Hilliard equation through the
relative energy:
Brunk, Egger, Habrich, ML: M2AN'23

£G12)i= [ VG0 + 10)- £&) - F@)6-d)+ 510 - o

® periodic BC, second order conforming finite elements
® Cranck-Nicolson-type in time
® Let (¢, 1) be a regular periodic weak solution with ¢g € H3() s.t.

¢ € H*(0,T; H'(Q)) n HY(0,T; H*(Q)),
p€ H*(0,T5 H'(Q)) N L=(0,T; WH(9)),

and let (¢y, -, up, ) be a solution of FEM.
® Then

H%%Xndth(tn) - ¢(tn)||H1 + Hﬁhﬂ' - IITLHL2(O7T;H1) < CT(h2 + T2)
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e error estimates for Navier-Stokes-Cahn-Hilliard system:
Brunk, Egger, Habrich, ML: M3AS 2023
e Taylor-Hood (P2/P1) finite elements for the velocity and pressure

o P2 finite elements for ¢, u
® two-, three-dimensional model, periodic BC



Error estimates |l

e error estimates for Navier-Stokes-Cahn-Hilliard system:

Brunk, Egger, Habrich, ML: M3AS 2023

e Taylor-Hood (P2/P1) finite elements for the velocity and pressure
e P2 finite elements for ¢, u

® two-, three-dimensional model, periodic BC

Let (¢, u,u,p) is a regular sol., s.t.
¢ € H*0,T; H'(Q) N HY(0,T; H*(Q)), pe€ H*(0,T; H'(Q)) N L*(0,T; H*(Q)
ue H*0,T; H'(2)) N H'(0,T; H*()), p € L*(0,T; H*(2)) N H?(0,T; L*(€2).

Then

||¢h,7’ - ¢||Lf°,H} + Hﬂh,T - IJHL?,H} +

wn e =l s+ [ =0 e < CT)H +72)
... p.w. constant projection in time on (", ¢"*1)
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Error estimates ||

e error estimates for Cahn-Hilliard model with bulk stress ¢:
Brunk, Egger, Habrich, ML: ArXiv 2024

e P2 finite elements for ¢, i, q

e two-, three-dimensional model, periodic BC

® let (¢,u,q) is a regular sol., s.t.

¢ € H*(0,T; H'(Q)) N H*(0,T; H3(Q)),
p € H*(0,T; HY(Q)) N L=(0,T; W3(Q)) N L2(0, T; H3(Q))
q € H*(0,T; H(Q)) N L>=(0,T; Wh3(Q)) N L*(0,T; H3(Q))

| pn,» — ¢HLt°c,H;; +llgnr — q“LfO,Lﬁ + Hﬁh,fr - ’BHLf,H; +
thﬁ - QHLf,H; < C(T)(h2 + 7-2)

G ... p.w. constant projection in time on (¢",¢t"*1)
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Cahn-Hilliard eq.

- potential f(¢) = 3(¢log(¢) + (1 — ¢)log(1 - ¢) + 36(1 - ¢))
¢o(x,y) = 0.1sin (47z) sin (27y) 4+ 0.6

t=0 t=0.1 t=0.15

: :
0.068

. 0.066
.4 0.064

0 02 04 06 0.8

t=0.2 t=0.76 energy




Table: Errors and convergence rates for the semi-discrete and fully-discrete
approximations

k|| en | eoc || Chr | eoc
0| 5.9075-107F | — [ 59426-1071 | —
1] 1.7016-10"* | 1.80 || 1.7109-107* | 1.79
2 || 4.3761-1072 | 1.96 || 4.4155-1072 | 1.95
3 || 1.1038-1072 | 1.99 || 1.1251-1072 | 1.97
4 || 2.7658 1072 | 2.00 || 3.3468-1072 | 1.74



- Cahn-Hilliard and g-equation
initial data:

¢o(z,y) = 0.25 cos(2mz) cos(2my)+0.5,  go(z,y) = 0.01sin(27z) sin(27y).

v=10"3
M(¢) = [As - (1= d)] +5, f($) = (¢ — 0.95)%(¢ — 0.05)%,
7(¢p) = 102(1042 + 10~%), and

A(¢) =5-107% - [1 + tanh(5[cot(r¢™) — cot(m¢)])]

with ¢* = [, ¢o denoting the total mass



Error ji

Error ¢ o

10" 107 a 2
mesh size h 10 10
mesh size h

Error g Combined Error

0"
o
o

107

107 107 107 107
mesh size h mesh size h

Convergence rates for the errors in ¢ (top left), i (top right), ¢ (middle left), g
(middle right) and the combined error (bottom) for different ¢



Viscoelastic separation

- Cahn-Hilliard and ¢-equation

initial data:
do(x,y) =04+ &(2,y), qo =0, &(x,y)~U[-0.0025,0.0025]
y=e=107% f(¢)= (¢ —0.95)*(¢ — 0.05)

[1+ tanh(10[cot(m¢*) — cot(m@)])], ¢* = /ch)()

t=1

Q| BAEN|
S 'i“
09 s kel

Snapshots of the volume fraction @ with pure Dhases at ¢6=0and 6 =1
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x1071%
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0.45 0
0.4 -2
0.35
-4
0.3 == Energy-dissipation error
-6 = Mass conservation error
0 5 10 0 2 4 6 8 10 12

Temporal evolution of the energy (left) and the conservation and
energy-dissipation error (right)
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e characteristic FEM
* go(x) = 0.4+ E(x),q0 = 0,u9 = 0,Co = 1
&(x) from [-1073,1073]

Relative Energy at Time =42

107
—*—Relative Energy

\order 1

10°® :
10" 102 10°

Relative Energy
8.
o

Meshrefinement N




* ¢o(x) = 0.4+ 0.2sin (355 sin (35¢) . a0 = 0,u9 = 0,Co = 51

02 Relative Energy at Time =100
1 - —+—Relative Energy
=0Order 1
~Order 2
0
10 S
=)
e
i
F 102 \
ks
5]
19
10

10" 102 108
Meshrefinment N




Peterlin viscoelastic system in 3D

— + (u- V)u = div(nDu) — Vp + div(T),

— +(u-V)C=(Vu)C+C(Vu)"
+ @(tr(C))I — x(tr(C))C + eAC,
div(u) =0, T =tr(C)C.

e & :=tr(C) +a and X := tr(C)? + altr(C)| for a given a > 0
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Weak dissipative sol. in 3D / Peterlin model

Theorem (Brunk, ML, Lu (DCDS'22))

e initial data (uo, Co) € [LZ x L*(Q)¥%53], T > 0.
There exists a global weak solution of the Peterlin system, s.t.

u € Cu ([0, T); L2(Q)) N L2(0,T; V) N C([0, T); L(Q)) N W5 (0, T; V™),
C € Cu([0,T); L*(Q)) N L*(0, T; H () N L*(Q7)
N ([0, T); L)) N WhE (0, T; H (),

X(tr(C)C € L5 (Qr),  d(tx(C)) € L*(Qr), foranyl<q<?2
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Weak dissipative sol. in 3D / Peterlin model

Theorem (Brunk, ML, Lu (DCDS'22))

e initial data (uo, Co) € [LZ x L*(Q)¥%53], T > 0.
There exists a global weak solution of the Peterlin system, s.t.

u € Cu ([0, T); L2(Q)) N L2(0,T; V) N C([0, T); L(Q)) N W5 (0, T; V™),
C € Cu([0,T); L*(Q)) N L*(0, T; H () N L*(Q7)
N ([0, T); L)) N WhE (0, T; H (),

X(tr(C)C € L5 (Qr),  d(tx(C)) € L*(Qr), foranyl<q<?2

e the energy inequality holds a.e. t € (0,T)

(/ Slu@)) + = \tr(C( NI dx) / /n|Du| + - \th( )|? dxd7+
// tr(C)|* + = \tr( )|? dx dr
g/o /Qi\tr(C)f—&—gtr(C)dxdT—&- (/ﬂ;|u(0)|2+itr(C(0))2)
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e If a = 0 the conformation tensor C is symmetric positive semi-definite
e If a > 0 and tr(log Co) € L*(Q) then C is symmetric positive definite and

tr(log C) € L*(0,T; L' (Q)) n L*(0, T; H' (),
tr(C™1), tr(C™Htr(C) € L0, T; L' (Q)).

1 1 1
</S @ + 7t (C(1)* — Str(log C(1) dx>

2
t

1 —
+ / nDul? + §|Vtr(C)\2 + %\Vtr (log C)|*> + §X(tr(C))tr(T + T —20)dxdr
o Ja

< (/Q %\u(O)\Q + i|m«(0(o))|2 - ;tr(logC(O))dx> .
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Hybrid kinetic-macroscopic model

e Fokker-Planck equation for the viscoelastic part

Oed +u- Vi b = divx (14 £0)m(¢) Vo pr — m"/*(6) Vi (A(9)q)) ,
p=-7Ax¢+ f'(9),

g +u-Vxqg= f%q + 185 g+ A(@)divs (Vi (A(0)q) — m'/*(8) Vs pr) ,
dru+ (u- Vx )Ju = div (n(¢)Dxu — pI + T(¥)) = ¢Vx i1,
divx (u) =0,

T(¥)= 1 ((RI*))(R® R),
Op +u - Vx +dive (Vx uR)

= 72(¢, (|R[*) Are + dive (71(¢, (IRI*))Re)) + e28x ¢

71,72,73 are connected to the functions X, ® in the Peterlin model

fR? P(x,t,R)dR ... 1 is the probability density distribution
C(w Re R>
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Existence of weak solutions for the kinetic system

» Existence of weak solutions for the kinetic system

Let d = 2 and assume that v1(s) = s%,72(s) = s,73(s) = s.

@ Then there exists at least one global weak solution of the hybrid
kinetic-macroscopic viscoelastic phase separation model.

@ Rigorous macroscopic closure: the macroscopic viscoelastic phase
separation model (Cahn-Hilliard-Navier-Stokes-Peterlin) is the closure
of the hybrid kinetic-macrosopic model

Q@ C=(R®R)
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