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Thermodynamic framework
ż = −K(z)DE(z)

▶ State variable z = z(t)
▶ Driving functional E = E(z)
▶ Onsager operator K such that K(z) is symmetric and positive semi-definite for all z

Example (multi-component diffusion)
z = u, u = (u1, . . . ,un); E = H with H(u) =

∫
h(u)dx with h ∈ C2 locally strongly convex

K(u)□= −div(M(u)∇□), M(u) ∈ Rn×n
sym , M(u) ≥ O

=⇒ Evolution equation ∂tu = div(A(u)∇u) with A(u) = M(u)D2h(u)

If rank(A(u)) = n, then σ(A(u)) ⊂ R+ ⇝ parabolic.

Focus of this talk: rank M(u) < n
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Directed motion to avoid crowding / Contact inhibition
System of n species with partial densities u = (u1, . . . ,un) and partial velocity fields v1, . . . ,vn .

∂tui +div(ui vi ) = 0, i=1, . . . ,n ,

for t > 0,x ∈ Ω ⊆ Rd .
Phenomenological closure Gurtin, Pipkin (1984), Busenberg, Travis (1983):

vi = −ki∇p, p:=
∑n

i=1 ui ,

where ki > 0, i = 1, . . . ,n .

▶ If ki = k for all i: Globally WP Bertsch, Hilhorst, Mimura, Izuhara (2012) linear transport eq.

▶ For unequal ki only few results on the initial-value problem:
▶ Bertsch et al. (1985), segregated, 1D: Global existence and uniqueness
▶ Lorenzi, Lorz, Perthame (2017), segregated, source: Instabilities in 2D sim. and 1D travelling wave
▶ Kim, Tong (2021), segregated, 2D, incompressible with source: LWP for nearly radial interface.
▶ Druet, H, Jüngel (2023), mixed data: Local Cauchy theory H, Jüngel: Global measure-valued solutions
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Cauchy theory for mixed initial data
Write PDE system as

∂tu −div((κ⃗(u)⊗1)∇u) = 0 ,

where κ⃗(u) = (k1u1, . . . ,knun)T , 1 = (1, . . . ,1)T . Space domain Td , for simplicity.

▶ Kawashima–Shizuta theory not applicable (kerM(u) depends on u)
▶ ‘Ad hoc strategy’: cancel 2nd order spatial derivatives in (n −1) components by suitable change of

variables w = Φ(u), where Φ : (R+)n → Φ((R+)n). For n = 2, obtain with w =: (z,p),

∂tz− c(w)∇p ·∇z = − (k2 −k1)
a(w) |∇p|2, ∂tp = div(a(w)∇p),

where c(w) = k1 +(k2 −k1) k1u1
a(w) > 0, a(w) =

∑2
i=1 kiui

▶ If n ≥ 3, need to ensure symmetrisability of hyperbolic subsystem
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Generalisation to rank-r diffusions

Consider, more generally,
∂tui +div(ui vi ) = 0, i = 1, . . . ,n,

with

vi = −∇
( n∑

j=1
bijuj

)
,

where B := (bij) ∈ Rn×n is such that B diag(λ) ∈ Rn×n
sym is positive semi-definite for some λ ∈ (0,∞)n.

Let r := rankB ∈ {1, . . . ,n}.

4 / 15



Theorem (P.-E. Druet, KH, A. Jüngel, CPDE’23)

There exists a domain D̂ ⊂ Rn and a C∞-diffeom. Φ : (R+)n → D̂, u 7→ w , such that in the w -variables,
the cross-diffusion system can be recast in symmetric hyperbolic-parabolic form:

AI
0(w)∂twI +

d∑
ν=1

AI
1(w ,∂xν wII)∂xν wI = f I(w ,∇wII),

AII
0 ∂twII − div

(
AII

∗ (w)∇wII

)
= 0,

where AI
0 : D−→R(n−r)×(n−r)

spd , and AI
1 : D ×Rr−→R(n−r)×(n−r)

sym is linear in 2nd argument.
AII

0 ∈ Rr×r
spd is constant, and AII

∗ : D−→Rr×r
spd, f I : D ×Rr−→Rn−r is quadratic in 2nd argument.

Theorem ("Corollary")

Smooth positive initial data in Hs(Td), s > d
2 +1 =⇒ Exists unique local classical solution.

Remark: Threshold s > d
2 +1 is classical for Friedrichs-symmetrisable hyperbolic systems.
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Nonlinear structure
For t > 0 , x ∈ Td :

∂tui +div(ui vi ) = 0, vi = −∇(Bu)i for i = 1, . . . ,n

for B = (bij) ∈ Rn×n symmetric positive semi-definite with bij ≥ 0, bii > 0.

Formal gradient-flow structure u̇ = −K(u)DE(u), K(u)□= −div(M(u)∇□). Two options:

Driving functional E(u) Mobility M(u)

Boltzmann H(u) =
∫
Td h(u)dx h(u) =

∑
i ui logui Mik(u) = uibikuk

Rao Q(u) = 1
2

∫
Td uT Bu dx Mik(u) = uiδik "Otto"

Thus, along smooth positive solutions

d
dt H(u) = −

∫
Td

|∇
√

Bu|2 dx ,
d
dt Q(u) = −

∫
Td

n∑
i=1

ui |vi |2 dx .
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A priori estimates ... and the problem of compactness
Suppose (u(m))m is sequence of (approximate) solutions with u(m)

i ≥ 0 for all i and

essupt H(u(m)(t)) ≤ C , essupt Q(u(m)(t)) ≤ C ,

∫ ∞

0

∫
Td

|∇
√

Bu(m)|2 dxdτ ≤ C ,

∫ ∞

0

∫
Td

∑
i

u(m)
i |v(m)

i |2 dxdτ ≤ C ,

where v(m)
i = −∇(Bu(m))i .

This implies boundedness of u(m)
i ,v(m)

i , and u(m)
i v(m)

i in suitable Lp(Lq), p,q > 1.

After passing to a subsequence

u(m) ∗
⇀ u in L∞(L2), v(m)

i ⇀ vi = ∇(Bu)i in L2(L2), and u(m)
i v(m)

i ⇀ u(m)
i v(m)

i in L2(L4/3).

If kerB is non-trivial, it is unclear whether u(m)
i v(m)

i and uivi coincide.
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Young measures (YM)

YM as PDE solution concept were first considered by DiPerna (1985) for hyperbolic conservation laws.

Associate with each u(m) a parametrised probability measure µ(m) = (µ(m)
t,x )t,x via

µ(m) := δ(u(m),∇û(m))

where û(m) := P(ker B)⊥u(m) and P(ker B)⊥ the projection onto (kerB)⊥ ⊆ Rn.
Then

u(m)
i v(m)

i = −
∫

W si (Bp)idµ(m)(s,p) =: −⟨µ(m),si (Bp)i ⟩

where W := [0,∞)n × (kerB⊥)d . For every T > 0, the sequence

(µ(m))m ⊂ L∞
w∗((0,T )×Td ;M(W )) ≃

(
L1((0,T )×Td ;C0(W ))

)∗

is bounded and hence weakly-∗ convergent along subsequence.
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Dissipative measure-valued–strong uniqueness

We call U ∈ C1([0,T ]×Td)n a strong solution if it satisfies ∂tUi −div
(
Ui∇(BU)i

)
= 0 in the weak

sense and if it is strictly positive componentwise.

Theorem (KH, A. Jüngel)

Let U ∈ C1([0,T ]×Td)n be a strong solution with initial datum U(0, ·) = uin, and let µ be a dissipative
measure-valued solution. Then

µt,x = δU(t,x) ⊗ δ∇Û(t,x) for a.e. (t,x) ∈ (0,T )×Td .

Remarks:
▶ Weak-strong uniqueness of measure-valued solutions was first obtained by Brenier, De Lellis,

Székelyhidi (2011) for the incompressible Euler equations.
▶ The proof is based on the relative entropy technique (Dafermos 1979, DiPerna 1979).
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Viscoelastic phase separation (VPS)
Phase separation in polymer–solvent mixture

▶ Zhou, Zhang, E (2006): E(u,q) = F (u)+ 1
2

∫
Ω q2 dx , F (u) =

∫
Ω

(
ε2

2 |∇u|2 + f (u)
)

dx , f Flory–Hug.
u = u(t,x) ∈ [−1,1] order parameter; q = q(t,x) ∈ R bulk stress variable

∂tu = −div
(
(1−u2) j

)
, j = −[(1−u2)∇ δF

δu −∇(A(u)q)], t > 0,x ∈ Ω,

∂tq = − 1
τ(u)q +A(u)div j , t > 0,x ∈ Ω,

(1−u2) j ·ν = 0, ∇u ·ν = 0, t > 0,x ∈ ∂Ω,

A(u) : bulk modulus; τ(u) : relaxation time; Ω ⊂ Rd smooth bounded domain, d ≥ 2.
▶ Brunk, Lukáčová-Medvid’ová (2022) with hydrodynamics −→ later today
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Entropic structure

ż = −K(z)DE(z)

▶ State z = (u,q)
▶ Free energy E(u,q) = F (u)+ 1

2
∫

Ω q2 dx with ∇u ·ν = 0 on ∂Ω
▶ Onsager operator K: M(u), L(u) ∈ R2x2

sym positive semi-definite, N1(u) ∈ R2x2

K(u,q)□= −N1(u)T div
(
M(u)∇(N1(u)□)

)
+L(u)□ with no-flux b.c.

ZZE model:

M(u) = N2(u)m(u)(1⊗1)N2(u), where 1 = (1,1)T , L(u) = diag
(

0,
1

τ(u)

)
N1(u) = diag(1,−A(u)), N2(u) = diag

(
1,

1
n(u)

)
▶ with m(u) = (1−u2)2, n(u) = 1−u2

11 / 15



Entropic structure
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ż = −K(z)DE(z)

▶ State z = (u,q)
▶ Free energy E(u,q) = F (u)+ 1

2
∫

Ω q2 dx with ∇u ·ν = 0 on ∂Ω
▶ Onsager operator K: M(u), L(u) ∈ R2x2

sym positive semi-definite, N1(u) ∈ R2x2

K(u,q)□= −N1(u)T div
(
M(u)∇(N1(u)□)

)
+L(u)□ with no-flux b.c.

Modified ZZE model:

M(u) = N2(u)m(u)(1⊗1)N2(u), where 1 = (1,1)T , L(u) = diag
(

0,
1

τ(u)

)
N1(u) = diag(1,−A(u)), N2(u) = diag

(
1,

1
n(u)

)
▶ with m(u) = 1−u2, u 7→ n(u) monotonic; min[−1,1] |n| > 0; either n′ ≡ 0 or |n′| > 0 on [−1,1]
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Effect of coupling function n(u)

∂tu = −div
(
m(u) j

)
, j = −

[
∇w − 1

n(u)∇(A(u)q)
]
, w ∈ ∂uFε, t > 0,x ∈ Ω,

∂tq = − 1
τ(u)q +A(u)div

(
m(u)
n(u) j

)
, t > 0,x ∈ Ω,

m(u)j ·ν = 0, ∇u ·ν = 0, t > 0,x ∈ ∂Ω,

with Fε(u) =
∫

Ω
(

ε2

2 |∇u|2 + f (u)
)

dx .
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Later-stage evolution of Cahn–Hilliard type models
Expect curvature flow:

VΓ = GΓκΓ, VΓ : normal velocity, κΓ : mean curvature of interface Γ.

Degenerate Cahn–Hilliard equation along t 7→ ε2t and vanishing temperature θ:
▶ Formal asymptotics by Cahn, Elliott, Novick–Cohen (1996) yield surface diffusion flow:

GΓ = −σ

δ
∆Γ,

σ

δ
= 16

π2 > 0,

[for logarithmic potential with θ = O(εα), α > 0; resp. double-obstacle potential f (DO)]
▶ Rigorous limit is open
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Interface dynamics in VPS (KH, J. R. King, A. Münch, B. Wagner)
(i) If n ≡ 1: intermediate surface diffusion flow [Cahn, Taylor (1994)]

GΓ = −σ(δId−ω∆Γ)−1∆Γ, σ,δ,ω > 0.

(ii) If n ∈ C∞(R) with min[−1,1] |n| > 0, min[−1,1] |n′| > 0, then GΓ : κ → V is determined by a
constrained elliptic equation. Given κ = κ(s),s ∈ Γ, find solution (f,V), f = f(s,u),V = V(s) :

−∂u(a∂uf)− m̃∆Γf =
(
1−∂u( n

n′ )
)
V in Γ× [−1,1],

−a∂uf = − n
n′ V on Γ×{±1},∫ +1

−1
(f + n

n′ ∂uf)du = σκ on Γ ("solvability condition"; constraint)

For special choice of m(u),A(u), τ(u):

GΓ = ση
√

−∆Γ +σR(
√

−∆Γ), R of lower order, η =
(
( n(1)

n′(1) )2 + ( n(−1)
n′(−1) )2)−1

Order of R(
√

−∆Γ) is −∞ if n = n(u) is affine.
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Definition (Dissipative measure-valued dmv solution)

Let µ ∈ L∞
w∗ ([0,∞) ×Td ;P(W )) be parametrised measure and define u := ⟨µ,s ⟩ and y := ⟨µ,p⟩.

Then, µ is called a dmv solution if for all T > 0 :
▶ Basic regularity: For i = 1, . . . ,n

ui ∈ L∞(0,∞;L2), ∂tu ∈ L2(0,∞; (W 1,4)∗), y ∈ L2((0,T ) ×Td ; (kerB⊥)d ), y = ∇û.

Moreover, µ acts trivially on the ŝ-component, i.e. for all f ∈ C0(W ): ⟨µ, f (s,p)⟩ = ⟨µ, f (û + Pker Bs,p)⟩
▶ Dissipation inequalities: It holds for a.e. t > 0 that

Hmv(u(t)) +
∫ t

0

∫
Td

⟨µτ.x , |B1/2p|2 ⟩dxdτ ≤ H(uin), where Hmv(u(t)) :=
∫
Td

⟨µt,x ,h(s)⟩dx ,

Q(u(t)) +
n∑

i=1

∫ t

0

∫
Td

〈
µτ,x ,si |(Bp)i |2

〉
dxdτ ≤ Q(uin).

▶ Evolution equation: It holds for all i = 1, . . . ,n and ϕ ∈ C1
c ([0,T ) ×Td ) that∫ T

0

∫
Td

ui ∂tϕdxdt +
∫
Td

uin
i ϕ(0)dx =

∫ T

0

∫
Td

⟨µt,x ,si (Bp)i ⟩ · ∇ϕdxdt.


	Thermodynamic framework
	Population dynamics
	Hyperbolic–parabolic normal form
	Young measure framework

	Viscoelastic phase separation
	Formal sharp-interface asymptotics towards nonlocal/fractional surface diffusion laws


