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Modeling EAU

Mass balance for two-phase flow

® Consider the total mass density of a mixture

p=plt,x):= pf<t7 ) + pp(ta ),

with p¢, p,: the current densities of the fluid and SPION particle phase
®* The mass balance for individual phases reads

Opj +V - (piv))=0, je{f,p}
with v;: the individual velocity of phase j
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Modeling EAU

Mass balance for two-phase flow

® Consider the total mass density of a mixture

p=plt,x):= pf<t7 ) + pp<t7 ),

with p¢, p,: the current densities of the fluid and SPION particle phase
®* The mass balance for individual phases reads

Opj +V - (piv))=0, je{f,p}
with v;: the individual velocity of phase j
® |ntroducing the volume density of a phase

1 ~ ~ :
Uj(t,CU) = 1,5—,0](75, ZU), PfsPp = 0, S {fap}a
J

and the volume-averaged velocity of the mixture (Boyer 2002, Abels et al. 2012)
V I= UV UpVp,
we obtain the modified mass balance equations

5’tuj +V- (U]V + ujvj,rel> =0, J € {f7p}
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Modeling EAU

Mass and momentum balance for two-phase flow

* We obtain the modified mass balance equations
&guj + V. (UjV + ujVj,rel> — 07 .] < {fa p}
® Here,
Vj,?"el = Vj —V
is the velocity of phase 7 relative to the volume-averaged velocity v.

¢ Assuming uy + u, = 1, one can compute
V-v=0.
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Modeling EAU

Mass and momentum balance for two-phase flow

* We obtain the modified mass balance equations
ékuj + V. (UjV + ujVj,rel> - 07 ] < {f7 p}
® Here,
Vj,rel = Vj —V
is the velocity of phase 7 relative to the volume-averaged velocity v.

® Assuming uy + u, = 1, one can compute
V-v=0.

® Assume that we can describe the mixture as a single fluid with v, which satisfies the following law of momentum
conservation (Abels et al. 2012)

pov + ((pv+J)-Viv=V-T —Vp+f,

with the additional flux

~

J = Jf + Jp = (ﬁp — ﬁf)upvp,rela
stress tensor T, pressure p and force density f.
* It remains to specify T, v, ,; and f.

FAU J. Knoch Magneto two-phase flow for magnetic drug targeting 6.2.2025 6/18



Modeling EAU

The magnetic field

* We assume that the magnetic field strength h: (0,7) x {2 — R" and the magnetization of the particles
m: (0,7) x £2 — R" are connected via the magnetostatic equations with matter, i.e.
V xh=0,
V-(h+m)=0
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® For m, different choices are reasonable:
PDE for m (Weil3 et al. 2019)
D' 1

Dy M~ cAm = —a(m — x(up)h)

FAU J. Knoch Magneto two-phase flow for magnetic drug targeting 6.2.2025 7/18



Modeling EAU

The magnetic field

* We assume that the magnetic field strength h: (0,7) x {2 — R" and the magnetization of the particles
m: (0,7) x £2 — R" are connected via the magnetostatic equations with matter, i.e.

V xh=0,
V-(h+m)=0
® For m, different choices are reasonable:
PDE for m (Weil3 et al. 2019) Nonlinear algebraic relation (Reinelt
/ et al. 2023)
D~ 0Am = ——(m — x(u,)h)
—m-—o = —— — xlu h
b ' m = (i) L[]

FAU J. Knoch Magneto two-phase flow for magnetic drug targeting 6.2.2025 7/18



Modeling EAU

The magnetic field

* We assume that the magnetic field strength h: (0,7) x {2 — R" and the magnetization of the particles
m: (0,7) x £2 — R" are connected via the magnetostatic equations with matter, i.e.

V xh=0,
V-(h+m)=0
* For m, different choices are reasonable:
PDE for m (Weil3 et al. 2019) Nonlinear algebraic relation (Reinelt Linear algebraic relation
/ et al. 2023)
D 1 m = yu,h
—m — cAm = ——(m — x(u,)h) h
bt m = x(u,) L{{bl)

FAU J. Knoch Magneto two-phase flow for magnetic drug targeting 6.2.2025 7/18



Modeling EAU

The magnetic field

* We assume that the magnetic field strength h: (0,7) x {2 — R" and the magnetization of the particles
m: (0,7) x £2 — R" are connected via the magnetostatic equations with matter, i.e.

V xh=0,
V-(h+m)=0
® For m, different choices are reasonable:
PDE for m (Weil3 et al. 2019) Nonlinear algebraic relation (Reinelt Linear algebraic relation
D’ 1 et al. 2023) m = yush
—m — cAm = ——(m — x(u,)h) h
bt m = x(u,) L{{bl)

* With h = V¢ we get a quasi-static elliptic Neumann problem

V- ((1+ xoup)Vo) =0 in (0,7T) x {2,
(1+ xoup)Vé-n=h,-n on (0,7) x 2,

with the external magnetic field h..
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Modeling EAU

Constitutive relations

® We consider the following energy and dissipation functionals

© Potential energy o Kinetic dissipation
T}
Epot(t) = | pluy)gasde Diin(t) = [ —,
o % n 4n
© Kinetic energy © Drag dissipation
1
Ein(t) = = u,)|v|*dx NA
km() Q/QP( p)| ‘ Ddrag( /gup |Vp7«€l|2d33
© Mixing energy
. where U
Emix(t) = RT/ KpUp 1ﬂ< £ p) dz E(up) = 6mnryky,—"—
o ¢ I —wu,
is a nonlinear friction coefficient
+RT/ kg In (“f“f) dz
9 Cf

© Magnetic energy

<c/'mag(t) = %/Qh . (h + m) dx,
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Modeling EAU

Constitutive relations

* We consider the following energy and dissipation functionals

© Potential energy o Kinetic dissipation
. TP
gpo’[(t) = p(up)gxfidx Dkin(t) = —_—
L 2 o 4
* Kinetic energy © Drag dissipation
1
Exin(t) == = 24 N
km() 2[(2p<up)|v‘ X Ddrag( A/é.up |Vpre[|2dﬂ3
© Mixing energy
- where 9
Emix(t) = RT/ Kply In ( z p) dz E(uy) = 67T777’pf<;p1—p
2 Cp — Up
is a nonlinear friction coefficient
+RT/ kg In (“f“f) dz
: g “ Onsager’s variational principle
© Magnetic energy
/ / /
Emag (t) := % / h-(h+m)dz, 6(T>Vp,rel) (gkin () + gpot(t) + Emin(t)
Q

+€"ag() + Dian(t) + Ddrag(t)) — 0
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Summary: The nondimensional model EAU
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Summary: The nondimensional model EAU

® Modified Navier-Stokes equation for the volume-averaged velocity v and the pressure p:

0, 1
p(uy)0pv + ((p(up)v + (% — 1) Vrel (Up, h)> : V) V—ﬁAV + Vp=f(u,, h),
V-v=0,
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Summary: The nondimensional model EAU

® Modified Navier-Stokes equation for the volume-averaged velocity v and the pressure p:

0, 1
p(uy)0pv + ((p(up)v + (%‘ — 1) Vrel (Up, h)) : V) V—EAV + Vp=f(u,, h),
| V-v=0,

¢ Transport equation for the SPION’s volume density w,,.

Oruy + V- (upv + Vp rel(Up, h)) =0,

® Velocity v, ,.; of the SPIONSs relative to the volume-averaged velocity v (with h = V¢):

1 1 1
Vprel(Up, h) = ——~K(u,)Vu, — ==u,(1 —uy)es + —=uy(l —u,)(h-V)h
) = =2y Vit = (1 = ty)es + (1 = ) (b V)
nonlinear diffusion drift due to gravity drift due to meE;Twetic attraction
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Summary: The nondimensional model EAU

® Modified Navier-Stokes equation for the volume-averaged velocity v and the pressure p:

0, 1
p(uy)0pv + ((p(up)v + (%‘ — 1) Vrel (Up, h)) : V) V—EAV + Vp=f(u,, h),
| V-v=0,

¢ Transport equation for the SPION’s volume density w,,.

Oruy + V- (upv + Vp rel(Up, h)) =0,

® Velocity v, ,.; of the SPIONSs relative to the volume-averaged velocity v (with h = V¢):

1 1 1
Vprel(Up, h) = ——~K(u,)Vu, — ==u,(1 —uy)es + —=uy(l —u,)(h-V)h
) = =2y Vit = (1 = ty)es + (1 = ) (b V)
nonlinear diffusion drift due to gravity drift due to meE;Twetic attraction

® Elliptic equation for the magnetic potential ¢:

V- <(1 + Xoup)v¢> = 0.
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Discretization and implementation aspects EAU

® The discrete model is determined by the
© magnetic potential ¢, € V),
© magnetic field strength h} € W,
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Discretization and implementation aspects EAU

® The discrete model is determined by the
© magnetic potential ¢, € V), © velocity v € V), ,,, pressure p; € WV,
© magnetic field strength h}! € W), © SPION volume density u; € W),

® Use a semi-implicit splitting scheme

® Grid generation and refinement with gmsh (tetrahedra, unstructured)

® Implementation in DUNE (Distributed and Unified Numerics Environment)

* Newton's method to handle nonlinearities in the Navier-Stokes and transport subproblems

SUPG method for the transport subproblem
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A semi-implicit splitting scheme EAU

Forn =0do
1. Obtain u;, € W from initial datum )
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Forn =0do
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A semi-implicit splitting scheme EAU

Forn = 0do
1. Obtain u;, € W from initial datum )
2. Find ¢) € V), such that

/(1 + Xoup) V), - Vi da = —/ h.(ty) - nypdo Vi, € V.
0 00

3. Find hj € W), such that
/hg-ghdxz —/ Voo -gnde Vg, € W,
0 2

4. Find v) € V;, , and p) € V}, such that

), 1
/Q [(p(u%)v% + (% — 1) Ve, h%)) : V] V) Wy, diC—F@ / Vvy : Vwy, do

—I—/ vg Vg, dr — / p(f)LV -wy, dr = / f(u%,h%) -wpdr V(Wp,qn) € Vio X Wh.
?) 9] 0
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Forn=1,..., N do:
1. Find ¢} € V), such that

/(1 + xoup )V - Vi, do = —/ h.(t,) - nypdo Yy, € V.
0 00

2. Find h} € W), such that
/ hy - g,dx = —/ Vo, -gndr Vg, € Wh.
0 9;

3. Find v} € V)., and p} € V), such that

1 ), 1
—/ p(u) i - wy da +/ [(p(uzl)vz + (@ — ) vy rer(u) !, hZ)) : V] vy - wpde+— / Vv Vwy,dx
T Jn (0] Pf Re

1
+/ vy - Vgpdx — / )V -wpdr = / fu) " hy) - wy dz + —/ pluj Wit wide V(Wh,qn) € Vi X Wh.
0 2 0 02

T



Forn=1,..., N do:
1. Find ¢} € V), such that

/(1 + xoup )V - Vi, do = —/ h.(t,) - nypdo Yy, € V.
0 00

2. Find h} € W), such that
/ hy - g,dx = —/ Vo, -gndr Vg, € Wh.
0 7,

3. Find v} € V)., and p} € V), such that

1 n—1\<,n n—1\<,n @ . n—1 1.n ) n L n .

— | pluy ")y - wpde + pluy " )vip + | = Vpre(wy  hy) ) - VI vy wyde+ Vv Vwy,dx

T Jo Q Pf Re

1
+/ vy - Vandor — / )V -wpdr = / f(uZ_l, hy) - wy, do + —/ p(uZ_l)VZ_l -wpdr V(Wi qn) € Vio X Wh.
9 9, I7; I7;

T

4. Find uj € W, such that

1

—/ uy sy dr — / (Viup, + vprer(up, b)) - Vs, dor =
TJ0 2
1

= wtside = [ ey nsido= [ st b nside Vs € W
2 I

T I out
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Simulation results
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Convergence tests EAU

® Quantitiy that enters the transport problem:
(hy, - V)hy,
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® Quantitiy that enters the transport problem:
(hy, - V)hy,
® Find ¢;, € V; such that
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Convergence tests
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® Quantitiy that enters the transport problem:
(hy, - V)hy,
® Find ¢;, € V; such that
/ Vo - Vi do = —/ h, - nypdo Vi, € V),
N o0
* Find h;, € W), such that

/hh'ghdx:_/v¢h'ghdx Vg, € W,
0 0
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Convergence tests EAU
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Outlook EAU

* Validate the model using experimental data

External magnet o _ _
® Model transmission of particles into

surrounding tissue

A

\\'
\__~SPION feed

® Optimize magnet position for branched
vessel systems

&

-~
%
/

Tumor supplying artery —
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* Validate the model using experimental data

External magnet o ) )
® Model transmission of particles into
surrounding tissue

® Optimize magnet position for branched
vessel systems

\__7SPION feed

-~
%
/

Thank you for your attention!
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