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1 Introduction




High pressure fluids (1)

e Thermodynamic equilibrium surface for a single species
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High pressure fluids (2)

e Projection onto the (7,p) plane
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High pressure fluids (3)

e (T,p) projection for binary mixtures (Van Konynenburg and Scott)
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Figure 12-6 Six types of phase behavior in binary fluid systems. C = critical point;
L = liquid; V = vapor; UCEP = upper critical end point; LCEP = lower critical end point.
Dashed curves are critical lines and hatching marks heterogeneous regions.




High pressure fluids (4)

e Applications
Ariane rocket Vulcain engine
Coal Power plants

Extraction (supercritical COs)

Depollution (supercritical CO5 and H5O)




High pressure fluids (5)

e Cryogenic liquid N3 at 99-110 K jets into gaseous N3 at 300 K

(a) (b) (©)
Pr=0.91 Pr=1.22 Pr=2.71
Re =75,281 Re=66,609 Re=42,830




2 High Pressure Multicomponent
F'luid Model




High pressure multicomponent fluid models (0)

e Kinetic theory of dense gases
Enskog (1922), Thorne (Unpublished), Hirschfelder, Curtiss and Bird (1954)
Chapman and Cowling (1970), Ferziger and Kaper (1972)
Bajaras, Garcia-Colin and Pina (1973), Van Beijeren and Ernst (1973)
Kurochkin, Makarenko and Tirskii (1984)

e Statistical mechanics

Irving and Kirkwood (1950), Bearman and Kirkwood (1958), Mori (1958)

e Thermodynamics of irreversible processes, statistical thermodynamics

Marcelin (1910), Meixner (1943), Prigogine (1947), de Groot and Mazur
(1984), Keizer (1987)




High pressure multicomponent fluid models (1)

e Multicomponent diffuse interface fluid model
0,p; + V+(piv) + V-F; = m;w; ie&={1,...,ng}
0,(pv) + V-(pv@v) + V- P =0
0, (€ + 2plv]?) + V- (v(E + Lp[v]?)) + V- (Q +P-v) =0

e Multicomponent fluxes
P =pl + »VpVp — pV-(xVp) I + P4, Q= 3xpVpV-v+ F,

Pl= Vv I - U(V’U + Vo' - %V‘”I)
ﬁ:—ZLz‘jV(%) —Lz‘ev(%l> 1€6
JES

e ELw(§) -1 (7)




High pressure multicomponent fluid models (2)

¢ Extended thermodynamics
F = fd(pla s 7pnsaT) + %%|VIO‘2 S = SCI(pla . .,an,T) - %aT%‘VpF
p:pCI(p17°'°7pnsvT)_%%|VIO‘2 gi :gz'd(pla"')pns)T) 1€ 6

E=ENpr, s oy, T) + 5 (36 = TOp) V> 2= 5(T)

e Gibbs relation

TdS = d€ - gidp; — %xVp-dVp
1€6




High pressure multicomponent fluid models (3)

¢ Thermodynamics : £, pcl, §¢ functions of Z = (p1,...,pn.,T)t with
(7o) £, pl, 8 are C7(02), Oz C (0, 00)™ ! nonempty open connected

(71) TdS = d& — ngl dp; with ¢! = 0, —T0,,8 and G = Z pigs
1€6 1€6
(72) For any (yi,...,¥n,,T) € (0,00) %! with >, ayi=1 Fpm >0
(PY1, - s pYn, T) € Oy for 0< p < pn, and

lim (£ — &9 /p =0 lim (p! — p'!)/p =0 lim (8¢ — S /p=0

p—0 p—0 p—0

(73) Oy is increasing with T and 9, > 0

e The matrix A = (A;;)i jee associated with stability
Z = X=(p1,...,pn,ENY C7 diffeomorphism A = Af} = 0p,9:/T

02,8 negative definite <= 0, > 0 and A positive definite




High pressure multicomponent fluid models (4)

e Complex chemistry

Zufjmiﬁz:u%mti jeR={1,...,n;}
€6 €6

e Reduced chemical potential p; = m;g;/RT

{V{j\ (V}Dj\ (Hl\
e ) ) ) e

e Atom and mass conservation

A={1,...,n"} m=(m,...,Mn)" mzzﬁ”&lal
e

(Wl\ {all\

a; =

(vj,a;) =0, jEeR, le, (vj,m) =




Multicomponent Diffuse Interface Fluids (5)

e Marcelin’s production rates

v = V;-) — ij w= Z ViT; T =K; (exp(yﬁ, ) — exp(y;), 1))
JENR

e Activitiy and generalized mass action law

id
i u,id i i Pi ~ i
it = (1) +log =10 =& 0
1

| o Jb
pi = 1" (T) + log a, 7 = K; Hai” — K3 Haz‘ ’
€S 1€6




Multicomponent Diffuse Interface Fluids (6)

e The Matrix L
(Lll oo L, Lle\ (91\ (-7'-1\

L= : R : V= — ' F= : F=—-LVv
Lnl LnSnS Lnse I gn -’F

\ Let -+ Len, Lec \ -1 ) \ Fo

e Properties of the transport coefficients

(Tr1) L, n, v are C7 functions of z € O

(Tr2) The matriz L = (Lij)1<i j<n.+1 &S symmetric positive semi-definite with
N(L) =R (1,0)! where T=(1,...,1)" € R

(Tr3) >0 v>0 and V>0 if d=1




Multicomponent Diffuse Interface Fluids (7)

e Entropy balance

0,8+ V-(Sv)+ V(=3 NFi+ %.7-') S——
1€6

¢ Nonnegative entropy production

Uv = <LV’U, V’Z/> +

K 2 Ui
?(V“U) + 2_T‘V,U -+ V'Ut — g

= > RK; (W), ) — (v, 1)) (exp(vj, 1) — exp(v}, )

JER




3 Existence of Strong Solutions




Multicomponent Augmented System (1)

e Extra unknown w = Vp

8tw—|—28i(wvi—|—vai):O D={1,...,d}

i€D
e Augmented unknowns
u=— (pl, ey P, W, U, E %p|fv|2)t z = (,01, . ,pns,w,fv,T)t
e New thermodynamic functions

E=EN+ L1 —TOr»)w|* §=8— 107w’

p=p~ — Lxjw]? ge=g5 ke




Multicomponent Augmented System (2)

¢ Thermodynamic functions

(H1) &, p, S are C7 functions of z€ O, C (0,00)" x RY x RY x (0, 00)

(H2)
(Hs)
(Ha)

(Hs)

O, open set, = x(T) is C"L function of temperature T

If (p1,...,pn.,T) € Oz, (p1,...,pn.,0,0,T) € O, and If
(p1, -y pr,w, v, T €Oy, (p1,...,pn,,T) € Oy

G=E+p—TS=) ,capigi TdS=dE -3, s9idp; — sw-dw
The open set O, is increasing with temperature T and Or& > 0
The capillarity coefficient is positive x > 0 over O,

The coefficients v, n, and the matriz L are C7 functions over O,

We haven >0, 6 >0, v+ n(l— %) > 0, L is symmetric positive
semi-definite and N(L) =R(1,...,1,0,0,0,0)?.




Multicomponent Augmented System (3)

¢ Thermodynamic functions

g2 — g1 gn, — g1
H o N & H(, T

t
,T) 1S globally invertible.

(H7) There exists § > 0 such that the eigenvalues A1, ..., A\, of A satisfy
Ai >0 fori> 2.

(Hg) Atom conservation (vj,a;) =0 forj e R, 1€ and m=) ;o ma.

(Hg) The rate constants IC;, j € R, are C7 positive functions of T > 0.




Multicomponent Augmented System (4)

Lemma 1. Assuming (Hy)-(H2) and that z — u is locally invertible then

02.S negative definite <= 0p€ >0 det(A) >0 and »>0

Lemma 2. Assuming (Hy)-(Hs) then the map z — u is a C7 diffeomorphism from
the open set O, onto an open set O,,.

Lemma 3. Assuming (Hy), v given smooth positive function, and § > 0 given
there exists a C7~1 function m such that m > 0

m+ vydet A >0

and m=0 i ~ydetA >9.




Multicomponent Augmented System (5)

e Augmented entropic variable

1 t
oc=-8 v=(0,0)" = T(gl — 2vl?, . gn, — 3|07, w0, —1)

e Stable points
OF={z€ 0, |A>0}={z€O,|det(A) >0}

u — v locally invertible around stable points with A > 0

e Legendre transform L of entropy

1

Ez(u,v}—azi(

p + x|wl|?) Ouo = V' oL = u

e Convective fluxes

Fz’ — (a\,(ﬁ’l}@))t ,CZ = ,C’UZ'




Multicomponent Augmented System (6)

e New augmented form
Ou+ > 0, (Fi+F +F) =0
i€D
e Augmented fluxes in the ith direction

t
Fi — (,01’02‘, ooy Png Ui, WU, PUV; + (p -+ %|w|2>ei7 (g + %p|v|2 +p ™ %"UJ|2>'UZ)

t
Fe = (Friseoo Fois O, P et 3 Phoy) PR= (P, P!

JED

¢
FS = (O, ..., 0, pVv;, —pV (sew;), prew-Vu; — pv-V(%wi))

1

¢
() = (mlwl ooy Mp wn, 0,0, O)

e Similar equivalence of both formulations




Multicomponent Augmented System (7)

e Convective, dissipative and capillary matrices

A; = O,F; =—) By o,u =—) Bj0u, Q€D

Jj€D J€D

e (Quasilinear form

0 u—l—ZA )O,u — Z 9; (B5; (u)9,u) — Z 0, (B5; (u)9,u) = Q(u)

1€D 1,J€D 1,J€D

A, B?j, and BY;, for ¢,j € D, have at least regularity C7~1 over O,

e Symmetrization

Structure of the system of equations plus existence results




Symmetrized Multicomponent Augmented System (1)

e Entropic symmetrization for stable points u = u(v)

t
Entropic variable (9,0)" = %( 1 — 30 g, — 5|V rw, v, —1)

~

Ao(V)O,v + Z&(v)@iv — Z @(%%(v)ajv) — Z (‘9@-(§fj(v)8jv) = Q(v)

i€D i,jE€D i,j €D
38
Ap=0,u A;=A0u Bj;,=B;;0,u B;; =B 0u Q=Q detAy= 5 ot h
e Structure of entropic symmetrized system
/&0 symmetric positive definite for stable points /&Z symmetric for ¢ € D
(ggj)t = g?,t Z fz-fjg?j positive semi definite (éfj)t = —é;z

i,jED

The map u — v is generally not globally invertible

~




~

Symmetrized Multicomponent Augmented System (2)

e Normal variable

t

_ _ t
w = (Wg, Wy) 92— 9 Ine gl,v,T)

:(p7w7 T VAR T

_ _ ¢
WIZ(,O,'lU)t WH:(92T917”.79nsT91’v’T)
R" = R™M x Rt n=n; + Ny n=d-+1 ng = ng +d

z — w diffeomorphism from O, onto O,, and u — w from O, onto O,

e Notation for more general systems

wy = (wy,wpr )t wpy=p wp=w Vwy=wpr w, = (wp,wyg)’

e Normal form

u = u(w) and multiplication on the left by (O,v)*
Add (9¢p + V-(pv)) x m to the first equation




~

Symmetrized Multicomponent Augmented System (3)

e Normal form

(W)ow + > Ai(w)dw — Y B (w)d,0,w — Y BY;(w)d,0;w = h(w, Vw)

1€D 1,J€D 1,J€D

e Properties of the normal form

Ao = diag(Ag', Ay’") symmetric positive definite A; symmetric for i € D

(E?j)t = E;_lz, gd = diag(O0, BdII ) BdmI — Z fiﬁjgﬁjﬂ’n positive definite
i,j€ED

(BS;)" = —B¢; gfjl’l =0 gfjl’ﬂ, gfjn’l, Ay" depend on w, = (wy, wy)?

% t
h=(h,hg)  h = (—mpV-’v, —= ZinvZ—) hy = hy(w, Vw)

Coefficients are ate least C7 2 Explicit calculations (formally singular)

Chemical terms included in hy for local existence results




~

Symmetrized Multicomponent Augmented System (4)

e (Gradient constraint for nonlinear equations

Natural equation for w — Vp
Oy(w — Vp)+v-V(w—Vp)+ (w—Vp)V-v+ (Vo) (w— Vp) =0

If w is smooth enough, wyg — Vpg =0 and w* =0 then w — Vp =0

e Linearized equation with gradient constraint

Ao (W), W +ZA 8W—ZB 88W—ZB

1€D 1,J€D 1,J€D

(—m p V.o, — Z ;@ivvia hu(w, VW)>t
1€D

e Similar to the single species situation




Symmetrized Multicomponent Augmented System (5)

e Linearized equation with gradient constraint

8w—|—ZA’ aW—ZB aaw—ZB w)9;0,W

i€D i,j€D i,j€D
+ L(w, Vwy)w = h'(w, Vw) = (O, hy (w, VW))t
— — — "
A;( ) A ( ) + mpe1®ed+1+i L(W, VWH) = Z T(O, VU@, Ol,np O)t®ei+1
i€D
e (Gradient constraint for linearized equations

Natural equation for w — Vp

Oy(w — Vp) +v-V(w—Vp)+ (w— Vp) Vv + Vo' (w - Vp) =0

If w and w are regular, w — Vp =0, wyg — Vpg =0, w* =0 then w — Vp =0




Linearized Equations (1)

e Linearized equations

Ag(w)o,w —I—Z Al(W)O,w— Z BS. (w)9;0,w— Z B, (w)0;0,w+L(w, Vw, )W = f+g
1€D 1,7€D 1,7€D
e Assumptions on the coefficients
Ay = diag(Ag', Ay’") symmetric positive definite block diagonal

A" are symmetric, (Bf;)" =BY;, Bf, = diag(O,gf.H’H)

Bdmi =y~ iep B dH “gzgj is positive definite for € € ¥4!

RCLI __ ALLIDI RC,LII [QC,ILI . "
(B§;))"=—-BS, By =0 Ay", B"", Bi" only depend on wy = (wy, wy)

|_ — diag( LI,I, LII,II) EI,I — SI’I(W)VWr EII,II — SII,II(W)VWr

Ao, A, BE, BS;, £51, €71 are C'F2 over O, L(w, Vw,) W* =0

17




Linearized Equations (2)

e Assumptions on w
d>1 [>lyg+2wherely=1[d/2]+1 1< <1
w given function of (¢, z) over [0, 7] x RY with 7 > 0
w, —w; € CO([0, 7], H) nC ([0, 7], H'2)
wy —wi € CO([0,7], H) n CY ([0, 7], H'=2) N L*((0,7), H't1)

Oy C Oy C Oy, 0 < a; < dist(Og,00,,), O1 = {w e O,; dist(w, Og) < a; }
wy(x) = w(0,x) € Oy, w(t,z) € Oy, (t,z) € [0, 7] xR?

e Assumptions on f and g

f and g given functions of (¢, ) over [0, 7] x R4 1<l <1

fec®((0,7], H' ) n L ((0,7),H)  geC®(0,7,H' ™) g=0




Linearized Equations (3)

e Assumptions on w

w; —wr € CO([0,7], H') nC* ([0, 7], H' ~2),

Wy — Wy € CO([0,7], H') nC* ([0, 7], H'~2) n L2((0,7), H'+1),
¢ Bounding quantities

M? = sup |w(r)—w',  M?= / w(r) Py dr, M2 — / Vw, (7)[2 dr
0 0

0<r<7

e Linearized estimates for 1 <[’ <

There exists constants c;(O1) > 1 and c2(O1, M) > 1 increasing with M with

!
sup |w(7) — W[5 + / Wi (7) — Wi dT < S exp(ca(t + Mivt+ Mivt)) X
0

0<t<t
t 2 t
(|VT/0—VT/*\l2/+c2{/\f|l, r ) +C2/|gﬂ\l2,_1d7>
0 0




Existence Results for Diffuse Interface Models

e Isothermal

Hattori and Li (1996) Danchin and Desjardins (2001) Kotschote (2008)
Bresch et al. (2003) (2019)

e Euler-Korteweg

Bresch et al. (2008) (2019) Benzoni et al. (2005) (2006) (2007)
Donatelli et al. (2004) (2014) Tzavaras et al. (2018) (2017)

e Full model
Haspot (2009) Kotschote (2012) (2014)

e Symmetrization for diffuse interface fluids
Gavrilyuk and Gouin (2000) Kawashima et al. (2022)




Existence of Strong Solutions (1)

e Structural assumptions
Augmented system in normal form with the gradient constraint

Linearized equations enforcing the gradient constraint
(AL (w) — A;(w)) Vw + L(w, Vw,)w + h(w, Vw) = h'(w, Vw)

Right hand sides in the form

hy = M (w)owe + > 3 (W)I,w: 0w,

1€D 1,7€D
hy = E M, (W)O,w + E MIIII )O0;wO,;w
1€D 1,J€D

w, is the more regular part w, = (wy, wy)? of the normal variable




Existence of Strong Solutions (2)

Theorem 1. Letd>1,1> 1y +2, lg=[d/2]+ 1, and let b > 0.
Let Og C Og C Oy, 0 < a; < dist(Og, 00,,), O1 = {w € O,;dist(w,Dg) < ay }.
There exists T(O1,b) > 0 such that for any wy with wy € Op, wy — w* € H!,
Worr = VWopr and

lwg — w*|? < b,

there exists a unique local solution w with initial condition w(0, ) = wqg(x), such
that w(t,z) € Oy for (t,x) € [0, 7]xRe, wyr = Vwy, and

w, —w; € C0([o, 7], H') nC* ([0, 7], H'~2)
wy —wi € CO([0, 7], HY) N C*([0, 7], H'=2) N L2((0, 7), H'TY)

Moreover, there exists Cioc(O1,b) > 1 such that

T
sup |w(r) — w7 + / wa(7) — Wi, ydr < & lwo — w2
o<r<7 0




Existence of Strong Solutions (3)

e Application to multicomponent diffuse interface fluids

Theorem 2. Letd>1,1> 1y + 2, and b > 0. There exists 7(O1,b) > 0 such that
for any wqy with wy € Og, wg —w* € H', wy = Vpy and |wg — W*\% < b? there exists
a unique local solution w with w(0,x) = wo(x), w(t,x) € O1, w = Vp, and

p—p eC([0,7, HFY),  pi—p;eC?([0,7], H),
v—v*,T—T*" € C°([0,7],H) N L*((0,7), H*)
g2 —91,---39n, — 91 € CO([Oﬂ__]le) HLQ((O77_-)7Hl+1)’

Moreover, there exists Cloc(O1,b) > 1 such that

* 2 * * 2 T
Oiug_(!p(f)—p ot ei(T) = pfv(r) —v", T(1) = T !l) +/O Wi () — wi| 7y dr

9 2
< o([po(r) = ¥,y + loio = P vo(7) = v*, To(r) = T}




3 Construction of the Thermodynamics




Thermodynamics from equations of state (1)

e Specific variables

v=1/p yi=pi/p 1€6 Y1i,--.,Yn. independent

e=E/p s=S/p  g9g=G/p, f=F/p

¢ Thermodynamic variables

C:(Va}’h---a}’nsaT)t €:<V7y17"°7yns7e)t

e Expanded variables for A > 0

¢y = (Av, Ayq, . . .,)\yns,T)t £ = A = (A, Ay, .. .,)\yns,)\e)t




Thermodynamics from equations of state (2)

¢ Thermodynamics : e, p, s functions of { = (v,y1,...,¥n.,T)? with
(To) e, p, s are C7(O¢), O C (0,00)?*" open, nonempty and connected,
A0, ¥CE O (€0 elC)=2elQ) pC)=p(O) s(Gy) =As(O)
(T1) For any ¢ € O¢ letting g, = 0,,e — T, s we have Gibbs’ relation

T'ds = de+pdv — ngdyk.
kec
(T2) For any (y1...,yn.,T)! € (0,00)1*"s there exists vy, such that v > vy,
implies (v,y1...,yn,,T)" € O¢ and

lim (e — ') =0, lim v(p —p'd) =0, lim (s — s'Y) = 0.

V— 00 V— 00 V— 00

(T3) O¢ is increasing with temperature and d,e(¢) > 0.
(If (v, y1,.--s¥n, T)t € O¢ then (v,y1,...,¥n,,T") € O¢ for any T < T )




Thermodynamics from equations of state (3)

e Ideal mixtures in terms of the variable ( = (v,y1,...,Yn., T)*
pld = Yk id __ ne+2
kES
T .
Z Vi€ ex = ey + / ci1,(0) do
kEG =
d t Tcidk;(g) R Yk
Zyksk S}{—SZ—I—/ V@ df — — log —
s T'st myg vmygy

e First consequences
¢ — & is a C7 diffeomorphism from Oy onto O¢ open nonempty connected

The Gibbs function is given by g = >, . Vi3




Thermodynamics from equations of state (4)

e Matrix A = (Agi)k,ice

o, g1 O, gk ~ Ay®Ay
A = Yk = k.l A — A T .
Kl T T ,[ €6, (Ay.y)
2
1% 1%
Ay = ?(8)/1]9’ Tt 8ynsp)tv (Ay,y) = _?ayp‘

e¢ Thermodynamic stability
(7) (‘95253 is negative semi-definite with null space N (85253) = R¢.

(1¢) Ope > 0 and A is positive definite.

(191) Ope >0, d,p < 0, and A is positive semi-definite with null space Ry.




Thermodynamics from equations of state (5)

e From (v,y1,...,yn.,T)" to (p1,...,pn,,T)°

A(p1,-- ., pn,T) = (sz) a(z ! P1 o Zipen; pz"T)

Y Y
Py ice Pi Qice Pi

1 P1 Pn
, oo ey = ,T) -~ OC }
(Z’LEG Pi Dics Pi Dice Pi

e From (p1,...,pn.,T)" to (v,y1,...,¥n., T)*

OZ — { (1017 . -,an,T) S (07 OO>1+nS;

a(V,y1, -5 ¥Yn., 1) = VA(y—l,...,yns,T)
v v

Oc = { (1,1, -y, T) € (0, 00)2™; (y—l,...,y”S,T> c0O,)

v v

e Equivalence

(To) = (73) = (To) = (Ts)




Thermodynamics from equations of state (6)

e Construction from an equation of state

p=pd+¢ ¢ € C*THO,) ¥¢Ce O YA>0 (, €0

O, increasing with temperature and volume : If { = (v,y1,...,yn,, T)" € O¢
then (v/,y1,...,yn, IT")' € O¢ for v/ >vand T' > T

e Assumption of the state law

p is 0-homogeneous VA >0 p(¢) = p(¢y)
For alny 5 — (BTaﬁl/aﬁla s 76%) < N2+ns

c(8,T)

1/51/ +2

BT 38, 9, an
02| = |047 05 0P -+ 9yr | <

Tfyooa%¢d’/ < Zkeesywifdk




Thermodynamics from equations of state (7)

e Necessary and sufficient conditions

e=ed— / T28T(%) dv’ s =59 — / Op ¢ dv'

Theorem 3. e, s,p is a thermodynamics in the sense of (To) — (T3)

¢ Thermodynamic relations

8,,e:T28T(%) :TQ(?T(%) g = 0y, e =10, s

0,(Ts—e€)=p 0,(Ts —e) — 8,/(Tsid — eid) = ¢




The Soave-Redlich-Kwong equation of state (1)

e Soave-Redlich-Kwong equation of state (SRK)

Zﬂz p’a
mzl—pb 1+ pb

€6
a = Z yiyjoney b= Zy'ibi
1,] €S 1€6

e Coefficients «;(T) and 3;
a; =0 OZZ(O) >0 11m+oo a; =0

Opa; <0 O ra; = 0 a; smooth

b, = Cte b, > 0.




The Soave-Redlich-Kwong equation of state (2)

e Coefficients o; = /a; and (3; for SRK

2 2
Stable species  a;(Te;) = 042748 5=L b, = 0.08664 e

pc 7 miPec,q

Unstable species a;(Th;) = (5.55 +0.12)2970 b, = (0.855 4 0.018) 274
Pseudo critical temperature Tt ; = £-(1.316 = 0.006)

o;(T) = Oéi(Tc,i)&i(Ti*> ;= T/Tc,i

a; =1 +A(Si(1 — \/TT*))

S; = 0.48508 + 1.5517ww; — 0.151613w? Acentric factor w;




The Soave-Redlich-Kwong equation of state (3)

e Specific energy and entropy for SRK EOS

. In(1
o — Znyf;d—i— (TaTCL—CL) 1’1( ;_/Ob)
€S
ids iR ,,,RT In(1 + pb
€S 1€6
e Matrix A
~_ Roy; R b b ye R, 2aiq b
Asj My, * v — b(mj i mz‘) +k€ZG my (v — b>2b1bj T b oel1 ¥ V)
2 ! b 1
+ T Z Yk (aiOzkbj + OéjOék:bz') (b_2 10g<1 + ;) B b(y + b))
kes
1 b ) 1 ..
7 abib; ( plos(l+ )+ 5= +b(v+b)2) "ES




4 Numerical experiments




Numerical experiments with thermodynamics (1)

e Specific heat at constant pressure c, of O at 100 atm

3.5

Cp (SRK)

— — - Cp(Perf. gas)
u] Cp (NIST data)

2.5

cp (J/g/K)

1.5

I | | I | | I |
0 800 1000




Numerical experiments with thermodynamics (2)

e Specific heat at constant pressure c, of N2 at 100 atm

2.8x107

2.6x107 |- |

2.4x107 + B .

2.2x107 |- -

2x107 | .

1.8x107 |

cp (ergs.gl.K1)

1.6x107 +

1.4x107 +

1.2x107 +

1x107




Numerical experiments with thermodynamics (3)

e Saturation pressure of Ny

4
3.5 - 7
3 L
25

2,

P (MPa)

1.5 -

1,

0.5 -

0




Numerical experiments with thermodynamics (4)

e Stability of Hy/O5 /N> mixtures at p = 100 atm
O-

\




~

Numerical experiments with thermodynamics (5)

e Stability ofs Hy /Ny mixtures at T = 83.15 K and p = 95.2 atm

5 I I I I I I I I I I I I I I I I I I I I

o
—

n
] |

10k

15|

Modified Gibbs function
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Numerical experiments with thermodynamics (6)

e Stability of Hy /Ny mixtures, Comparaison with Eubank experiment
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Numerical experiments with thermodynamics (7)

e Stability domain for Ny and CoHg at T' = 220 K

35

30 - 7

25 .

20

15




Numerical experiments with thermodynamics (8)

e Equilibrium between N and CsHg at T' = 220 K

20




Numerical experiments with thermodynamics (9)

e Critical points of Ny, and CoHg

50




Numerical experiments with thermodynamics (10)

e Critical points of Ny, and CoHg

50
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30 [ 1
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Numerical experiments with thermodynamics (11)

e Type III phase diagram for O, /H->0O
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Numerical experiments with thermodynamics (12)

e Type III phase diagram for O, /H->0O

500




6 Strained Diffuse Interface Fluids




Strained Diffuse Interface Fluids (1)

e Small Mach expansion of p°!
pcl _ ]—9c1 + 62ﬁd
VP=-V. (pcll — Lk Vp|? + kVpaVp — /i,OA,OI) — 0
e Flat interface
T=Tt¢)  p*=p"0tC¢  p=npt]

,0':3@0 ,0//:82,0 ]_9C1—|—l€%,0,2—l€,0,0”:poo

e Surface tension tangential forces

P = (p™ —wp'?) (I — ec@ec) + pTece




Strained Diffuse Interface Fluids (2)

e Small Mach expansions

Bulk thermodynamic quantities evaluated at !
Other quantities than pressure denoted as their zeroth order expansion

Only the pressure p¢ in the second order tangential momentum equation

e Small Mach energy equation

pO,h + poV-h + V.q = 0,p” + v- VP,




Strained Diffuse Interface Fluids (3)

e Schematic of the flow

RGN

e Self similar structure

T =T(t,0) p=p(t,C) p° =D (t,¢)
u=Eu(t,¢) v =v(t, ) yi = Yi(t,¢)
po = —1JE& +p(t, Q) J; = Ji(t,¢) q=q(t,Q)




Strained Diffuse Interface Fluids (4)

e Diffuse strained flame equations
Orp + pu + 9 (pv) =0
pOeyi + pvosy; + 0 T = miw;
pOLu + pu”® + pvdet — J + 0, (ndew) = 0

pOh! + pv@chd — vﬁd_f’l +0:q=0

¢ Boundary conditions

T(—o0) =T, T(+o00) = Typ v(0) =0
J \z
Yk(—00) = Yo Yk(400) = Yikup @ = <—)
Pup
N  (Pup\ 2 _ B
u(—o0) = a( ) u(+00) = a,
Plo




Strained Diffuse Interface Fluids (5)

e Pressure

—cl

p° = p>® — K5(9:p)* + kpdZp

e Dissipative transport fluxes

5= =3 noi () - e (7)

jES

=X n () - 1o (3)

€6




Dense and/or supercritical fluids

e Kinetic theory or statistical mechanics
Enskog (1922), Thorne (Unpublished), Hirschfelder, Curtiss and Bird (1954),
Bearman and Kirkwood (1958), Mori (1958), Chapman and Cowling (1970),
Ferziger and Kaper (1972), Bajaras, Garcia-Colin and Pina (1973),
Van Beijeren and Ernst (1973), Kurochkin, Makarenko and Tirskii (1984)

e Thermodynamics of irreversible processes/statistical thermodynamics

Marcelin (1910), Meixner (1943), Prigogine (1947), Keizer (1987)

e Supercritical combustion and/or coefficients
Ely and Hanley (1981,1983), Chung et al. (1988)

Belan and Harstad (2004), Oefelein (2005), Palle and Miller (2007),
Giovangigli, Manuszewski and Dupoirieux (2011)




Thermochemistry (1)

e Soave-Redlich-Kwong state law (SRK)

Zﬂz p’a
mzl—pb 1+ pb

€6
a = Z yiyjoney b= Zy’ibi
1,] €S 1€6

e Coefficients «;(T) and 3;
a; =0 OZZ(O> >0 11II1.|_OO a; =0

b, = Cte b, >0




Thermochemistry (2)

e Coefficients «o; = /a; for SRK

R?T?, RT. .
a;(T.;) = 0.42748——"  b; = 0.08664—=
M Pe,i MiPDc,i
N%¢;073 No?
a;(Te,;) = (5.55 £ 0.12) — b; = (0.855 £ 0.018)
ai(T) = ai(Te,i)au(T7) 7 =T/T
A(x) = =z, x>0

a; =1+ A(s;(1— \/JT*))

S; = 0.48508 + 1.5517cw; — 0.151613cw?




Thermochemistry (3)

e Construction of the thermodynamics

There exists a unique thermodynamics whose state law is SRK and

. In(1 b
— Zyie;d -+ (T@TCL — CL) n( ;‘,0 )
€S
: In(1 b
Zyz ids _ y; R ( pi RT )—I—BTa n( —|—,0)
(1 — pb)pst b
€6 €S

e¢ Thermodynamic stability

Ope >0 A is positive definite Ay = 8ykgld/T = 0,, g /T




Transport matrix L (1)

e Evaluation of L

D Dh
L =
(D) A+ (Dh, k)
m Xi
Dij = pYiY; EDija hi = hi + RTE

e Transport coefficients

Multicomponent diffusion coefficients D
Thermal diffusion ratios x; = X;X;

Soret coefficient  0; = 3. & DijX;

Thermal conductivity A




Transport matrix L (2)

e Viscosity 17 and thermal conductivity A
Ely and Hanley (1983) Chung et al. (1988)

~

e Reduced thermal diffusion ratios x

Thermal diffusion ratios y evaluated as for perfect gases

¢ Multicomponent diffusion coefficients D = (A + yQy) ™! — IR

XEX] XEX]
App = ) == Ay =——=— k#I
kEk Dui kl Dy 7A

Du=Di/Te y=01--ya) IT=(1,...,1)




Transport matrix L (3)

e Diffusion driving forces and reduced chemical potential

cl

T _ XEMEVE o ] _ MEgg

di, = Xk (agﬂk)T ~ T RT f%p -+ ijzagxl Mk = RT

les
pr = k(L0 %1, %) T =x0my)per A = di — yi Zdl
les
e Traditional formulation
gk = Vk == Z Dkldl — Hkﬁc logT
k

[€[1,ng]

=Y = -2 Gud - R0.T

ke(l,ng] ke[l,ng]




Transport matrix L (4)

e Mechanical thermodynamic unstable points
Mechanical stability limit 0,p% = 0

Expression of fixed pressure quantities

(a}’k ¢)T,Tacl,yz — (aYk ¢)T,p,yz + (ap@T,yz (83% p)Taz_?dayl

(a p) —=cl _— — (aykﬁCI>Tapayl
YT, p Ly (ap1_9d>T,yl

e Explosion at mechanical thermodynamical unstable points

EXplOSiOD of hz v; Fz’j

Thermodynamic form of transport fluxes
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Transport matrix L (5)
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-0.03
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100 |
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e Mechanical stability criterium in high pressure flames
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Transport matrix L (7)

e New expression of specific enthalpies

(ayk]_9C1)T,p,yz — om; (ap1_9C1)T,yz + R
RT ma b b
e DSUCEES
g (v—=0)2  v(v+b)? geze; s m; My
2m Q0 O
+ Z yjYZ@z<—‘7 — —)
v(v+0) s koM,

e Stabilization of the matrix L

(0,h) 1y, — (@,h) 1y, Ric | A((0,5)1,,)

m

hy = (O, h
k (Yk:) oM

T,P,YZ

A(x) smoothed version of A(x) = max(J, x)




Supercritical fluids

e Experiments
Schilling and Franck (1988), Chehroudi, Talley, and Coy (2002),
Candel, Juniper, Singla, Scouflaire, Rolon (2006), Habiballah et al. (2006)

e¢ Numerical simulations of supercritical laminar flames
El Gamal, Gutheil and Warnatz (2000), Okongo and Bellan (2002),
Saur, Behrendt, and Franck (1993),
Ribert, Zong, Yang, Pons, Darabiha, and Candel, (2008), Pons et al. (2009),

e¢ Numerical simulations of supercritical turbulent flames
Zong and Yang (2006), Bellan (2006), Oefelein (2005),
Zong and Yang (2007), Schmitt, Selle, Cuenot, and Poinsot (2008)
Schmitt, Méry, Boileau, and Candel (2011), Dahms and Oefelein (2013)




Oxygen vaporizing diffuse interfaces (1)

e p® =20bars T, =100K T,,=300K o« = 1000 s~
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e p°° = 20 bars
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Oxygen vaporizing diffuse interfaces (2)
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Oxygen vaporizing diffuse interfaces (3)

e p® =52.5bars T, =100K T,, =300 K o« =1000s"1
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Oxygen vaporizing diffuse interfaces (4)

e p® =52.5bars T, =100K T,, =300 K o« =1000s"1
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Oxygen vaporizing diffuse interfaces (5)

e p® =20bars T, =100K T,,=300K o« = 1000 s~
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Oxygen vaporizing diffuse interfaces (6)

e T\, =100 K T,, =300 K «a = 1000 s’
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Oxygen vaporizing diffuse interfaces (7)
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Oxygen vaporizing diffuse interfaces (8)

e T\, =100 K T,, =300 K «a = 1000 s’
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Oxygen vaporizing diffuse interfaces (9)

e T\, =100 K T,, =300 K «a = 1000 s’
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Stability (2)

e Stability of O, /H>0 mixtures at p>° = 60 atm

1
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Stability (4)

e Stability of O, /H>0 mixtures at p>° = 45 atm

1




Stability (5)

e Types of binary phase diagrams from Van Konynenburg and Scott

T g
| phase % I phase
’é
c, ﬂ‘“mnmmcz %,,,mm"nn Gy
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(14
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g | phase e | phOﬂe X
a7,
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CEP
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TEMPERATURE

Figure 12-6 Six types of phase behavior in binary fluid systems. C = critical point;
L = liquid; V = vapor; UCEP = upper critical end point; LCEP = lower critical end point.
Dashed curves are critical lines and hatching marks heterogeneous regions.




Liquid water governing equations

e Condensation of water (below 220.6 bar)

H,O & HQO(Z) (*)
e Governing equation

atpns+1 + V.(pns+1v> — mns+1wns+1

e Condensation source term

wn+1 = Ky (eXP(MHQO) — eXP(MHQO(z))) ~ IC, (glcqlgo - gIC{IQO(l))




Oxygen/Hydrogen diffusion flame (1)
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Oxygen/Hydrogen diffusion flame (2)
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Oxygen/Hydrogen diffusion flame (3)
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Oxygen/Hydrogen diffusion flame (4)
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Oxygen/Hydrogen diffusion flame (5)

a = 10000 s—1

T, = 300 K

T, = 100 K
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Oxygen/Hydrogen diffusion flame (6)

e p© =60 bars T, =100K T,, =300K « = 10000 s~




Oxygen/Hydrogen diffusion flame (7)

e p® =45bars T, =100K T,, =300 K « = 10000 s~




Oxygen/Hydrogen diffusion flame (8)
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Oxygen/Hydrogen diffusion flame (9)

e Stability of O, /H>0 mixtures at p>° = 45 atm

1




7 Conclusion




Conclusion /Future work

e Physical/Modeling aspects
High pressure transport coeflicients
Numerical simulations at the Molecular /Boltzmann /Fluid levels

Boundary equations at solid walls

e Mathematical and numerical aspects aspects
Numerical simulations of subcritical to supercritical mixtures of fluids
Global existence results around stationary nonconstant equilibrium states

Decay estimates for multicomponent reactive flows and augmented systems

Multicomponent mixtures and Cahn-Hilliard equations




High pressure multicomponent fluid models (1)

e Cahn-Hilliard fluid mixtures from the kinetic theory
Oypi + V-(piv) + V-F; = mw; 1€6 ={1,...,ns}
0,(pv) + V- (pv@v) + V- P =0

0,(E+ 2plv]?) + V- (v(E+ Lp[v]?)) + V- (Q+P-v) =0
e Pressure tensor and heat flux

P=pl+ ) ;Vpi&Vp;— >  piV-(55Vp;) + P

1,]€6 1,]€6

Q = Z %iijj (in"U + V.’F; — miwi) — Z V'(%Z]V,O]>.7:z + Qd

i,jES i,jES




High pressure multicomponent fluid models (2)

¢ Thermodynamic form for multicomponent fluxes

Pl =0Vl —n(Vo+ Vo —2V.ul)

7= Ly (v(2) - Y a0y ()

T T
0= (v () - T Ee ) o)

e Structure of the matrix L

L = (Lij); jesu{e} Symmetric positive semi-definite

N(L) = Span(1,...,1,0)! Mass conservation constraint ) , & F; =0

e Compatibility with thermodynamics




High pressure multicomponent fluid models (3)

e Van der Waals type free energy F = F° + % D ijes *ij VP Vp;

p=p"—% Y 4;Vpi-Vp;  E=EY+1 Y (545 — TOrs;)Vpi-Vp;

i,jE€S i,jES
S=38"- % Z O35 Vp;-Vp; 9i = 9;1(101, ey Py T) iy = »;(T)
i,jES

e (ibbs relation

TdS=dE - gidpi— Y ;Vpi-dVp;

1€6 1,1 €6

e Simplifying assumptions on capillarities

Hij — %(T) Z,] c 6




High pressure multicomponent fluid models (4)

e Simplifications using ) ;s F =0 and ) ;.o m;w; =0

Z #i5 Vpi@Vp; = 3VpRVp Z piV+(5;Vp;) = pV-(5Vp)

1,]€6 1,]ES

D #iipiVoiVv = pVpVew Y s Vp; VeFi = Y V-(5;Vp;) F; = 0
i,jES i,jES i,jES

Z 2, Vpy = #Vp Z #;;Vp;Vpj = 3|Vp|* Z%z'jvpjmz‘wz‘ =0
€6 i,jEG i,jES

e Simplified fluxes

P = pl + VpRVp — pV+(Vp)I + P Q = xpVpV-v + Q°

AT nv(§) -1 (F)  0tm v (§) -1y (T)
jES €S




High pressure multicomponent fluid models (5)

e Multicomponent diffuse interface fluid model
O,p; + V-(p;v) + V- F; = m;w; ie&={1,...,ng}
0,(pv) + V-(pv@v) + V- P =0
0,( + Lolof2) + V-(v(€ + 1p[v2)) + V(@ + P-v) =0

e Multicomponent fluxes

P =pl + »VpaVp — pV-(%xVp)I —oV-v I —n(Vv+ Vo' — 2V-v 1)

ﬁ:-%Lijv(%) —LieV(%l> €6

Q= 5pVpVv— 3 Lez-V(%) _ LeeV(_—1>
1€ES

T




The Matrix L (1)

e Change of variables

(1017'°'710n57T) = (Vaylv'“)ynSaT) with v = 1/10 and Yi = IOZ/p
d(p1y--espn,, 1) = gb(—l, L., P T) independent mass fractions y;

1 A VAR

(I/,Yl,...,ynS,T)%(V,Xl,...,XnS,T) X’L:yzmﬂ Z Yi — Zie@yi

e Pressure based variable
Mechanically stable states d,p > 0 or d,p < 0
(U, Y153 Y, T) = (DyY1, - -5 Ynos 1) classical variable for diffusion

H=E+p h=H/p hi =0y, h(p,y1,---,¥Yn,, 1)

e Classical driving forces

dz' = XZV(%)T = XiV(migi) + ximih; vT

RT RT?




The Matrix L (2)

e Modified matrix L

(1 0

0 1

o

S0 —hy )
.
.

0 1 )

e Identification from low pressure transport fluxes

pip;Dij
NR

b*)

Lij =

Z IOZDZjd

JEGS

0;V logT

,0@9 T
NR

ee — /XT2

Q — —NRT Z dez —

€6

AVT + > hF;

€6




The Matrix L (1’)

¢ Homogeneous thermodynamics

New variables (v,y1,...,Y¥n,, 1) with v =1/p and y; = p;/p

¢(p17' "7IOns7T) — ¢(y717 9 y;s 7T>
Energy and entropy densitiese =E/p s=8/p

s and e are 1-homogeneous with respect to (v,y1,...,¥n.)

p is 0-homogeneous with respect to (v,y1,...,Yn,)

e Pressure based thermodynamic functions

Mechanically stable states d,p > 0 or d,p < 0

Assume (v,y1,...,¥n,T) — (p,y1,---,¥Yn., ) invertible
Thenit H=E+p h=H/p wehave h;=20,h(p,yi,...

7YnsaT)




The Matrix L (2°)

e Modified matrix L

(10 ...0 —hy)
0 1 —hg

0 ... 0 1 —hy,

\0...00 1)

e Identification from low pressure transport fluxes

> _pipiDi; x> pT 5o
L;; = Lie = Le; = Lee = AT
J NR NR
Driving forces x;Vpu; = xiV% =d,; — %VT d; = x;(V ;)T

Jj€EGS 1€6 1€6




The Matrix L (3’)

e Alternative coeflicients

A

Dxy=60 <y, I1>=0 A=A—NR<6, x> h:, = h; + x;NR/p;

e The matrix L for stable states

{ ,O%Dl,l ,OlanDl,nS ZJEG ’Olpjh; \

anIOlDPnS,l e ’O%SDpns’nS ZJEG pnsp‘]h-/]

KZZ'EG plpih;‘ s Zie@ pnspz’hfi A+ Zi,je@ pipjhféh;)




