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Phase separation
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Phase separation in polymer mixtures
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Viscoelastic phase separation in PEP hydrogels.

ﬁ Rapp & Silverman, Macromolecules 2022
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Model H: Navier-Stokes-Cahn-Hilliard system

AIM: Phase separation for a mixture of two incompressible viscous fluids

State variables: u = averaged velocity, P =pressure
¢ = difference of concentrations € [—1, 1]

Ou+ (u-V)u—div(v(¢)Du) + VP = —ediv (Vo ® Vo)
divu =0
O+ u - Vo = div (m(6) V)

= —cA¢+ é\II’(QZ))

@ Hohenberg & Halpering, Rev. Mod. Phys. 1977
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= —cA¢+ é\II’(QZ))

@ Hohenberg & Halpering, Rev. Mod. Phys. 1977

Boundary and initial conditions: 2 bounded smooth set in R?, d = 2,3
u=0,0,06=0u=0 ondQ x(0,00), u(0) =ug, ¢(0) =¢y inQ
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Abels-Garcke-Griin (AGG) model

I (p(@)u) + div(u @ (p(¢)u +J)) — div(v(¢)Du) + VP = —e div(Ve @ V)
divue =0
¢ +u-Vo =div(m(¢)Vp)

1
p=—cA¢+ E‘I”(sb)
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Abels-Garcke-Griin (AGG) model

Ai(p(p)u) +div(u @ (p(d)u +1J)) — div(v(¢)Du) + VP = — div(Vep ® Vo)
divue =0
06 +u -V = div(m(¢)Vp)

1
p=—chp+ W' (9)

1+¢ 1—¢
> + p2 7

V=P Bm@)Vu,  p0) =p

v(9) = g[n +8)In(1 +6) + (1= ¢)In(1 - 9)] - 92*0‘252

1
m(¢) =¢ or 1 — ¢?, D:E(V+VT), e>0

@ Abels, Garcke & Griin , M3AS 2012
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Mathematical description of phase separation

Fluid 2

Phase Function
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Sharp Interface problem Diffuse Interface problem
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Two-phase Navier-Stokes equations as ¢ — 0

Q=Q (1)U (t)UX(t), where Q. C RY, d =2,3,t >0

p10uy + pruy - Vuy — vidiv (Duy) + Vpy = 0, dive; =0,  in Q4(¢)
,028,142 + paus - Vu, — 1hdiv (Duz) + sz = 0, divu, = 0, in Qz([)

subject to
u, = uy, on Z(I)
(Ty — T>)n = cHn, on X(1)
u=20 on 0f)
u(-,0) = uo(-) in Q

where T; = v;Du; — p;I, H =mean curvature

Fluid 2
2(t)

Q1) n
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Properties of the AGG system

¢ Energy equation

1 1
Ew.0) = [ so@lul der | FIVoP +¥()as

kinetic energy free energy

// ¢)|Du| dxds+// @)Vl drdr = E(ug, ¢o), Vt>0

o Conservation of mass

az):ﬁ/gqs(z)dx:% Vi 0
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Properties of the AGG system

¢ Energy equation

1 1
Ew.0) = [ so@lul der | FIVoP +¥()as

kinetic energy free energy

// ¢)|Du| dxds+// @)Vl drdr = E(ug, ¢o), Vt>0

e Conservation of mass
_ 1 [ _
30 = iy | odr=d. viz0
Q
¢ Equivalent formulation
Oip(¢) + div(p(p)u +J) =

A
p(&)0m + p(@) - V) — p(9)(Viu - V)i — div(v(¢)Du) + VP = —div(Vé ® V)
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Global weak solutions to the AGG model

Theorem 1 (Global existence of weak solutions)

Let m be non-degenerate. Assume that uy € L% (2), ¢o € H' () with ||| 100 () < 1
and |go| < 1. Then, there exists a global weak solution (u, ¢) on Q x [0, o) such that

u € Cu([0,00); L5 (£2)) N L*(0, 00; Hy,, (2)),

o

¢ € Cy([0,00); H'(Q)) N Lioe ([0, 00); H (), W' (¢) € Lioe (0, 00; L*(Q)),
GpeLT(QUx(0,00): |px,1)] <1 ae inx(0,00),
1t € Luoe([0,00); H'(R)), Vi € L*(0,00; L7()),

which satisfies the AGG system in weak sense. In addition, the energy inequality

E(u(1), ¢(1)) + /[ IV/v(@)Duli2 () + 1V m(S) Vil o) dr < E(u(s), 6(s))

holds for all t € [s,00) and almost all s € [0, 00) (including s = 0).

@ Abels, Depner & Garcke, IMFM 2013 - ATHP ANL 2013
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Main result: regularity and stabilization

Theorem 2 (Abels, Garcke & G., Math. Ann. 2024)

Let Q be a bounded domain in R® and m = 1. Consider a global weak solution
(u,d) on Q x [0,00). Then, we have:

(1) Global regularity of the concentration: for any T > 0, we have

¢ € L™ (1,00, W"(Q), 8 € L (7,00 H' (),
p € L (1,00, H' (Q)) N Lo ([7,00); H (), ¥/ (¢) € L™ (7, 00; L°(2)).

In addition, there exists C > 0 such that
IVl iy + [ 19000 s+ [ V0G0 ds

<c (IlV(—A¢(T) + W (6(m))|[2 + /TOO IVu()li7> + V(s ds)

X exp (c/ IVa(s) |2, ds) .
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Main result 2: regularity and stabilization

(ii) Separation property: there exist Tsp > 0 and 6 > 0 such that
lp(x, )] < 1-6, V(x,1) € Qx [Tsp,00).
(iii) Large time regularity of the velocity: there exists Tr > 0 such that
u € L™ (Tg, 00; H 5 (Q)) N L* (T, 00; H*(Q)) N H' (Tg, 00; LE ().
(iv) Convergence to equilibrium: (u(t), (1)) — (0, ¢poo) in L?(Q) x W25(Q) as

t — 0o, for any € > 0, where oo € W*P(Q), such that oo = o, is a solution
to the stationary Cahn-Hilliard equation

—A¢oo + V' (¢oo) = ¥ (¢oo)  inQ,
Onpoo =0 on 0L2.
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(ii) Separation property: there exist Tsp > 0 and 6 > 0 such that
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(iv) Convergence to equilibrium: (u(t), (1)) — (0, ¢poo) in L?(Q) x W25(Q) as

t — 0o, for any € > 0, where oo € W*P(Q), such that oo = o, is a solution
to the stationary Cahn-Hilliard equation

—A¢oo + V' (¢oo) = ¥ (¢oo)  inQ,
Onpoo =0 on 0L2.

Non-degenerate mobility: m(¢) > 0

[§ Conti, Galimberti, Gatti & G., CVPDE 2025
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NSCH model with chemotaxis

o = concentration of (massless) chemical substance (e.g. nutrient of tumor cells)

0 (p(@)u) + div (u @ (p(@)u + 3)) — div (v($)Du) + VP = —div (Vo & Vo)
diva =0

0p+u-Vo=Apn

p=—A¢+ V' (¢) + xo

0o +u-Vo —div(cVw) =0

w=Ino + x¢

@ Abels, Garcke & Griin , M3AS 2012
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NSCH model with chemotaxis

o = concentration of (massless) chemical substance (e.g. nutrient of tumor cells)

01 (pl)u) + div (u @ (p(d)u +3)) — div (v($)Du) + VP = —div (Vo & Vo)
=V(..)+uVétwVo

diva =0

0p+u-Vo=Apn

p=—A¢+ V' (¢) + xo

0o +u-Vo —div(cVw) =0

w=Ino + x¢

@ Abels, Garcke & Griin , M3AS 2012
Logistic source: (3(¢)o — ko’

@ Rocca, Schimperna & Signori, JDE 2023; Agosti & Signori, JDE 2024; G., He & Wu, arXiv 2024

12715



Energy and conserved quantities

¢ Energy equation
1 1
Bw,6,0) = [ o@mPdr+ [ FIV6F + () + 0 (o 1) + xéods
Q Q

I

E(u(t),¢(t),a(t))+/ / v(¢)|Du|*+|V u|*+0|Vw|* dxds = E(uo, do,00), Vt>0
0 JO

o Conservation of mass

am:ﬁ/ﬂwr)dx:%, Vi 0

lo ()l = /Qau,z)dx: /an(X)dX=H00HLI(Q>7 V>0,

13715



Result: Global existence of regular solutions

Theorem 3 (G., He & Wu, 2025)

Let Q be a bounded smooth domain in R>. Assume that
o € Ho o (), o € H(Q) with ||golli=(a) < 1, |do] < 1,
and — Ago + V' (¢o) € H' (), 00 € H' (Q) such that o9 > 0 a.e. in .

Then, there exists a global strong solution (u, ¢, o) defined on Q x [0, o) such that, for
any T >0,

w e ([0, 7)), (9)) N 22(0, T; H(9)),

¢ € L™(0,T; WP (Q)) with |(x,1)] < 1a.e. inQ x (0, 00),

p € L=(0,T; H'(Q) N L0, T; H (), W' (¢) € L%(0,T; L (),

o € L®(0,T;L7()) N L*(0,T; H (Q)) with o (x,1) > 0 a.e. in Q x (0, 00),
Do € L*(0,T; H'(Q)), aVw e L*(0,00; L*(Q)),

Sforanyp € [2,00).
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Thank you!

ﬁ H. Abels, H. Garcke, A. Giorgini,
Global regularity and asymptotic stabilization for the incompressible Navier-Stokes-Cahn-Hilliard
model with unmatched densities,
Mathematische Annalen 389 (2024), 267-1321.

ﬁ M. Conti, P. Galimberti, S. Gatti, A. Giorgini,
New results for the Cahn-Hilliard equation with non-degenerate mobility: well-posedness and
longtime behavior,
to appear in Calc. Var. Partial Differ. Equ., (2025).

ﬁ A. Giorgini, J. He & H. Wu,
Global Weak Solutions to a Navier—Stokes—Cahn—Hilliard System with Chemotaxis and Mass
Transport: Cross Diffusion versus Logistic Degradation,
arXiv:2412.05751, (2024).
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