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1 Introduction



High pressure fluids (1)

• Thermodynamic equilibrium surface for a single species



High pressure fluids (2)

• Projection onto the (T, p) plane



High pressure fluids (3)

• (T, p) projection for binary mixtures (Van Konynenburg and Scott)



High pressure fluids (4)

• Applications

Ariane rocket Vulcain engine

Coal Power plants

Extraction (supercritical CO2)

Depollution (supercritical CO2 and H2O)



High pressure fluids (5)

• Cryogenic liquid N2 at 99-110 K jets into gaseous N2 at 300 K



2 High Pressure Multicomponent

Fluid Model



High pressure multicomponent fluid models (0)

• Kinetic theory of dense gases

Enskog (1922), Thorne (Unpublished), Hirschfelder, Curtiss and Bird (1954)

Chapman and Cowling (1970), Ferziger and Kaper (1972)

Bajaras, Garcia-Colin and Piña (1973), Van Beijeren and Ernst (1973)

Kurochkin, Makarenko and Tirskii (1984)

• Statistical mechanics

Irving and Kirkwood (1950), Bearman and Kirkwood (1958), Mori (1958)

• Thermodynamics of irreversible processes, statistical thermodynamics

Marcelin (1910), Meixner (1943), Prigogine (1947), de Groot and Mazur

(1984), Keizer (1987)



High pressure multicomponent fluid models (1)

• Multicomponent diffuse interface fluid model

∂tρi +∇·(ρiv) +∇·Fi = miωi i ∈ S = {1, . . . , ns}
∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂t
(
E + 1

2ρ|v|
2
)
+∇·

(
v(E + 1

2ρ|v|
2)
)
+∇·(Q+P·v) = 0

• Multicomponent fluxes

P = pI + κ∇ρ⊗∇ρ− ρ∇·(κ∇ρ)I +Pd, Q = κρ∇ρ∇·v +Fe

Pd = −v∇·v I − η
(
∇v +∇vt − 2

d
∇·v I

)

Fi = −
∑

j∈S

Lij∇
(gj
T

)
− Lie∇

(−1

T

)
i ∈ S

Fe = −
∑

i∈S

Lei∇
(gi
T

)
− Lee∇

(−1

T

)



High pressure multicomponent fluid models (2)

• Extended thermodynamics

F = F cl(ρ1, . . . , ρns
, T ) + 1

2κ|∇ρ|2 S = Scl(ρ1, . . . , ρns
, T )− 1

2∂Tκ|∇ρ|2

p = pcl(ρ1, . . . , ρns
, T )− 1

2κ|∇ρ|2 gi = gcl
i (ρ1, . . . , ρns

, T ) i ∈ S

E = Ecl(ρ1, . . . , ρns
, T ) + 1

2 (κ − T∂Tκ)|∇ρ|2 κ = κ(T )

• Gibbs relation

T dS = dE −
∑

i∈S

gi dρi − κ∇ρ· d∇ρ



High pressure multicomponent fluid models (3)

• Thermodynamics : Ecl, pcl, Scl functions of Z = (ρ1, . . . , ρns , T )t with

(T0) Ecl, pcl, Scl are Cγ(OZ), OZ ⊂ (0,∞)ns+1 nonempty open connected

(T1) T dScl = dEcl −
∑

i∈S

gcl
i dρi with gcl

k = ∂ρk
Ecl − T∂ρk

Scl and Gcl =
∑

i∈S

ρig
cl
i

(T2) For any (y1, . . . , yns
, T ) ∈ (0,∞)ns+1 with

∑
i∈S

yi = 1 ∃ρm > 0

(ρy1, . . . , ρyns
, T )t ∈ OZ for 0 < ρ < ρm and

lim
ρ→0

(Ecl − E id)/ρ = 0 lim
ρ→0

(pcl − pid)/ρ = 0 lim
ρ→0

(Scl − S id)/ρ = 0

(T3) OZ is increasing with T and ∂T Ecl > 0

• The matrix Λ = (Λij)i,j∈S associated with stability

Z 7→ X = (ρ1, . . . , ρns
, Ecl)t Cγ diffeomorphism Λij = Λcl

ij = ∂ρj
gi/T

∂2
XX
Scl negative definite ⇐⇒ ∂TEcl > 0 and Λ positive definite



High pressure multicomponent fluid models (4)

• Complex chemistry
∑

i∈S

νfijMi ⇄
∑

i∈S

νbijMi j ∈ R = {1, . . . , nr}

• Reduced chemical potential µi = migi/RT

νfj =




νf1j
...

νf
nsj


 νbj =




νb1j
...

νb
nsj


 µ =




µ1

...

µns


 ω =




ω1

...

ωns


 al =




a1l

...

ansl




• Atom and mass conservation

A = {1, . . . , na} m = (m1, . . . ,mns
)t m =

∑

l∈A

m̃l al

〈νj , al〉 = 0, j ∈ R, l ∈ A, 〈νj ,m〉 = 0



Multicomponent Diffuse Interface Fluids (5)

• Marcelin’s production rates

νj = νbj − νfj ω =
∑

j∈R

νjτj τj = Kj

(
exp〈νfj , µ〉 − exp〈νbj , µ〉

)

• Activitiy and generalized mass action law

µid
i = µu,id

i (T ) + log γid
i γid

i =
ρid
i

mi

ai = ãi γ
id
i

µi = µu,id
i (T ) + log ai, τj = Kf

j

∏

i∈S

a
νf

ij

i −Kb
j

∏

i∈S

a
νb

ij

i



Multicomponent Diffuse Interface Fluids (6)

• The Matrix L

L =




L11 · · · L1ns
L1e

...
. . .

...
...

Lns1 · · · Lnsns
Lnse

Le1 · · · Lens
Lee




v =
1

T




g1
...

gns

−1




F=




F1

...

Fns

Fe




F= −L∇v

• Properties of the transport coefficients

(Tr1) L, η, v are Cγ functions of Z ∈ OZ

(Tr2) The matrix L = (Lij)1≤i,j≤ns+1 is symmetric positive semi-definite with

N(L) = R (1I, 0)t where 1I =
(
1, . . . , 1

)t ∈ R
ns

(Tr3) η > 0 v ≥ 0 and v > 0 if d = 1



Multicomponent Diffuse Interface Fluids (7)

• Entropy balance

∂tS +∇·(Sv) +∇·
(
−
∑

i∈S

gi
T
F i +

1

T
Fe

)
= v∇ + vω

v∇ = −
∑

i∈S

∇
(gi
T

)
·F i −∇

( 1

T

)
·Fe −

1

T
∇v:Pd

vω = −
∑

i∈S

gimiωi

T

• Nonnegative entropy production

v∇ = 〈L∇v ,∇v〉+ κ

T
(∇·v)2 + η

2T

∣∣∇v +∇vt − 2
d
∇·vI

∣∣2,

vω =
∑

j∈R

RKj

(
〈νfj , µ〉 − 〈νbj , µ〉

) (
exp〈νfj , µ〉 − exp〈νbj , µ〉

)



3 Existence of Strong Solutions



Multicomponent Augmented System (1)

• Extra unknown w = ∇ρ

∂tw +
∑

i∈D

∂i
(
w vi + ρ∇vi

)
= 0 D = { 1, . . . , d }

• Augmented unknowns

u =
(
ρ1, . . . , ρns

,w, ρv, E + 1
2ρ|v|

2
)t

z =
(
ρ1, . . . , ρns

,w, v, T
)t

• New thermodynamic functions

E = Ecl + 1
2 (κ − T∂Tκ)|w|2 S = Scl − 1

2∂Tκ|w|2

p = pcl − 1
2κ|w|2 gk = gcl

k k ∈ S



Multicomponent Augmented System (2)

• Thermodynamic functions

(H1) E, p, S are Cγ functions of z ∈ Oz ⊂ (0,∞)ns × R
d × R

d × (0,∞)

Oz open set, κ = κ(T ) is Cγ+1 function of temperature T

If (ρ1, . . . , ρns , T )
t ∈ OZ, (ρ1, . . . , ρns , 0, 0, T )

t ∈ Oz and If

(ρ1, . . . , ρns ,w, v, T )t ∈ Oz, (ρ1, . . . , ρns , T )
t ∈ OZ

(H2) G = E + p− TS =
∑

i∈S
ρigi T dS = dE −∑

i∈S
gi dρi − κw· dw

(H3) The open set Oz is increasing with temperature T and ∂T E > 0

(H4) The capillarity coefficient is positive κ > 0 over Oz

(H5) The coefficients v, η, and the matrix L are Cγ functions over Oz

We have η > 0, v ≥ 0, v+ η(1− 2
d
) > 0, L is symmetric positive

semi-definite and N(L) = R(1, . . . , 1, 0, 0, 0, 0)t.



Multicomponent Augmented System (3)

• Thermodynamic functions

(H6) (ρ1, . . . , ρns , T ) 7→
(
ρ,

g2 − g1
T

, . . . ,
gns − g1

T
, T

)t

is globally invertible.

(H7) There exists δ > 0 such that the eigenvalues λ1, . . . , λns
of Λ satisfy

λi ≥ δ for i ≥ 2.

(H8) Atom conservation 〈νj , al〉 = 0 for j ∈ R, l ∈ A and m =
∑

l∈A
m̃l al.

(H9) The rate constants Kj , j ∈ R, are Cγ positive functions of T > 0.



Multicomponent Augmented System (4)

Lemma 1. Assuming (H1)-(H2) and that z 7→ u is locally invertible then

∂2
uu
S negative definite ⇐⇒ ∂T E > 0 det(Λ) > 0 and κ > 0

Lemma 2. Assuming (H1)-(H3) then the map z 7→ u is a Cγ diffeomorphism from

the open set Oz onto an open set Ou.

Lemma 3. Assuming (H1), γ given smooth positive function, and δ > 0 given

there exists a Cγ−1 function m such that m ≥ 0

m+ γ detΛ > 0

and m = 0 if γ detΛ ≥ δ.



Multicomponent Augmented System (5)

• Augmented entropic variable

σ = −S v = (∂uσ)
t =

1

T

(
g1 − 1

2 |v|
2, . . . , gns

− 1
2 |v|

2,κw, v,−1
)t

• Stable points

Ost
z
= { z ∈ Oz

∣∣ Λ > 0 } = { z ∈ Oz

∣∣ det(Λ) > 0 }

u 7→ v locally invertible around stable points with Λ > 0

• Legendre transform L of entropy

L = 〈u, v〉 − σ =
1

T

(
p+ κ|w|2

)
∂uσ = vt ∂vL = ut

• Convective fluxes

Fi =
(
∂v(Lvi)

)t Li = Lvi



Multicomponent Augmented System (6)

• New augmented form

∂tu+
∑

i∈D

∂i
(
Fi + Fd

i + Fc
i

)
= Ω

• Augmented fluxes in the ith direction

Fi =
(
ρ1vi, . . . , ρns

vi,wvi, ρvvi + (p+ κ|w|2)ei, (E + 1
2ρ|v|

2 + p+ κ|w|2)vi
)t

Fd
i =

(
F1i, . . . ,Fnsi, 0d,1, Pd

i, Fei +
∑

j∈D

Pd
ijvj

)t

Pd
i = (Pd

1i, . . . ,Pd
di)

t

Fc
i =

(
0, . . . , 0, ρ∇vi,−ρ∇(κwi), ρκw·∇vi − ρv·∇(κwi)

)t

Ω =
(
m1ω1 . . . ,mns

ωns
, 0, 0, 0

)t

• Similar equivalence of both formulations



Multicomponent Augmented System (7)

• Convective, dissipative and capillary matrices

Ai = ∂uFi Fd
i = −

∑

j∈D

Bd
ij∂ju Fc

i = −
∑

j∈D

Bc
ij∂ju, i ∈ D

• Quasilinear form

∂tu+
∑

i∈D

Ai(u)∂iu−
∑

i,j∈D

∂i
(
Bd
ij(u)∂ju

)
−

∑

i,j∈D

∂i
(
Bc
ij(u)∂ju

)
= Ω(u)

Ai, Bd
ij , and Bc

ij , for i, j ∈ D, have at least regularity Cγ−1 over Ou

• Symmetrization

Structure of the system of equations plus existence results



Symmetrized Multicomponent Augmented System (1)

• Entropic symmetrization for stable points u = u(v)

Entropic variable (∂uσ)
t = 1

T

(
g1 − 1

2 |v|2, . . . , gns
− 1

2 |v|2,κw, v,−1
)t

Ã0(v)∂tv +
∑

i∈D

Ãi(v)∂iv −
∑

i,j∈D

∂i
(
B̃d
ij(v)∂jv

)
−

∑

i,j∈D

∂i
(
B̃c
ij(v)∂jv

)
= Ω̃(v)

Ã0 = ∂vu Ãi = Ai∂vu B̃d
ij = Bd

ij∂vu B̃c
ij = Bc

ij∂vu Ω̃ = Ω det Ã0 =
ρ3T 8

κ3

∂T E
detΛ

• Structure of entropic symmetrized system

Ã0 symmetric positive definite for stable points Ãi symmetric for i ∈ D

(B̃d
ij)

t = B̃d
ji

∑

i,j∈D

ξiξjB̃
d
ij positive semi definite (B̃c

ij)
t = −B̃c

ji

The map u 7→ v is generally not globally invertible



Symmetrized Multicomponent Augmented System (2)

• Normal variable

w = (wI,wII)
t =

(
ρ,w,

g2 − g1
T

, . . . ,
gns

− g1
T

, v, T
)t

wI = (ρ,w)t wII =
(g2 − g1

T
, . . . ,

gns
− g1
T

, v, T
)t

R
n = R

nI × R
nII n = nI + nII nI = d+ 1 nII = ns + d

z → w diffeomorphism from Oz onto Ow and u → w from Ou onto Ow

• Notation for more general systems

wI = (wI
′ ,wI

′′)t wI
′ = ρ wI

′′ = w ∇wI
′ = wI

′′ wr = (wI
′ ,wII)

t

• Normal form

u = u(w) and multiplication on the left by (∂wv)
t

Add
(
∂tρ+∇·(ρv)

)
×m to the first equation



Symmetrized Multicomponent Augmented System (3)

• Normal form

A0(w)∂tw +
∑

i∈D

Ai(w)∂iw −
∑

i,j∈D

Bd
ij(w)∂i∂jw −

∑

i,j∈D

Bc
ij(w)∂i∂jw = h(w,∇w)

• Properties of the normal form

A0 = diag(AI,I
0 ,AII,II

0 ) symmetric positive definite Ai symmetric for i ∈ D

(Bd
ij)

t = Bd
ji Bd

ij = diag(0,Bd II,II
ij ) Bd II,II =

∑

i,j∈D

ξiξjB
d II,II
ij positive definite

(Bc
ij)

t = −Bc
ji B

c I,I
ij = 0 B

c I,II
ij , B

c II,I
ij , A

II,II
0 depend on wr = (wI

′ ,wII)
t

h = (hI, hII)
t hI =

(
−mρ∇·v,−κ

T

∑

i∈D

wi∇vi

)t

hII = hII(w,∇w)

Coefficients are ate least Cγ−2 Explicit calculations (formally singular)

Chemical terms included in hII for local existence results



Symmetrized Multicomponent Augmented System (4)

• Gradient constraint for nonlinear equations

Natural equation for w −∇ρ

∂t(w −∇ρ) + v·∇(w −∇ρ) + (w −∇ρ)∇·v + (∇v)t·(w −∇ρ) = 0

If w is smooth enough, w0 −∇ρ0 = 0 and w⋆ = 0 then w −∇ρ = 0

• Linearized equation with gradient constraint

A0(w)∂tw̃ +
∑

i∈D

Ai(w)∂iw̃ −
∑

i,j∈D

Bd
ij(w)∂i∂jw̃ −

∑

i,j∈D

Bc
ij(w)∂i∂jw̃ =

(
−m ρ∇·ṽ,−

∑

i∈D

κ

T
w̃i∇vi, hII(w,∇w)

)t

• Similar to the single species situation



Symmetrized Multicomponent Augmented System (5)

• Linearized equation with gradient constraint

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃ −

∑

i,j∈D

Bd
ij(w)∂i∂jw̃ −

∑

i,j∈D

Bc
ij(w)∂i∂jw̃

+ L(w,∇wII)w̃ = h′(w,∇w) =
(
0, hII(w,∇w)

)t

A′
i(w) = Ai(w) +mρe1⊗ed+1+i L(w,∇wII) =

∑

i∈D

κ

T
(0,∇vi, 01,nI

, 0)t⊗ei+1

• Gradient constraint for linearized equations

Natural equation for w̃ −∇ρ̃

∂t(w̃ −∇ρ̃) + v·∇(w̃ −∇ρ̃) + (w −∇ρ)∇·ṽ +∇vt·(w̃ −∇ρ̃) = 0

If w and w̃ are regular, w−∇ρ = 0, w̃0 −∇ρ̃0 = 0, w̃⋆ = 0 then w̃−∇ρ̃ = 0



Linearized Equations (1)

• Linearized equations

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃−

∑

i,j∈D

Bd
ij(w)∂i∂jw̃−

∑

i,j∈D

Bc
ij(w)∂i∂jw̃+L(w,∇wr)w̃ = f+g

• Assumptions on the coefficients

A0 = diag(AI,I
0 ,AII,II

0 ) symmetric positive definite block diagonal

A
′I,I
i are symmetric, (Bd

ij)
t = Bd

ji, Bd
ij = diag(0,Bd II,II

ij )

Bd II,II =
∑

i,j∈D B
d II,II
ij ξiξj is positive definite for ξ ∈ Σd−1

(Bc
ij)

t = −Bc
ji B

c,I,I
ij = 0 A

II,II
0 , Bc,I,II

ij , Bc,II,I
ij only depend on wr = (wI

′ ,wII)
t

L = diag( LI,I, LII,II ) LI,I = LI,I(w)∇wr LII,II = LII,II(w)∇wr

A0, A′
i, B

d
ij , B

c
ij , L

I,I, LII,II are Cl+2 over O
w

L(w,∇wr) w̃
⋆ = 0



Linearized Equations (2)

• Assumptions on w

d ≥ 1 l ≥ l0 + 2 where l0 = [d/2] + 1 1 ≤ l′ ≤ l

w given function of (t,x) over [0, τ̄ ]× R
d with τ̄ > 0





wI − w⋆
I
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)

wII − w⋆
II
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)
∩ L2

(
(0, τ̄), H l+1

)

O0 ⊂ O0 ⊂ Ow, 0 < a1 < dist(O0, ∂Ow), O1 = {w ∈ Ow; dist(w,O0) < a1 }
w0(x) = w(0,x) ∈ O0, w(t,x) ∈ O1, (t,x) ∈ [0, τ̄ ]×R

d

• Assumptions on f and g

f and g given functions of (t,x) over [0, τ̄ ]× R
d 1 ≤ l′ ≤ l

f ∈ C0
(
[0, τ̄ ], H l′−1

)
∩ L1

(
(0, τ̄), H l′

)
g ∈ C0

(
[0, τ̄ ], H l′−1

)
gI = 0



Linearized Equations (3)

• Assumptions on w̃

w̃I − w̃⋆
I
∈ C0

(
[0, τ̄ ], H l′

)
∩ C1

(
[0, τ̄ ], H l′−2

)
,

w̃II − w̃⋆
II
∈ C0

(
[0, τ̄ ], H l′

)
∩ C1

(
[0, τ̄ ], H l′−2

)
∩ L2

(
(0, τ̄), H l′+1

)
,

• Bounding quantities

M2 = sup
0≤τ≤τ̄

|w(τ)− w⋆|2l , M2
1 =

∫ τ̄

0

|∂tw(τ)|2l−2 dτ, M2
r =

∫ τ̄

0

|∇wr(τ)|2l dτ

• Linearized estimates for 1 ≤ l′ ≤ l

There exists constants c1(O1) ≥ 1 and c2(O1,M) ≥ 1 increasing with M with

sup
0≤τ≤t

|w̃(τ)− w̃⋆|2l′ +
∫ t

0

|w̃II(τ)− w̃⋆
II
|2l′+1 dτ ≤ c21 exp

(
c2
(
t+M1

√
t+Mr

√
t
))
×

(
|w̃0 − w̃⋆|2l′ + c2

{∫ t

0

|f|l′ dτ
}2

+ c2

∫ t

0

|gII|2l′−1 dτ
)



Existence Results for Diffuse Interface Models

• Isothermal

Hattori and Li (1996) Danchin and Desjardins (2001) Kotschote (2008)

Bresch et al. (2003) (2019)

• Euler-Korteweg

Bresch et al. (2008) (2019) Benzoni et al. (2005) (2006) (2007)

Donatelli et al. (2004) (2014) Tzavaras et al. (2018) (2017)

• Full model

Haspot (2009) Kotschote (2012) (2014)

• Symmetrization for diffuse interface fluids

Gavrilyuk and Gouin (2000) Kawashima et al. (2022)



Existence of Strong Solutions (1)

• Structural assumptions

Augmented system in normal form with the gradient constraint

Linearized equations enforcing the gradient constraint
(
A′
i(w)− Ai(w)

)
∇w + L(w,∇wr)w + h(w,∇w) = h′(w,∇w)

Right hand sides in the form

hI =
∑

i∈D

m
I

i(w)∂iwr +
∑

i,j∈D

m
I,I
ij (w)∂iwr∂jwr

hII =
∑

i∈D

m
II

i (w)∂iw +
∑

i,j∈D

m
II,II
ij (w)∂iw∂jw

wr is the more regular part wr = (wI
′ ,wII)

t of the normal variable



Existence of Strong Solutions (2)

Theorem 1. Let d ≥ 1, l ≥ l0 + 2, l0 = [d/2] + 1, and let b > 0.

Let O0 ⊂ O0 ⊂ Ow, 0 < a1 < dist(O0, ∂Ow), O1 = {w ∈ Ow; dist(w,O0) < a1 }.
There exists τ̄(O1, b) > 0 such that for any w0 with w0 ∈ O0, w0 − w⋆ ∈ H l,

w0I
′′ = ∇w0I

′ and

|w0 − w⋆|2l < b2,

there exists a unique local solution w with initial condition w(0,x) = w0(x), such

that w(t,x) ∈ O1 for (t,x) ∈ [0, τ̄ ]×R
d, wI

′′ = ∇wI
′ , and

wI − w⋆
I
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)

wII − w⋆
II
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)
∩ L2

(
(0, τ̄), H l+1

)

Moreover, there exists cloc(O1, b) ≥ 1 such that

sup
0≤τ≤τ̄

|w(τ)− w⋆|2l +
∫ τ̄

0

|wII(τ)− w⋆
II
|2l+1dτ ≤ c2loc|w0 − w⋆|2l .



Existence of Strong Solutions (3)

• Application to multicomponent diffuse interface fluids

Theorem 2. Let d ≥ 1, l ≥ l0 + 2, and b > 0. There exists τ̄(O1, b) > 0 such that

for any w0 with w0 ∈ O0, w0 −w⋆ ∈ H l, w0 = ∇ρ0 and |w0 −w⋆|2l < b2 there exists

a unique local solution w with w(0,x) = w0(x), w(t,x) ∈ O1, w = ∇ρ, and

ρ− ρ⋆ ∈ C0
(
[0, τ̄ ], H l+1

)
, ρi − ρ⋆i ∈ C0

(
[0, τ̄ ], H l

)
,

v − v⋆, T − T ⋆ ∈ C0
(
[0, τ̄ ], H l

)
∩ L2

(
(0, τ̄), H l+1

)

g2 − g1, . . . , gns − g1 ∈ C0
(
[0, τ̄ ], H l

)
∩ L2

(
(0, τ̄), H l+1

)
.

Moreover, there exists cloc(O1, b) ≥ 1 such that

sup
0≤τ≤τ̄

(∣∣ρ(τ)− ρ⋆
∣∣2
l+1

+
∣∣ρi(τ)− ρ⋆i , v(τ)− v⋆, T (τ)− T ⋆

∣∣2
l

)
+

∫ τ̄

0

|wII(τ)− w⋆
II
|2l+1dτ

≤ c2loc

(∣∣ρ0(τ)− ρ⋆
∣∣2
l+1

+
∣∣ρi0 − ρ⋆i , v0(τ)− v⋆, T0(τ)− T ⋆

∣∣2
l

)



3 Construction of the Thermodynamics



Thermodynamics from equations of state (1)

• Specific variables

ν = 1/ρ yi = ρi/ρ i ∈ S y1, . . . , yns
independent

e = E/ρ s = S/ρ g = G/ρ, f = F /ρ

• Thermodynamic variables

ζ = (ν, y1, . . . , yns
, T )t ξ = (ν, y1, . . . , yns

, e)t

• Expanded variables for λ > 0

ζλ = (λν, λy1, . . . , λyns
, T )t ξλ = λξ = (λν, λy1, . . . , λyns

, λe)t



Thermodynamics from equations of state (2)

• Thermodynamics : e, p, s functions of ζ = (ν, y1, . . . , yns , T )t with

(T0) e, p, s are Cγ(Oζ), Oζ ⊂ (0,∞)2+ns open, nonempty and connected,

∀λ > 0, ∀ζ ∈ Oζ ζλ ∈ Oζ , e(ζλ) = λe(ζ) p(ζλ) = p(ζ) s(ζλ) = λs(ζ).

(T1) For any ζ ∈ Oζ letting gk = ∂
yk
e− T∂

yk
s we have Gibbs’ relation

T ds = de+ p dν −
∑

k∈S

gk dyk.

(T2) For any (y1 . . . , yns
, T )t ∈ (0,∞)1+ns there exists νm such that ν > νm

implies (ν, y1 . . . , yns
, T )t ∈ Oζ and

lim
ν→∞

(e− eid) = 0, lim
ν→∞

ν(p− pid) = 0, lim
ν→∞

(s− sid) = 0.

(T3) Oζ is increasing with temperature and ∂T e(ζ) > 0.(
If (ν, y1, . . . , yns

, T )t ∈ Oζ then (ν, y1, . . . , yns
, T ′)t ∈ Oζ for any T < T ′

)



Thermodynamics from equations of state (3)

• Ideal mixtures in terms of the variable ζ = (ν, y1, . . . , yns , T )t

pid =
RT

ν

∑

k∈S

yk

mk

Oid
ζ = (0,∞)ns+2

eid =
∑

k∈S

yke
id
k eid

k = estk +

∫ T

T st

cidvk(θ) dθ

sid =
∑

k∈S

yks
id
k sid

k = sstk +

∫ T

T st

cidvk(θ)

θ
dθ − R

mk

log
yk

νmkγst

• First consequences

ζ 7→ ξ is a Cγ diffeomorphism from Oζ onto Oξ open nonempty connected

The Gibbs function is given by g =
∑

i∈S
yigi



Thermodynamics from equations of state (4)

• Matrix Λ = (Λkl)k,l∈S

Λkl =
∂
yk
gl

T
=

∂
yl
gk

T
, k, l ∈ S, Λ̂ = Λ− Λy⊗Λy

〈Λy, y〉 .

Λy =
ν

T
(∂

y1
p, . . . , ∂

yns
p)t, 〈Λy, y〉 = −ν2

T
∂νp.

• Thermodynamic stability

(i) ∂2
ξξs is negative semi-definite with null space N(∂2

ξξs) = Rξ.

(ii) ∂T e > 0 and Λ is positive definite.

(iii) ∂T e > 0, ∂νp < 0, and Λ̂ is positive semi-definite with null space Ry.



Thermodynamics from equations of state (5)

• From (ν, y1, . . . , yns , T )
t to (ρ1, . . . , ρns , T )

t

A(ρ1, . . . , ρns
, T ) =

(∑

i∈S

ρi

)
a
( 1∑

i∈S
ρi
,

ρ1∑
i∈S

ρi
, . . . ,

ρns∑
i∈S

ρi
, T

)

OZ = { (ρ1, . . . , ρns
, T ) ∈ (0,∞)1+ns ;

( 1∑
i∈S

ρi
,

ρ1∑
i∈S

ρi
, . . . ,

ρns∑
i∈S

ρi
, T

)
∈ Oζ }

• From (ρ1, . . . , ρns , T )
t to (ν, y1, . . . , yns , T )

t

a(ν, y1, . . . , yns
, T ) = νA

(y1
ν
, . . . ,

yns

ν
, T

)

Oζ = { (ν, y1, . . . , yns
, T ) ∈ (0,∞)2+ns ;

(y1
ν
, . . . ,

yns

ν
, T

)
∈ OZ }

• Equivalence

(T0)− (T3) ⇐⇒ (T0)− (T3)



Thermodynamics from equations of state (6)

• Construction from an equation of state

p = pid + φ φ ∈ Cκ+1(Oζ) ∀ζ ∈ Oζ ∀λ > 0 ζλ ∈ Oζ

Oζ increasing with temperature and volume : If ζ = (ν, y1, . . . , yns
, T )t ∈ Oζ

then (ν′, y1, . . . , yns
, T ′)t ∈ Oζ for ν′ > ν and T ′ > T

• Assumption of the state law

p is 0-homogeneous ∀λ > 0 p(ζ) = p(ζλ)

For any β = (βT , βν , β1, . . . , βns
) ∈ N

2+ns

|∂β
ζ φ| = |∂̃βT

T ∂̃βν
ν ∂̃β1

y1
· · · ∂̃βns

yns
φ| 6 c(β, T )

νβν+2

T
∫∞

ν
∂2
Tφ dν′ <

∑
k∈S

ykc
id
vk



Thermodynamics from equations of state (7)

• Necessary and sufficient conditions

e = eid −
∫ ∞

ν

T 2∂T
( φ
T

)
dν′ s = sid −

∫ ∞

ν

∂Tφ dν′

gk = gid
k −

∫ ∞

ν

∂
yk
φ dν′, k ∈ S

Theorem 3. e, s, p is a thermodynamics in the sense of (T0)− (T3)

• Thermodynamic relations

∂νe = T 2∂T

( p

T

)
= T 2∂T

( φ

T

)
gk = ∂yke− T∂yks

∂ν(Ts− e) = p ∂ν(Ts− e)− ∂ν(Ts
id − eid) = φ



The Soave-Redlich-Kwong equation of state (1)

• Soave-Redlich-Kwong equation of state (SRK)

p =
∑

i∈S

ρi
mi

RT

1− ρb
− ρ2a

1 + ρb

a =
∑

i,j∈S

yiyjαiαj b =
∑

i∈S

yibi

• Coefficients αi(T ) and βi

αi > 0 αi(0) > 0 lim+∞ αi = 0

∂Tαi 6 0 ∂2
TTαi > 0 αi smooth

bi = Cte bi > 0.



The Soave-Redlich-Kwong equation of state (2)

• Coefficients αi =
√
ai and βi for SRK

Stable species ai
(
Tc,i

)
= 0.42748

R2T 2

c,i

m2

i
pc,i

bi = 0.08664
RTc,i

mipc,i

Unstable species ai
(
Tc,i

)
=

(
5.55± 0.12

)
n
2ǫiσ

3

i

m2

i

bi =
(
0.855± 0.018

)
nσ3

i

mi

Pseudo critical temperature Tc,i =
ǫi
kB
(1.316± 0.006)

αi(T ) = αi(Tc,i)α̃i(T
∗
i ) T ∗

i = T/Tc,i

α̃i = 1 +A
(
si(1−

√
T ∗
i )
)




A(x) = x, x ≥ 0

A(x) = tanh(x), x ≤ 0

si = 0.48508 + 1.5517̟i − 0.151613̟2
i Acentric factor ̟i



The Soave-Redlich-Kwong equation of state (3)

• Specific energy and entropy for SRK EOS

e =
∑

i∈S

yie
id
i +

(
T∂Ta− a

) ln
(
1 + ρb

)

b

s =
∑

i∈S

yis
id⋆
i −

∑

i∈S

yiR

mi

ln
( ρiRT

mi(1− ρb)pst

)
+ ∂T a

ln
(
1 + ρb

)

b

• Matrix Λ

Λij =
Rδij
miyi

+
R

ν − b

( bi
mj

+
bj
mi

)
+

∑

k∈S

yk

mk

R

(ν − b)2
bibj −

2

T

αiαj

b
log

(
1 +

b

ν

)

+
2

T

∑

k∈S

yk
(
αiαkbj + αjαkbi

)( 1

b2
log

(
1 +

b

ν

)
− 1

b(ν + b)

)

+
1

T
abibj

(
− 2

b3
log

(
1 +

b

ν

)
+

2

b2(ν + b)
+

1

b(ν + b)2

)
, i, j ∈ S.



4 Numerical experiments



Numerical experiments with thermodynamics (1)

• Specific heat at constant pressure cp of O2 at 100 atm
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Numerical experiments with thermodynamics (2)

• Specific heat at constant pressure cp of N2 at 100 atm
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Numerical experiments with thermodynamics (3)

• Saturation pressure of N2
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Numerical experiments with thermodynamics (4)

• Stability of H2/O2/N2 mixtures at p = 100 atm
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Numerical experiments with thermodynamics (5)

• Stability ofs H2/N2 mixtures at T = 83.15 K and p = 95.2 atm
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Numerical experiments with thermodynamics (6)

• Stability of H2/N2 mixtures, Comparaison with Eubank experiment
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Numerical experiments with thermodynamics (7)

• Stability domain for N2 and C2H6 at T = 220 K
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Numerical experiments with thermodynamics (8)

• Equilibrium between N2 and C2H6 at T = 220 K
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Numerical experiments with thermodynamics (9)

• Critical points of N2 and C2H6
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Numerical experiments with thermodynamics (10)

• Critical points of N2 and C2H6
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Numerical experiments with thermodynamics (11)

• Type III phase diagram for O2/H2O

 0

 100

 200

 300

 400

 500

 0  100  200  300  400  500  600  700

p
c
l

(b
ar

)

T



Numerical experiments with thermodynamics (12)

• Type III phase diagram for O2/H2O
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6 Strained Diffuse Interface Fluids



Strained Diffuse Interface Fluids (1)

• Small Mach expansion of pcl

pcl = pcl + ǫ2p̃cl

∇·P = ∇·
(
pclI − 1

2κ|∇ρ|2 + κ∇ρ⊗∇ρ− κρ∆ρI
)
= 0

• Flat interface

T = T (t, ζ) pcl = pcl(t, ζ) ρ = ρ(t, ζ)

ρ′ = ∂ζρ ρ′′ = ∂2
ζρ pcl + κ 1

2ρ
′ 2 − κρρ′′ = p∞

• Surface tension tangential forces

P =
(
p∞ − κρ′ 2

)
(I − eζ⊗eζ) + p∞eζ⊗eζ



Strained Diffuse Interface Fluids (2)

• Small Mach expansions

Bulk thermodynamic quantities evaluated at pcl

Other quantities than pressure denoted as their zeroth order expansion

Only the pressure p̃cl in the second order tangential momentum equation

• Small Mach energy equation

ρ∂th
cl + ρv∇·hcl +∇·q = ∂tp

cl + v·∇pcl,



Strained Diffuse Interface Fluids (3)

• Schematic of the flow

• Self similar structure

T = T (t, ζ) ρ = ρ(t, ζ) pcl = pcl(t, ζ)

u = ξ ũ(t, ζ) v = v(t, ζ) yi = yi(t, ζ)

p̃cl = − 1
2Jξ

2 + p̂(t, ζ) Ji = Ji(t, ζ) q = q(t, ζ)



Strained Diffuse Interface Fluids (4)

• Diffuse strained flame equations

∂tρ+ ρũ+ ∂ζ(ρv) = 0

ρ∂tyi + ρv∂ζyi + ∂ζJi = miωi

ρ∂tũ+ ρũ2 + ρv∂ζ ũ− J + ∂ζ(η∂ζ ũ) = 0

ρ∂th
cl + ρv∂ζh

cl − v∂ζp
cl + ∂ζq = 0

• Boundary conditions

T (−∞) = Tlo T (+∞) = Tup v(0) = 0

yk(−∞) = yklo yk(+∞) = ykup α =
( J

ρup

) 1

2

ũ(−∞) = α
(ρup

ρlo

) 1

2

ũ(+∞) = α,



Strained Diffuse Interface Fluids (5)

• Pressure

pcl = p∞ − κ 1
2 (∂ζρ)

2 + κρ∂2
ζρ

• Dissipative transport fluxes

Ji = −
∑

j∈S

Lij∂ζ

(gcl
j

T

)
− Lie∂ζ

(−1

T

)

q = −
∑

i∈S

Lei∂ζ

(gcl
i

T

)
− Lee∂ζ

(−1

T

)



Dense and/or supercritical fluids

• Kinetic theory or statistical mechanics

Enskog (1922), Thorne (Unpublished), Hirschfelder, Curtiss and Bird (1954),

Bearman and Kirkwood (1958), Mori (1958), Chapman and Cowling (1970),

Ferziger and Kaper (1972), Bajaras, Garcia-Colin and Piña (1973),

Van Beijeren and Ernst (1973), Kurochkin, Makarenko and Tirskii (1984)

• Thermodynamics of irreversible processes/statistical thermodynamics

Marcelin (1910), Meixner (1943), Prigogine (1947), Keizer (1987)

• Supercritical combustion and/or coefficients

Ely and Hanley (1981,1983), Chung et al. (1988)

Belan and Harstad (2004), Oefelein (2005), Palle and Miller (2007),

Giovangigli, Manuszewski and Dupoirieux (2011)



Thermochemistry (1)

• Soave-Redlich-Kwong state law (SRK)

pcl =
∑

i∈S

ρi
mi

RT

1− ρb
− ρ2a

1 + ρb

a =
∑

i,j∈S

yiyjαiαj b =
∑

i∈S

yibi

• Coefficients αi(T ) and βi

αi > 0 αi(0) > 0 lim+∞ αi = 0

∂Tαi 6 0 ∂2
TTαi > 0

bi = Cte bi > 0



Thermochemistry (2)

• Coefficients αi =
√
ai for SRK

ai
(
Tc,i

)
= 0.42748

R2T 2
c,i

m2
i pc,i

bi = 0.08664
RTc,i

mipc,i

ai
(
Tc,i

)
=

(
5.55± 0.12

)n2ǫiσ
3
i

m2
i

bi =
(
0.855± 0.018

)nσ3
i

mi

αi(T ) = αi(Tc,i)α̃i(T
∗
i ) T ∗

i = T/Tc,i

α̃i = 1 +A
(
si(1−

√
T ∗
i )
)




A(x) = x, x ≥ 0

A(x) = tanh(x), x ≤ 0

si = 0.48508 + 1.5517̟i − 0.151613̟2
i



Thermochemistry (3)

• Construction of the thermodynamics

There exists a unique thermodynamics whose state law is SRK and

ecl =
∑

i∈S

yie
id
i +

(
T∂Ta− a

) ln
(
1 + ρb

)

b

scl =
∑

i∈S

yis
id⋆
i −

∑

i∈S

yiR

mi

ln
( ρiRT

mi(1− ρb)pst

)
+ ∂T a

ln
(
1 + ρb

)

b

• Thermodynamic stability

∂T e
cl > 0 Λ is positive definite Λkl = ∂

yk
gcl
l /T = ∂

yl
gcl
k /T



Transport matrix L (1)

• Evaluation of L

L =




D Dh

(Dh)t λ+ 〈Dh, h〉




Dij = ρyiyj
m

R
Dij , hi = hi +RT

χ̃i

mi

• Transport coefficients

Multicomponent diffusion coefficients Dij

Thermal diffusion ratios χi = xiχ̃i

Soret coefficient θi =
∑

j∈S
Dijχj

Thermal conductivity λ



Transport matrix L (2)

• Viscosity η and thermal conductivity λ

Ely and Hanley (1983) Chung et al. (1988)

• Reduced thermal diffusion ratios χ̃

Thermal diffusion ratios χ̃ evaluated as for perfect gases

• Multicomponent diffusion coefficients D = (∆ + y⊗y)−1 − 1I⊗1I

∆kk =
∑

l 6=k

xkxl

Dkl

∆kl = −xkxl

Dkl

k 6= l

Dkl = Did
kl/Υkl y = (y1, . . . , yns

)t 1I = (1, . . . , 1)t

Υij = 1 +
∑

k∈S

πnk
12

(
8(σ3

ik + σ3
jk)− 6(σ2

ik + σ2
jk)σij − 3(σ2

ik − σ2
jk)

2σ−1
ij + σ3

ij

)



Transport matrix L (3)

• Diffusion driving forces and reduced chemical potential

d̂k = xk (∂ζµk)T =
xkmkνk
RT

∂ζp
cl +

∑

l∈S

Γjl∂ζxl µk =
mkg

cl
k

RT

µk = µk(T, p
cl, x1, . . . , xns

) Γjl = xj(∂xlµj)pcl,x dk = d̂k − yk
∑

l∈S

d̂l

• Traditional formulation

Jk

ρk
= Vk = −

∑

l∈[1,ns]

Dkldl − θk∂ζ log T

q −
∑

k∈[1,ns]

hkρkVk = − ρRT

m

∑

k∈[1,ns]

θkdk − λ̂∂ζT



Transport matrix L (4)

• Mechanical thermodynamic unstable points

Mechanical stability limit ∂ρp
cl = 0

Expression of fixed pressure quantities

(∂ykφ)T,pcl,yl
= (∂ykφ)T,ρ,yl

+ (∂ρφ)T,yl
(∂ykρ)T,pcl,yl

(∂
yk
ρ)T,pcl,yl

= −
(∂

yk
pcl)T,ρ,yl

(∂ρp
cl)T,yl

• Explosion at mechanical thermodynamical unstable points

Explosion of hi νi Γij

Thermodynamic form of transport fluxes



Transport matrix L (5)

• Mechanical stability criterium in high pressure flames

10
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10
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10
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10
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10
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ρ
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Transport matrix L (6)

• Explosion of water mass specific enthalpy

-1e+12

-9e+11

-8e+11

-7e+11

-6e+11

-5e+11

-4e+11

-3e+11

-2e+11

-1e+11

0e+00
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h
H

2
O
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90 bar



Transport matrix L (7)

• New expression of specific enthalpies

(∂
yk
pcl)T,ρ,yl

=
m

ρmi

(∂ρp
cl)T,yl

+Rk

Rk =
( RT

(ν − b)2
+

ma

ν(ν + b)2

)∑

j∈S

yj

( bk
mj

− bj
mk

)

+
2m

ν(ν + b)

∑

j,l∈S

yjylαl

( αj

mk

− αk

mj

)

• Stabilization of the matrix L

h̃k = (∂ykh)T,ρ,yl
− m

ρmk

(∂ρh)T,yl
− (∂ρh)T,yl

Rk

/
A
(
(∂ρp

cl)T,yl

)

A(x) smoothed version of A(x) = max(δ, x)



Supercritical fluids

• Experiments

Schilling and Franck (1988), Chehroudi, Talley, and Coy (2002),

Candel, Juniper, Singla, Scouflaire, Rolon (2006), Habiballah et al. (2006)

• Numerical simulations of supercritical laminar flames

El Gamal, Gutheil and Warnatz (2000), Okongo and Bellan (2002),

Saur, Behrendt, and Franck (1993),

Ribert, Zong, Yang, Pons, Darabiha, and Candel, (2008), Pons et al. (2009),

• Numerical simulations of supercritical turbulent flames

Zong and Yang (2006), Bellan (2006), Oefelein (2005),

Zong and Yang (2007), Schmitt, Selle, Cuenot, and Poinsot (2008)

Schmitt, Méry, Boileau, and Candel (2011), Dahms and Oefelein (2013)



Oxygen vaporizing diffuse interfaces (1)

• p∞ = 20 bars Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (2)

• p∞ = 20 bars Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (3)

• p∞ = 52.5 bars Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (4)

• p∞ = 52.5 bars Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (5)

• p∞ = 20 bars Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (6)

• Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (7)

• Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (8)

• Tlo = 100 K Tup = 300 K α = 1000 s−1
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Oxygen vaporizing diffuse interfaces (9)

• Tlo = 100 K Tup = 300 K α = 1000 s−1
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Stability (1)

• Stability of O2/H2O mixtures at p∞ = 60 atm
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Stability (2)

• Stability of O2/H2O mixtures at p∞ = 60 atm
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Stability (3)

• Stability of O2/H2O mixtures at p∞ = 45 atm
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Stability (4)

• Stability of O2/H2O mixtures at p∞ = 45 atm
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Stability (5)

• Types of binary phase diagrams from Van Konynenburg and Scott



Liquid water governing equations

• Condensation of water (below 220.6 bar)

H2O ⇄ H2O(l) (⋆)

• Governing equation

∂tρns+1 +∇·(ρns+1v) = mns+1ωns+1

• Condensation source term

ωns+1 = K⋆

(
exp(µH2O)− exp(µH2O(l))

)
≃ K′

⋆

(
gcl
H2O − gcl

H2O(l)

)



Oxygen/Hydrogen diffusion flame (1)

• p∞ = 45 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (2)

• p∞ = 45 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (3)

• p∞ = 60 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (4)

• p∞ = 60 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (5)

• p∞ = 60 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (6)

• p∞ = 60 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (7)

• p∞ = 45 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (8)

• p∞ = 60 bars Tlo = 100 K Tup = 300 K α = 10000 s−1
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Oxygen/Hydrogen diffusion flame (9)

• Stability of O2/H2O mixtures at p∞ = 45 atm
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7 Conclusion



Conclusion/Future work

• Physical/Modeling aspects

High pressure transport coefficients

Numerical simulations at the Molecular/Boltzmann/Fluid levels

Boundary equations at solid walls

• Mathematical and numerical aspects aspects

Numerical simulations of subcritical to supercritical mixtures of fluids

Global existence results around stationary nonconstant equilibrium states

Decay estimates for multicomponent reactive flows and augmented systems

Multicomponent mixtures and Cahn-Hilliard equations



High pressure multicomponent fluid models (1)

• Cahn-Hilliard fluid mixtures from the kinetic theory

∂tρi +∇·(ρiv) +∇·Fi = miωi i ∈ S = {1, . . . , ns}

∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂t
(
E + 1

2ρ|v|
2
)
+∇·

(
v(E + 1

2ρ|v|
2)
)
+∇·(Q+P·v) = 0

• Pressure tensor and heat flux

P = pI +
∑

i,j∈S

κij∇ρi⊗∇ρj −
∑

i,j∈S

ρi∇·(κij∇ρj) +Pd

Q =
∑

i,j∈S

κij∇ρj
(
ρi∇·v +∇·Fi −miωi

)
−

∑

i,j∈S

∇·(κij∇ρj)Fi +Qd



High pressure multicomponent fluid models (2)

• Thermodynamic form for multicomponent fluxes

Pd =− v∇·v I − η
(
∇v +∇vt − 2

d
∇·v I

)

Fi =−
∑

j∈S

Lij

(
∇
(gj
T

)
− ∇∇·(

∑
l∈S

κjl∇ρl)

T

)
− Lie∇

(−1

T

)

Qd =−
∑

i∈S

Lei

(
∇
(gi
T

)
− ∇∇·(

∑
l∈S

κil∇ρl)

T

)
− Lee∇

(−1

T

)

• Structure of the matrix L

L = (Lij)i,j∈S∪{e} symmetric positive semi-definite

N(L) = Span(1, . . . , 1, 0)t Mass conservation constraint
∑

i∈S
Fi = 0

• Compatibility with thermodynamics



High pressure multicomponent fluid models (3)

• Van der Waals type free energy F = F cl + 1

2

∑
i,j∈S

κij∇ρi·∇ρj

p = pcl − 1
2

∑

i,j∈S

κij∇ρi·∇ρj E = Ecl + 1
2

∑

i,j∈S

(κij − T∂Tκij)∇ρi·∇ρj

S = Scl − 1
2

∑

i,j∈S

∂Tκij∇ρi·∇ρj gi = gcl
i (ρ1, . . . , ρns

, T ) κij = κij(T )

• Gibbs relation

T dS = dE −
∑

i∈S

gi dρi −
∑

i,j∈S

κij∇ρi· d∇ρj

• Simplifying assumptions on capillarities

κij = κ(T ) i, j ∈ S



High pressure multicomponent fluid models (4)

• Simplifications using
∑

i∈S
Fi = 0 and

∑
i∈S

miωi = 0

∑

i,j∈S

κij∇ρi⊗∇ρj = κ∇ρ⊗∇ρ
∑

i,j∈S

ρi∇·(κij∇ρj) = ρ∇·(κ∇ρ)

∑

i,j∈S

κijρi∇ρj∇·v = ρ∇ρ∇·v
∑

i,j∈S

κij∇ρj ∇·Fi =
∑

i,j∈S

∇·(κij∇ρj)Fi = 0

∑

l∈S

κil∇ρl = κ∇ρ
∑

i,j∈S

κij∇ρi·∇ρj = κ|∇ρ|2
∑

i,j∈S

κij∇ρjmiωi = 0

• Simplified fluxes

P = pI + κ∇ρ⊗∇ρ− ρ∇·(κ∇ρ)I +Pd Q = κρ∇ρ∇·v +Qd

Fi = −
∑

j∈S

Lij∇
(gj
T

)
− Lie∇

(−1

T

)
Qd = −

∑

i∈S

Lei∇
(gi
T

)
− Lee∇

(−1

T

)



High pressure multicomponent fluid models (5)

• Multicomponent diffuse interface fluid model

∂tρi +∇·(ρiv) +∇·Fi = miωi i ∈ S = {1, . . . , ns}
∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂t
(
E + 1

2ρ|v|
2
)
+∇·

(
v(E + 1

2ρ|v|
2)
)
+∇·(Q+P·v) = 0

• Multicomponent fluxes

P = pI + κ∇ρ⊗∇ρ− ρ∇·(κ∇ρ)I − v∇·v I − η
(
∇v +∇vt − 2

d
∇·v I

)

Fi = −
∑

j∈S

Lij∇
(gj
T

)
− Lie∇

(−1

T

)
i ∈ S

Q = κρ∇ρ∇·v −
∑

i∈S

Lei∇
(gi
T

)
− Lee∇

(−1

T

)



The Matrix L (1)

• Change of variables

(ρ1, . . . , ρns
, T ) 7→ (ν, y1, . . . , yns

, T ) with ν = 1/ρ and yi = ρi/ρ

φ(ρ1, . . . , ρns
, T ) = φ

(
y1

ν
, . . . ,

yns

ν
, T

)
independent mass fractions yi

(ν, y1, . . . , yns
, T ) 7→ (ν, x1, . . . , xns

, T ) xi = yi
m
mi

∑
i∈S

yi

mi
=

∑
i∈S

yi

m

• Pressure based variable

Mechanically stable states ∂ρp > 0 or ∂νp < 0

(ν, y1, . . . , yns
, T ) 7→ (p, y1, . . . , yns

, T ) classical variable for diffusion

H = E + p h = H/ρ hi = ∂yih(p, y1, . . . , yns
, T )

• Classical driving forces

di = xi∇
(
migi
RT

)
T
= xi∇

(
migi
RT

)
+ ximihi

RT 2 ∇T



The Matrix L (2)

• Modified matrix L̂

A =




1 0 . . . 0 −h1

0 1
. . .

... −h2
...

. . .
. . . 0

...

0 . . . 0 1 −hns

0 . . . 0 0 1




L̂ = ALAt

• Identification from low pressure transport fluxes

L̂ij =
ρiρjDij

nR
L̂ie = L̂ei =

ρiθiT

nR
L̂ee = λ̂ T 2

Fi = −
∑

j∈S

ρiDijdj − ρiθi∇ log T Q = −nRT
∑

i∈S

θidi − λ̂∇T +
∑

i∈S

hiFi



The Matrix L (1’)

• Homogeneous thermodynamics

New variables (ν, y1, . . . , yns
, T ) with ν = 1/ρ and yi = ρi/ρ

φ(ρ1, . . . , ρns
, T ) = φ

(
y1

ν
, . . . ,

yns

ν
, T

)

Energy and entropy densities e = E/ρ s = S/ρ
s and e are 1-homogeneous with respect to (ν, y1, . . . , yns

)

p is 0-homogeneous with respect to (ν, y1, . . . , yns
)

• Pressure based thermodynamic functions

Mechanically stable states ∂ρp > 0 or ∂νp < 0

Assume (ν, y1, . . . , yns
, T ) 7→ (p, y1, . . . , yns

, T ) invertible

Then if H = E + p h = H/ρ we have hi = ∂yih(p, y1, . . . , yns
, T )



The Matrix L (2’)

• Modified matrix L̂

A =




1 0 . . . 0 −h1

0 1
. . .

... −h2

...
. . .

. . . 0
...

0 . . . 0 1 −hns

0 . . . 0 0 1




L̂ = ALAt

• Identification from low pressure transport fluxes

L̂ij =
ρiρjDij

nR
L̂ie = L̂ei =

ρiθiT

nR
L̂ee = λ̂ T 2

Driving forces xi∇µi = xi∇migi
RT

= di − ximihi

RT 2 ∇T di = xi(∇µi)T

Fi = −
∑

j∈S

ρiDijdj − ρiθi∇ log T Q = −nRT
∑

i∈S

θidi − λ̂∇T +
∑

i∈S

hiFi



The Matrix L (3’)

• Alternative coefficients

Dχ = θ < χ, 1I >= 0 λ = λ̂− nR < θ, χ > h′
i = hi + χinR/ρi

• The matrix L for stable states

L =
1

nR




ρ21D1,1 . . . ρ1ρns
D1,ns

∑
j∈S

ρ1ρjh
′
j

...
...

...

ρns
ρ1Dρns

,1 . . . ρ2
ns
Dρns

,ns

∑
j∈S

ρns
ρjh

′
j

∑
i∈S

ρ1ρih
′
i . . .

∑
i∈S

ρns
ρih

′
i λ+

∑
i,j∈S

ρiρjh
′
ih

′
j





